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PREFACE 



T his book is based on lectures given annually in the 
University of Cambridge and on a parallel course of in¬ 
struction in Practical Astronomy at the Observatory. The recent 
changes in the almanacs have, in many respects, affected the 
position of the older text-books as channels of information on 
current practice, and the present work is intended to fill the 
gap caused by modern developments. In addition to the time- 
honoured problems of Spherical Astronomy, the book contains 
the essential discussion of such important subjects as helio- 
graphic co-ordinates, proper motions, determination of position 
at sea, the use of photography in precise astronomical measure¬ 
ments and the orbits of binary stars, all or most of which have 
received little attention in works of this land. In order to make 
certain subjects as complete as possible, I have not hesitated to 
cross the traditional frontiers of Spherical Astronomy. This is 
specially the case as regards the spectroscopic determination of 
radial velocity which is considered, the physical principles being 
assumed, in relation to such problems as solar parallax, the solar 
motion and the orbits Of Spectroscopic binary stars. 

Throughout, only the simplest mathematical tools have been 
used and considerable attention h^s been paid to the diagrams 
illustrating the text. I havfe devoted the first chapter to the 
proofs and numerical applications of the formulae of spherical 
trigonometry which form the mathematical foundation of the 
subsequent chapters. Although other formulae have been given 
for reference, I have limited myself to the use of the basic- 

formulae only. ., 

A writer of a text-book on Spherical Astronomy cannot avoid 

a certain measure of detailed reference to the principal astro¬ 
nomical instruments and, accordingly, general descriptions of 
instruments have been given in the appropriate places usually 
with a simple discussion of the chief errors which must be taken 

into account in actual observational work. 

In numerical applications, the almanac for 1931 has been used. 
As regards notation, I have usually followed the recommenda¬ 
tions of the International Astronomical Union, but I have made 
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several modifications when the avoidance of confusion or of 
misconception seemed to me of greater importance than the rigid 
adherence to the definite system proposed; for example, the 
angle of stellar parallax has been denoted by II instead of the 
usual symbol tt which the student is apt to associate on most 
mathematical occasions with the properties of the circle. 

I have also followed the advice of the International Astro¬ 
nomical Union [ Transactions , vol. m, p. 300 (1928)] as regards 
the nomenclature of standard mean time, and throughout the 
book q.c.t. (Greenwich Civil Time) denotes the mean time, for 
the meridian of Greenwich, reckoned from midnight. (See also 
footnote to p. 44 infra.) This is contrary to the present usage of 
the British Nautical Almanac which, since 1925, has employed 
the symbol g.m.t. in the sense in which g.c.t. has just been 
described, notwithstanding the fact that previous to 1925 g.m.t. 
universally signified the mean time reckoned from mean noon at 
Greenwich. The latter I have denoted (also in accordance with 
the recommendations of the I.A.U.) by the letters g.m.a.t. 
(Greenwich Mean Astronomical Time). 

At the end of each chapter there is a collection of exercises 
many of which have been taken, by permission, from the papers 
set in the Mathematical Tripos at Cambridge and in the 
examinations of London University and Cambridge Colleges; 
several have also been taken from Ball’s Spherical Astronomy. 

I have the pleasant duty of recording my indebtedness to 
Professor W. E. Anderson, of Miami University, Oxford, Ohio, 
U.S.A., and to Mr M. J. Dean, B.A., Scholar of Trinity College, 
Cambridge, who have read the whole of the manuscript with the 
greatest care and removed many blemishes which might have 
escaped less vigilant eyes. I am also grateful to Dr F. S. Hogg, 
formerly of Amherst Observatory, Mass., U.S.A., who has read 
critically about Half of the book, and to Dr L. J. Comrie, Super¬ 
intendent of the Nautical Almanac Office, for helpful suggestions 
in the chapter on Occultations and Eclipses. 

It is also a pleasure to express my thanks to the officials and 

staff of the University Press for their courtesy and care during 
the printing of the book. 

VV. M. S. 

OBSERVATORY, CAMBRIDGE 
1931 January 1 



PREFACE TO THE SECOND EDITION 

I N this edition several misprints and errors have been corrected 
and I am very grateful to those readers who were kind enough 
to notify such errata. 

The principal change in the new edition is the addition of 
three appendices relating to “The Method of Dependences , 
“Stellar Magnitudes” and “The Coelostat”. I hope that these 
additions will be incorporated in the main text of a subsequent 

edition. , , . . r ,, 

In the first edition, I used the symbols g.c.t. to signify the 

mean time, for the meridian of Greenwich, reckoned from mid¬ 
night- this was in accordance with the recommendations of the 
International Astronomical Union in 1928. In July 1935 the 
I A U on reconsideration of the subject, have advised the use 
of the nomenclature “Universal Time" or u.t. It is not yet 
certain if, or how soon, this advice will be followed m the 
principal Nautical Almanacs ; accordingly, I have decided to 
make no change as regards nomenclature in the present edition. 

1930 March 25 


PREFACE TO THE THIRD EDITION 


E xcept 
change 


for the correction of one or two inaccuracies, 
has been made in the present edition. 


no 


1940 October 7 


PREFACE TO THE FOURTH EDITION 

T N this edition the data resulting from the most recent deter- 
1 mination (1941) of the solar parallax have been incorporated. 
I am greatly indebted to Dr S. G. Barton of the Flower Obser¬ 
vatory, University of Pennsylvania, for notification of several 

residual errors and misprints. W. ]yj # y. 

UNIVERSITY OBSERVATORY 
GLASGOW, W.2 
1944 January 14 
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CHAPTER I 


SPHERICAL TRIGONOMETRY 
1. Introduction. 

When we look at the stars on a clear night we have the famdiar 
impression that they are all sparkling points of light, apparently 
situated on the surface of a vast sphere of wMcli the mchv^al 
observer is the centre. The eye, of course, fails to give any m 

dication of the distance 3 e angles sITbtendedTt the observer 

in be measured with great precision. Spherical Astronomy is 
concerned essentially with the directions in which the stars a^e 
viewed and it is convenient to define these directions in terms 
of the positions on the surface of a sphere-the cetetoi 

thetphe^ri entirely arbitrary. The 
foundation of Spherical Astronomy is the geometry of the splie . 

2. The spherical trian/jle. 

tlio centre of & sphere cuts the 

17 • 7 Tn Fiff 1 EAB is a great circle, for its plane passes 
MMll circle. In Fig. * Le( , n 0 P be the diameter of 

through 0, the cen f, of the great circle BAB. 

Ut^bTany'pobit'in OP and suppose a plane drawn through 

eitremiSes Pand V a the common perpendicular diameter 0 "/ 

w V». .halo through th. 
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poles P and Q and intersecting the small circle FCD and the 
great circle EAB in C and A respectively. Similarly, PDB is 
part of another great circle passing through P and Q. We shall 
find it convenient to refer to a particular great circle by specifying 
simply any portion of its circumference. When two great circles 
intersect at a point they are said to include a spherical angle 
which is defined as follows. Consider the two great circles PA 
and PB intersecting at P. Draw PS and PT , the tangents to the 



drcnmfer.-n.-os of PA and Pit restive!. v . PT is, by construe 
i'.n, perpendicular tn the radius OP of the great circle PB and, 
hf-mg in the plane PBO, is therefore parallel to the radius OB 
.dnnlaoy Pb is parallel to the radius 0.1. The angle SPT 
defines the spheric.I angle at P between the two great circles 

! un " P f ’ am “ ,s ' ‘l unl <■> tl»e angle A OB, AB being the arc 
intercepted on the great circle, of which P is the pole, between 

he two great circles PA PH . U is to be emphasised that a 
^i 81 ' " lth * eto nce to two intersecting 
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If we are given any three points on the surface of a sphere, 
then the sphere can be bisected so that all three points lie in the 
same hemisphere. If the points are joined by great circle arcs 
all lying on this hemisphere the figure obtained is called a 
spherical triangle. Thus, in Fig. 1, the three points .4, X and Y on 
the spherical surface are joined by great circle arcs to form the 
spherical triangle AX Y. AX, AY and X Y are the sides and the 
spherical angles at A, X and Y are the angles of the sphenca 
triangle. Actually, if R is the radius of the sphere, the length of 

the spherical arc A Y is given by 

AY = R x angle AOY, 

the angle AOY being expressed in circular measure, i.e. m 
radians Now for all great circle ares on the ^ere the radi 
R is constant and it is convenient to consider its length as in ity. 
The arc A 7 is then simply the angle which it subtends at the 
centre of the sphere. IiAY is, let us say, one-eighth of the 
circumference of the complete great circle through A and 

side A r is then \ in circular measure and there is no ambiguity 

if it is expressed as 45“; similarly, for the remaining sides of the 
triangle. It follows from the definition of a spherical triangle 
that no side can be equal to or greater than 180 As another 
example, PAB is a spherical triangle two of whose sides PA and 

PB each subtend ” radians or 00° at O ; in this instance we say 

that PA and PB are each equal to \ radians or 00°. But PCD 

is not a spherical triangle, for the arc CD is nota part of a great 
circle. Accordingly, the formulae which will bf ^ived 
spherical triangles will not be applicable to such a figure as PCD. 

3. Length of a small circle arc. 

Consider, in Fig. 1, the small circle arc CD. Its length is given 
by CD = HO x angle CRD. 

Also, the length of the spherical arc AB is given by 

AB = OA x angle AOB. 

But since the plane of PCI) is parallel to the plane of BAB then 
CRD = AOB, for RC , RD are respectively parallel to OA, OB. 
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Therefore 


CD=^.AB. 

OA 


But, since OA = OC (radii of the sphere), we have 

CD = OC ' AB ' 

Now RC is perpendicular to 0R\ RC = OC cos RCO. From 
the parallelism of RC and OA, RCO = AOC. Hence 

CD = AB cos AOC. 

Now AOC is the angle subtended at the centre of the sphere by 
the great circle arc AC. The formula can then be written as 

CD = AB cos AC, 

or, since PA = 00 , „ . -rtn /i\ 


CD= AB sin PC 


( 1 ). 


4. Terrestrial latitude and longitude. 

The concepts introduced so far will now be illustrated with 
reference to the earth. For many practical problems, the earth 
can be regarded as a spherical body spinning about a diameter 
PQ (Fig. 2). P is the north pole and Q is the south pole. The 
great circle whose plane is perpendicular to PQ is called the 
equator. Any semi-great, circle terminated by P and Q is a 
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meridian. In particular, the meridian which passes through the 
fundamental instrument (the transit circle) of Greenwich Ob¬ 
servatory is, by universal agreement, regarded as the pnneipa 
or standard meridian ; let it be PGKQ in Fig. 2 mtersectmg he 
equator in K. Let PHLQ be any other meridian cutting the 
equator in L. The angle KOL is defined to be the longitude of the 
meridian PIIQ and it can be described equally well as the equa¬ 
torial arc KL or the spherical angle KPL. Longitudes ar 
measured from 0° to 180° east of the Greenwich meridian and 
“rom 0» to 180° west, following the directions of the arrows near 
K in Fig. 2. Thus, from the figure, the longitude of the meridian 
PHQ is about 100° east (E) and that of the meridian s 

about 60° west (W). All places on the same meridian have the 
same*longitmle and the meridian on which a particular place is 
situated is specified with reference to the principal mendi 
PGQ To specify completely the position of a place on the surface 
of the earth, we require to describe its position on its meridian 
n This is done with reference to the equator. Considei 

a place'd on the meridian PHQ. The meridian through ^ cuts the 
equator in L and the angle LOJ, or the great circle arc LJ is 
called the latitude of J. If J js between the equator and the 

»h I. ™.h ® * “s 1 1 rr is 

Let /denote the latitude of J\ then LOJ or LJ = f 

OP is perpendicular to the plane of the equator, POL = 90 and 
^reforePOJ = 90° - f The angle POJ or the spherical arc 

PJ is the colatitude of J . We have thus 

Col at. = ( J0° - Lat. 

All places which have the same latitude Ue on a small circle 
parallel to the equator, called a parallel of latitude. uafi 
nlaces with the same latitude as Greenwich lie on the small circ e 
iWUX If e denotes the latitude of Greenwich, then by formula 
(1) the length of the small circle arc HX, for -ample is given m 
terms of the length of the corresponding equatorial arc L 1 y 

HX = LY cos0 .( 2 )- 
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To give greater precision to the meaning of this formula, we 
consider the units in which distances on the surface of the earth 
are expressed. The simplest is that defined as the great circle 
distance between two points subtending an angle of one minute 
of arc at the centre of the earth—this unit is known as the 
nautical mile and is equivalent to COSO feet (we neglect the small 
variations in this value due to the fact that the earth is not 
quite a sphere). If the difference in longitude between any two 
places on the same parallel of latitude is known, e.g. LY, then 
LY can be expressed as so many minutes of arc and this number 
is the number of nautical miles between the two points L and Y 
on the equator. The formula (2) then provides the means of 
calculating the distance between II and A' expressed in nautical 
miles (or minutes of arc) and measured along the parallel of lati¬ 
tude. 


5. The fundamental formula of spherical trigonometry . 

Let .1 IlC be a spherical triangle (Fig. 3). Denote the sides BC, 
CA, AT> by a , b and c respectively. Then, by our definition, the 
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., • * a hv the an<de BOC subtended at the centre O 

side a is measured by the angi similarly 6 and c are 

of the sphere by the great circle arc BC. “r.y, 6 ^ ^ ^ 

measured AB and AE the tangent at 

the tangent AD at a point . spherical 

•* - - *— 

A 

by 4, so that DA E = A. niD OAD is 90° and AOD, 

Now, in the plane triangle OAV, UAU 

identical with AOB , is c. We have then 

AD =, OA tan c; OD = OA sec c .(3). 

From the plane triangle OA E we have, similarly, 

AE = OA tan b ; OE = OA sec b .< 4 >- 

From the plane triangle DA E we have 

DE , = AD* + AE* - 2 AD.AE cos D.- IF, 

or DE 2 = OA 2 [tan 2 c + tan 2 b- 2 tan b tan c cos d] ^ 

From the plane triangle DOE, 

DE 2 = 0 D°~ + OE 2 - 20D.0E cos DOE. 

But - B ^ )C n “ ’ 2 c 4 sec 2 b - 2 sec b sec c cos a] 

DE 2 = OA 2 [sec 2 c + see o .( 6 ). 

Hence, from (5) and ( 6 ), 

sec 2 c + sec 2 6 - 2 sec * , _ 2 tan 6 tan eco. 4 . 

Now sec 2 c = 1 + tan 2 c; see 2 6 = 1 + tan 2 b, 

and after some simplification we obtain 

CCS a = cos ^rZherical trigonometry and 
H wilfbe retoedTo hi the following pages as the cosine-f^ula 
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or formula A. There are clearly two companion formulae; they 


cos b = cos c cos a 4- sin c sin a cos B .(7), 

cos c = cos a cos 6 4- sin a sin b cos C .(8). 


From the three formulae—A, (7) and (8)—all the other formulae 
of spherical trigonometry in use can be derived. The funda¬ 
mental formula has two direct practical applications: 

(1) If two sides, e.g. b and c, and the included angle A of a 
spherical triangle ABC are known, formula A enables the cal¬ 
culation of the third side a to be made. 

(2) If all three sides are known, the angles of the triangle can 
be found successively by means of A, (7) and (8). 

For suppose the value of A is required; then by A 

cos A — cosee b cosec c [cos a — cos b cos c] .(9). 


Formula (9) can be replaced by one more suitable for logarithmic 

A 

calculations as follows. Since cos .4 = 1 — 2 sin 2 — , we have, 
from A, 


cos a — cos b cos c sin b sin c 


■( 1 - 2 s 


A 


. .> - 1 \ 
sm- - \ 


A 

= cos (b — c) — 2 bin b sin r sin- , 


or 


cos \b - r) — < t, % < (/ — i} sin b sin c sin 2 * -; 




! el; ■< be deiin.-.i !>•, 


1 »iu * - <?; - f -> - 2 sin 6 sin c sin* l . 


« « H i: 4 C .(10). 

«i b - c --2 (s r) and a b 4 c = 2(s - b). 

s:n (.v - b) : in (.? — c) .An h sin r sin- ; 


• ; •: 


! 1 




• -in " - ^ -1»» (-S - <•) .... 

•• - v rin b >in e - . (11) - 

i ai is us- t * s» numeiR-a! wc»rk. There are two similar 

. I! /' 

cquaiions giving in _ and -in 


* * 


If we write cos .1 


~ '* os “ 2 “ 1 in t,ie f° rnu, la A and proceed 







SPHERICAL TRIGONOMETRY 

as before, we shall obtain __ 

A /* 

COS 2 = v ■ 

B A 0 

with two similar equations giving cos ^ and cos 2 


9 


sin b sin c 


( 12 ) 


From (11) and (12) by division we have 

- - I * • / 



sin (s - b) sin (s - c) .(13). 


C 


A . __ _ 

tan-g —y sin 5 sin (s —a) 

There are two similar equations, giving tan ^ and tan | 
Any one of (11), (12) and (13) can be used to calculate A, the 
three sides being known. 

6. The sine-formula- the sine .f 0 rmula. From 

We shall now derive what is Kno 

The left-hand side can be written 

sin 2 b sin 2 c - b sin e sin A, 

or i — oos 2 b — cos 2 c + cos 2 b cos 2 c — sin 2 b sin 2 cam A. 
Hence 

sin 2 6 sin 2 c sin 2 A _ , + 2 cos a cos b cos c. 

_ 1 — cos 2 a — cos v 

Let a positive quantity X be defined by 

X 2 sin 2 a sin b sin c 2 c a. 2 cos a cos b cos c. 

= 1 - cos 2 a - COS 2 b - COS 

Then, from the previous equation 

P inM 
sin 2 a 


_ Y 2 

* * 


° that D *“ - , . nnO 

. 1 qides are each less than 180 , 

5ut in a spherical triangle • Q ig po8 itive for all 

,nd this applies also to the angles. As 


6in A 
% = ^ gin a 
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values of 8 between 0° and 180°, the minus sign in the above 
equation is inadmissible, and we have 

v sin A 
sm a 

13y treating (7) and (8) in a similar way, we shall obtain 

£ _ sin B _ sin C 
sin b sin c ' 

sin A _ sin B _ sin G 
sin a sin b ~ sine 


Hence 


(B). 


I his result we shall refer to as the sine-formula or formula B. 

FormulaB gives a relation between any two sides of a triangle 
and the two angles opposite these sides. It has to be used, how¬ 
ever, with circumspection in numerical calculations; for, suppose 
that the two sides a and b and the angle B are given, then by B 

. sin a sin B 

sm A = -r— j— , 

sin h 

from which the value of sin A can be calculated. But 
sm (iso - .4) = sin A, and without further information it is 
not possible to decide which of the two angles A or 180°- .4 
represents the correct solution. The analogous ambiguity in 
plane trigonometry may be recalled to the reader’s attention. 

7. Formula G. 

W rite equation (7) in the form 
sin c sin a cos /.’ --- cos h ... C o> c cos a 

no - l> Cl «<*• (cos b cos c f- sin b sin c cos A) 

’ sen- c cos b — sin b sin c cos c cos „4. 

Hence, dividing by c, we have 

sm a cos E cos h sin c - sin b cos c cos A ...(G), 
a relation involving nil three shies and tv.., angles 

ea"^«S ProVC in a Simnar —-•beginning with 

Sinner,..-, cose sin b- sin e oos b cos A ...(H). 

As we* have 4 “ th ° 

, ,, x cosine-formula A gives 

008 ° uf h - c ' n ehide.l angle .d. Formulae C and 



11 


SPHERICAL TRIGONOMETRY 

(14) arc, in some ways, analogous to A as they give sin a x cosine 
of one of the two angles B and C, adjacent to the side a, in 

terms of 6, c and A. ~ _ 

The formula C can also be proved as follows. Suppose th 

side c of the triangle ABC to be less than 90 (the case when c i 

between 90° and 180° is left as an exerc^e to the student). 

Produce the great circle arc BA to D so that BD s ( 0 



. i n a n — 180° — A. Join C and D by a 

Then AD = 90 - can From the triangle DAC, 

great circle arc and denote it by a. irom 

^Lx = cos (90° - e) cos 6 + sin (90° - c) sin b cos (180°- A), 


or 


cos x = sin c cos b - cos c sin b cos A 

From the triangle DBC, by A, 

cog x = cos 90° cos a + sin 90° sin a cos B, 

or cos x = sin a cos B 

and therefore from (15) and (10) 

sin a cos B = cos b sin c - sin b cos c cos A , 

which is formula G. 


(15). 


(16), 
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8. The four-parts formula. 

Another useful formula, known as the four-parts formula, will 
now be derived. In the spherical tri¬ 
angle ABC (Fig. 5) consider the four 
consecutive parts B, a , C, b. The 
angle C is contained by the two 
sides a and b and is called the 
“inner angle”. The side a is flanked 
by the two angles B and C and is 
called the “inner side”. Introduce 
B and C by means of the cosine- a 

formula; then we have Fig. 5. 

cos b = cos a cos c 4- sin a sin c cos B .(17), 

cos c — cos b cos a + sin b sin a cos C .(18). 

Substitute the value of cos r given by (18) on the right-hand side 
of (17); then 

cos b = cos a (cos b cos a -f sin b sin a cos C) + sin a sin c cos B ; 

.'. eo.- b sin 2 a = cos « sin b sin a cos C -f sin a sin c cos B. 
Divide throughout by sin a sin b \ then 

• 

cot b sin a = cos a cos C -f * s ! n f cos B. 

sin b 

Dut hy the 'ine-forimila B. 

sin c _ sin C 
sin b sin B ' 

cos a cos Cl = sin a cot b — sin G cot B .(D), 

•' pu: into words, as an aid to the memory, as 


l_r 


: \ . 


'• * i .• * 1 

follows: 


P 

•• 


'• ’ '' •' ••/ •V). -os (iii/UT angle) 

in [in,:- ,•. /./ ). ocn s!( j e ) 

— [mn r an gfc), cot {other angle). 

!< n-tin- pro,.f, f :h ■ ■;!■:. A. B and G. 

'■ ‘ ! C D I ,V. been derived by algebraic 

eai v. u. A,B and G wdl m-w la briefly obtained from a simple and 
] i active geoiae.t.rie.tl cons! ruction. Let ABC (Fig. «) be a 

* p,K-n ' al tr: ”"=‘ ■ a!li: :j 1 > • "ire Of the sphere. Join 6 to the 
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vertices and take any point P in OC From P draw ^ Pe¬ 
dicular to OA and PH perpendicular to OB. In the plane > 

definition, include the spherical angle A. B Q 

—,».r*r r *s ttSa 

Similarly PRS = B. Also COB - a, l 

C 



Fig. 0. 


* *o 

fLof P, S' is perpendicular to the plane 
The first step is to prove that P P J dicular t0 both PQ and 

AOB. By the construction, 1 P [ ]an0 p q $ ; tlierefore OQ 

QS; hence OQ is P er P e c ndl . CUl , a ■ a i ine lying in the plane PQS. 
is perpendicular to PS w ic Thus ps is perpendicular 

Similarly, OR is P e JP en lu "‘‘ rcfor( , perpendicular to every line 
to both OQ and OR an is pg j perl , e ndicular to the 

in the plane of OQ and OB, th^s, I i ^ ^ 

plane OAB and, in particular, to Ob, 

PRS are right-angled ^ j triangles OQP and ORP, 

(1 , Weh ave>omth ; r ; ght a ng w ^ . 

OQ = OP cos b; OR r OP cos a .(20). 

Let * denote the angle SOQ ; ^l^Rsoo (e - ,). 
xt - 00 sec a; and OB - un \ > 

Now 0S I{ cos x = OQ cot (c-x) -, 

Hence ^ __ np cos b cos (c #) 5 

... by (20 ), OP cos ocos *- cos c + cos 6in c tan *. 
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Blit 


QS PQ cos A , . 

tan x = -qq = — qq — = tan b cos .4, 


and hence cos a = cos b cos c -f sin b sin c cos A, 
wliich is formula A. 

(2) Again, from the right-angled triangles PQS and PBS, 

PS = PQ sin PQS - PQ sin A , 


and PS = PR sin PBS = PR sin B. 

Hence PQ sin A = PB sin B, 

and by (19), 

OP sin b sin A = OP sin a sin B, 
from which formula B follows. 

(3) We have, from the right-angled triangles OSQ and OSB, 
QS = OS sin x and BS — OS sin (c — x)\ 

BS sin x = QS (sin c cos x — cos c sin .r), 
or BS = QS (sin c cot x — cos c). 

Now US - PR cos B = OP sin a cos B y 

QS — PQ cos .4 = OP sin b cos A, 
and QS cot x ~ OQ - OP cos b. 

i [once sin u cos B = cos b sin c — sin b cos c cos .4, 
which is formula G. 


10. Right-angled and quadrantal triangles. 

When one of the spherical angles is 90°, the formulae A, B, 
G and D assume simple 
forms. This is also the case 
when one side of a spherical 
triangle is 90°—the triangle 
is then said to be guadrantnl. 

Rules have been given by 
Napier according to which 
the various simple formulae 
can be written down. The q 
rules, however, impose an \ 
additional charge- on l lie 
memory and it is much 
simpler to apply one of 
the main formulae A to 
D to the particular ri«dit- 
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angled or quintal triangle concerned. The rules are as 

(1) Right-angled trianglean which f aVy'one circular 

the two others the “opposites . The rules then are. 

sin (middle) = product of tangents of adjacent*; 

sin (middle) = product of cosines of opposite*. 

, . i*i _o () 0 Arrange outside the circle (log. -) 

(2) Quadrantal tnanglo in which • 0 g() o _ b _ T he two rules are 

the five “circular parts" A, If, ’ 

then the same as for right-angled triangles. 

triangle which is construe e q{ w | lich BC is an arc lias two 

divided by the great circle. Let 
A' be the pole in the hemisphere 
in which A lies. Similarly B' and 
C' are the appropriate poles ot 
GA and AB. Produce BC both 

ways to meet A' B' and A 111 
L and M respectively, iben, 
since A' is the pole of the great 

circle LBCM, the spherical angle 

B'A'C' (or simply A') is equa 
to the arc LM. Again, B' is the 
pole of AC, that is, the angular 
distance of B' from any point on Fig. 8. 

AC is 90°; similarly the angulai 90 <> Hcnce the angular 

distance of A 1 from an> y • j n ea ch instance DO ; in 

distance of C from B an r Hence CL = 90 , and 

other words, C is the p° ® ° __ r ^ + BM = LB + 90°. Also 
similarly BM = 90°. Now Li ^ = 180 o _ a . Similarly 

BC = a; LB = 90 a - c ^y c obtain in a similar 
B' = 180° — b and C - 1 

manner __ B \ c # - - C - 

a' =. 180 A ; 0 = 180 
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Now apply formula A to the triangle A'B'C' and we have, for 
example, 

cos a' = cos 6' cos o' + sin b' sin o' cos A'. 

Using the relations just found, we obtain from this equation 

— cos A — cos B cos C — sin B sin C cos a , 

which is a formula for the triangle ABC, giving the angle A in 
terms of the two remaining angles and the included side. The 
procedure in this instance can be extended to any of the principal 
formulae which we have already derived, by writing 180° — a 
for ^4, 180° - b for B, etc., in the formulae A to D. 



12. Numerical example. 

To illustrate the numerical solution of a spherical triangle, we 
shall consider the following problem. In Fig. 9 let .4 and B 
represent two places, in north latitude, on the surface of the 
earth; their latitudes are re¬ 
spectively 24° 18'N and 36° P 

47 N, and their longitudes 
133° 39' E and 12.5 24' W 
respectively; it is required to 
lind (i) the h-ngt-h < f tin- great 
circle are AB, (ii) the angle 
BAB, 2‘ F-ing the north pule, 
ami (hi) the most northerly 
point 


c great circle AB. 
is the meridian 
at ting t he equati>r 
measures the 1 ati- 
i.c. If A 21 i 

colatitnde !• 


^ i * i •' • • i t* i v • / y f ,* - • * c »•>' »■ .. . N 

' • • ' he Greenwich meridian intersect 

1 ; «e equator i.n,. ,n m, IAu wing the arrows, 

of .4 = 133° 39', 

•re.'. (\\ ) of /,' = 12.5 24'. 

iiUK 2.59° ;{' 

' Wtor oi lh( ' great circle arcs 

joining 11 and A) la 1 67’; that is APB = 100’ 67'. In the 


.nr? 


iiro 


f i 


:i- • nrc: 
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triangle APB we now are given the two sides PA and PB and 
the contained angle APB. 

<" ZZSTJnJlZTZ™ 2 Tb ™apb. 

rr.rx-:• «.»• ■■ 

= M - N - 

We BhaU use five-figure logarithms ' 9 . 95 971 

log cos 65° 42'-0 9-61438 53° 13'-0 9-90 358 

log cos 53 13-0 9^77- log cos 79° 3' 0 9-27 864 

... log M- 9 39 106 i og iV = 9 ri 4 T 93 

, ’ • N = 0-13 865. 

• 3 / = 0-24 641; 

cosAB sM - X = 0l0n<i\ 

■ AB = 83° 48'-8 = 5028 - 8 . 

Thus the great circle ^‘^ c ^^"nute AB - 83°49'. 

5028-8nautical miles. lotneneai 

(u) Calculation ofPAB s j n PA cos PAB. 

cos PB — cob A ^ pA are now known and 

In this equation, all thread, ^ ^ simplo geom etrica, 

hence wo can derive PA tlian90 °and consequently 

considerations show thar.. ambiguity; the appro- 

the sine-formula B can be useu 

priate equation is g j n APB. An PB 

sin PAB— sin yt 

tin* ril'ht-liand side being now known, 
all the quantities on the U we sha H calculate PA B by 

However, for P'‘ r l' os “ ° AH by p, PB by o and PA by 6 ; 

means of formula (11)- 

fchen . __ ooo 49 r + 53° 13' + 65° 42' = 202° 44'. 

2 9 = V + a + b ~ 6 ' . 7 o s -b = 35°40'. 

Hence «- 101 ’ ,,, i is written 

In this instance, formula <- 3 -^ 

6 in o ~ sin b sin P 


P) 


2 
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log sin (s - b) = log sin 35° 40' 9-76 572 

log sin (s — p) = log sin 17° 33' 9-47 934 

log cosec b = log cosec 65° 42' 0-04 029 

log cosec p = log cosec 83° 49' 0-00 253 

log sin 2 ~ = 9-28 788 

log sin ^ = 9-64 394 

/. ^ = 26° S' 

A = 52° 16'. 

(iii) Calculation of the most northerly latitude reached by the 
(/rent circle AB. Let C be t lie most northerly point on AB 
(I‘ig. 9). Then it is evident that the parallel of latitude through 
C will touch the great circle at C and that the meridian PC will 
be perpendicular to the great circle AB at C. Thus p6a and 
PUB are each 90 ’. in the triangle PAC, we now know PA, PAC 

and PC A and it is required to find PC. Clearly, formula B can 

be used :il is . Ttn . „ 

sin PC _ sm PA 

sin PAC ~ sin PC A * 

and. since POA =•- 90 , we obtain 

sin PC = sin PA sin PAC 
log sin PA ~ log sin 05 42' 9-95 971 

log sin PAC = log sin 52° 10 ' 9-S9 S10 

log sin PC = 9-85 781 
PC = 46° 7'. 

I bus the latitude of <' is 111 53 . 

i„» of the loh-ilnde of V is left as an exercise to 

t he re finer. 

13 . / hi horn*i/n fonuoio. 

^ ^ ^ ' ‘01* ’ 11 j ions it'/* [ \ \ 1111*#'i• 5 i 1* -1\ t.i i i * 

• i liv ... MM . appu ( m.)!n Shortened by the use of 

. 11, „„„„„ of an angle ,1 (written hav t>) is 


hclA 0 


id- cos 0 ) 


sin 2 


( 21 ). 


Since cost?- wc have 


cos 0 = 1 - 1 ‘ J iav P 


(22). 
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We can now modify formula A, which is 

cos a = cos b cos c + sin b sin c cos A . 

According to (22) write (l-2hava) for cos a, and 
(1—2 hav A) for cos A. Then 

1 - 2 hav a = cos (6 - c) - 2 sin b sin c hav A. 

Write 1-2 hav (b — c) for cos (b - c). Then we obtain 

hav a = hav (b - c) + sin b sin chav A .(23), 

which is the form of the fundamental formula expressed in 

terms of haversines. j 

From the definition in (21), hav 6 is always positive and 

h8 The haversines and log haversines of angles from 0° to 180 
are found in some collections of mathematical taWes among 
which may be mentioned Inman's Nauttcal Tables (J. D 1 otter 
7 66 Mmones, London, E. 1), which, in addition to the usual 
logarithmic and trigonometrical tables (to five figures), contai 

Rftveral other tables of astronomical value. 

The calculation of the side AB (Fig. 9) by means °f hayersmes 
will now be given in order to show the eonvemence of the method. 
We write (23) as follows for the triangle PAB. 

hav AB = hav (PA - PB) + sin PA sin PB hav APB 

= hav (PA — PB) + X 
log hav APB = log hav 100° 57' 9-77 450 

log sin PA slog sin 05° 42 J-9o J71 

log sin PB ^ log sin 53*13' 9J10 358 

. log X = 9-03 779 

/. X = 0-43 430 

hav (PA - PB) = hav 12° 29' = O^ii 2 

. hav AB = 0-44 012 
AB = 83° 49', 

which agrees with our result on p. 17. 

H. Another method o{ a Wangle are 

When the WO fonow n g method is sometimes used when it is 
f^uhed to tod the third side and one of the remammg angles. 
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To illustrate the method we shall find AB and BAB (Fig. 9). 
Denote AB by p, PB by a, PA by b and APB by P. Then 
a = 53° 13', b = 65° 42' and P = 100° 57'. 

By formulae A, G and B, we have 

cos p = cos a cos 6 + sin a sin b cos P .(24), 

sin p cos A = cos a sin b — sin a cos b cos P .(25), 


sin p sin A = sin a sin P 
Define d (a positive quantity) and D by 

cos a = d cos D 
sin a cos P = d sin D 

Hence we can write (24)-(2G) as follows: 

cos p = d cos (b — D) 
sin p cos A = d sin (b — D) 
sin p sin .4 = sin a sin P 

(i) From (27) and (28), by division, 

tan D = tan a cos P 
from which D can be calculated. 

(ii) From (30) and (31), 


( 20 ). 

(27) , 

(28) . 

(29) , 

(30) , 

(31) . 

(32) , 


tan A = 


sin a sin P 


.. ~ dlln (b - D) ’ 

which, by inserting the value of d given by (28), becomes 


(34), 


tan A = tan P sin D cosec [b — D) .(33), 

from which A can be calculated. 

(iii) From (29) and (30), 

tan p = tan (b - D) sec .4 .(34), 

from which p can be calculated. 

The calculations. 

(i) log tan a = log tail 53° 13' 0-12 031 

log cos P =: log cos 100 2 57' 9-27 864 n 

log tan D = 9-40 495 n 

cos P is neynlire and we attach the letter ji to its logarithm 
to remind us of this fact. Jt follows that tan D is negative We 
have assumed in formulae (27) and (28) that d is a positive 
quantity. Then, from the given values of a and P, it follows that 


1 
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cos D is positive and sin D is negative; thus D is in the fourth 
quadrant and from the value of log tan D which we have found 

we obtain ^ _ 3 G q° _ 14 0 i5'-6 = 345° 44'*4. 

Hence 

b - D = 05° 42' - 345 ° 44'-4 = - 280° 2'-4 = 79 57 - 6 . 

(ii) log tan P s log tan 100° 57' 0-71 338 n 

log sin D ^ log sin 345 ° 44'-4 9 39 151 » 

log cosec (i b-D)= log cosec 79° 57 -6 0-00 6 *0_ 

log tan A = 0* 11 159 

and, as A is less than 180°, we have 

PAB = A = 52° 16'-9. 

<“> as 

log tan p = 0-96 532 
AB 83° 49', 

agreeing with the previous calculations of AB. 

15 . The trigonometrical ratios for small angles. 

If 0 is a small angle and expressed in circular measure, we have 

the well-known approximate formulae. 

sin 0 = 0 radians; cos 0 = 11 tan 0 = 0 radians ^ 

Now 1 radian = 57° 17' 45" 

= 3437J' 

= 200265", 

1 


so that 


and 


1 " = 


200265 


_ radian, 


_ , l _ radian, approximately. 
1 ~ 3438 


• / / 

„ i'„ n of when 0 is successively 1 

Hence, by the first equation of 

and 1', . _i. .(30), 


ein l '~~ 200265 


and 


sin 1 


3438 


(37). 
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If 0" denotes the number of seconds of arc in 0 radians, then 
6 " 

6 = 206265 and consec l uentl y 

Sm 6 = 206265’ 

which may be written 

sin 0" = 0" sin 1" .(38). 

Similarly, sin 0' = 0' sin 1' .(39), 

where 0' is expressed in minutes of arc. 

In a similar way, we find 

tan 0" = 0" sin 1". 

In spherical astronomy, certain angles are frequently ex¬ 
pressed in terms of hours, minutes and seconds of time, 
according to the following relations: 

24 hours = 360°; l h = 15°; 1“ = 15' and l 8 = 15" 

.(40). 

Thus we obtain the approximate formulae 

sin l m = sin 15' = 15 sin 1' .(41), 

sin I s = sin 15" = 15 sin 1" .(42). 

If II is a small angle, which, when expressed in minutes of 
time, will be denoted by // In , then 

sin II = H m sin 1™ = 1 5H m sin 1' .(43). 

Similarly, if we express II in terms of seconds of time, we have 

sin II = II* sin l 8 = 15tf 8 sin 1" .(44). 

1 hese results will be of use in subsequent chapters. 

16. Delnmbre's and Napier's analogies. 

For reference, we give the following formulae, originally due 
to Delambre, and known as Delambre’s analogies: 

sin \c sin 1- (.4 — B) = cos \G sin h (a — b) .( 45 ), 

sin Xc cos i (.4 — B) = sin W sin i (a + b) .(46), 

cos \c sin i (.4 + B) — cos hC cos \{a — b) .( 47 ), 

cos hr. cos i (A -r B) = sin hC cos h (a -f b) .(48). 

1 !>ese formulae are easily derived from the principal formulae 
already discussed in the previous pages. 
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Taking these equations in pairs, rve obtain Napier’s analogies: 

,, lM __ cos \ {A-B) tan i c .(49), 

tan h{a + b) - cos $(A + B) 

I x sin £ {A —_B ) fan i c .(50), 

tan \ (a - b) - gin ^ A + B) 

. 1(4 4 - B) s c°t .( 51 >’ 

tan \ (A + ) cos ^ (a + b) 

ltA R , sin_i(fLU^ cot \C .( 52 )- 

tan \{A- B)- gin ^ (a + b) 


EXERCISES 

, jnr C = 90° a =119° 46'36" and 
1 In tlie spherical triangle ABC, C • » 

B = 52° 25' 38 ". Calculate the values of b c and ^ 

[A ns. 48° 26' 49", 109= 14' 0" and 113 10 46 0 

2. In the triangle iiHC, a = 57= 22' 11", b - 72° 12 19 an 

“ the A X'. ~ - 4*~ and » 4, *»,! _ o „ 

3. In the triangle ABC, c « 90°. ^ - 02 “ 20 42 and a 

Calculate the values oUC», ; ^ m , ^ and 0„ 

4. Two ships* and 

o^the aamenjeridian “oMon^Je. If the speed of X ia .5 hnota,- 6nd the spc 

of y* # the game latitude *f>\ 

6. 4 and £ are two places on 8 ‘“J 1 2( p rovo that (1) the highest 

the difference of longitude between d and B ^ and (U) th e distance 

l^^rpaSroT^ hetwin d and * exceeds the great 

cirole distance AB* _ ^ (ain , co3 „] nautical miles, 

2 . , bv the great circle joining a place A 

6 . The most southerly ^“^ itudc % is Prove that the difference 

on the equator to a p . qqo + co8 -» (tun <£ cot *£i)- 

% ta Crr-i- w 

-iss: —- »—* 62 ° s ’ lho “ 

b teamed in 5847-6 nautical miles. 

* The knot ia the unit of speed in use at sea; it is 1 nautical .mle per >ou. 
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8 . If the elements a, b, c, A, B, C of a spherical triangle receive increments 
da ,... dC, show that, if 

_ sip A _ sin B _ sin C 
sin o sin 6 sin c ’ 

da = cos C.db + cos B.dc + K sin b sin c.dA, 
db = oos^4.rfc + cosC.da + A'sin csina.rf/?, 
dc = cos B.da + cos A.db + K sin a sin b.dC, 

dA = — cos c.dB — cos6.dC + sin B sin C.da, 

dB = — cos a.dC — cosc.dA + sin C sin A .db, 

dC = — cos b.dA — cos a.dB -f A sin B.dc. 

K 



CHAPTER n 


THE CELESTIAL SPHERE 


17. Introduction. 

In Chapter i we have seen that positions on the surface of the 
earth are completely specified by reference to two principal 
great circles, the Greenwich meridian and the equator. The 
principle of specifying positions on the celestial sphere is fun¬ 
damentally similar and there are several methods depending ; 
the particular great circles chosen as the principal circles. 

These methods will now be described. 


18. Altitude and azimuth. 

Let 0 —the observer on the surface of the earth (suppose 
spherical)—be the centre of the celestial sphere (Fig. 10). Let ^ 



Fig. 10. 


(the zenith) be the point on the celestial sphere vertically over- 
[tne zenun) l ,i«fi n pd bv means of a plumb-line. 
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plane of the horizon, cutting the celestial sphere in the great 
circle NAS, called the celestial horizon or simply the horizon. 
Thus, in Fig. 10, the horizon divides the celestial sphere into two 
hemispheres, of which the upper is the visible hemisphere, the 
lower being hidden from the observer by the earth. Let X be 
the position of a star on the celestial sphere at a given moment. 
Any great circle drawn through Z is called a vertical circle ; in 
particular, the vertical circle in Fig. 10 passing through X is 
ZXA. In the plane of ZXA, the angle AOX or the great circle 
arc AX is called the altitude, which will be denoted by a. Since 
OZ is perpendicular to the plane of the horizon, the great circle 
arc ZA is 90°; lienee ZX = 90° — a. ZX is called the zenith 
distance (z.D.) of the star X and will be denoted by z. Thus 

2 =90° -a .(1). 


Let LX31 be a small circle through A’ parallel to the horizon; 
it is called a jxirallel of altitude and is such that all heavenly 
bodies, whose positions at a given instant lie on this small circle, 
have the same altitude and also, by (1), the same zenith distance 
as A'. Thus if the altitude or zenith distance of a star is given, the. 
parallel of altitude on which it must lie can be definitely specified. 
To define its position completely on the celestial sphere, the 
particular vertical circle on which it lies must also be specified. 
This is done as follows. 


Let OP be parallel to the axis about wliich the earth spins. 
If the latitude of ( lie observer is north (as in Fig. 10), the position 
P is called the north celestial pole, or simply the north pole. We 
arc not directly conscious of the earth’s rotation, but the effect 
is shown in the apparent rotation of the celestial sphere. The 
star- i Hus appear to travel across the sky and their altitudes and 
directions are continually changing. In the northern hemisphere 
there is, however, one star, visible to the naked eye, which 
appears to change very little. This is Polaris, or the north pole 
* '* ™ose direction in the sky is very nearly that given by OP 
H happened to be a star exactly situated at P on the 

celestial sphere, its altitude and direction would be invariable 
hroughoid a night We define the vertical circle through P 
t .a l (which cuts the horizon in N), as the principal 

cert uad circle and the point N as the north joint of the horizon . 




27 


the celestial sphere 

The point * on the hc£on 

point, the west ( j a *\ { N d s (ft ^ 110 t shown in Fig. 10). 

angles to the d -e~ tbe })oints . 

The points N , E, S and celestial sphere 

We now specify the posit tion of a star^Aon ^ ^ ^ principal 

at a given moment by referei western part of the 

vertical circle ZPN. If (winch 

s r s p.,. * .u. «!»•■.' «"«•. -» 

Fig. 11, the angle PZX 
or the arc NB is the azi¬ 
muth (E). Thus at any ^ \ 

instant the position of 
a heavenly body on the 
celestial sphere can be 
described completely by 
reference to the horizon < 
and the n orth p oint of the 
horizon in terms of alti¬ 
tude and azimuth (E or 
IF) or, alternatively, in 
terms of zenith distance 

and azimuth. When the 

azimuth is 90“ E or 90 

W, the star is sa,d t ° , ich is thus the vertical circle through 

be on the prime vertical, whicn.sr 

the east point E or the wes 1 the great circle arc 

where 4* is * he pltet cquaUrthe'^bservcr'.s latitude. 

henC t "tl*ridvdy 

'-rr ■ th ° w 1 

east point towards his nght band. 


0 

A' 

. * 

0 • 


E 


Fig. 11. 
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19. Declination and hour angle. 

As in the preceding section, suppose that the celestial sphere 
is drawn for an observer 0 in latitude <f>, showing the horizon, 
the zenith Z and the north pole P (Fig. 12). The great circle 
RWT whose plane is perpendicular to OP is the celestial equator 
and its plane, clearly, is parallel to that of the earth’s equator. 
The celestial equator and the horizon intersect in two points W 
and E. Now Z is the pole of the great circle NWS and P is the 
pole of the great circle R WT ; hence W is 90° from both Z and P 



and therefore is 00° from all points on the great circle through 

and P. In other words, W is the pole of the great circle 
NPZRQ ; lienee NW = 90° and WS = 90°. Similarly EN = 90° 

and 90 7 J[ ence W and E are the two remaining cardinal 

points, iV and S having been previously defined explicitly 

As already stated, the rotation of the earth results in an 
apparent rotation of the celestial sphere from east to west about 
)1 . It follows that as the stars are at such great distances from 
the eartn, the angle between the straight line joining the observer 
at O to any particular star and the straight line OP (parallel to 
the earth s axis) remains unaltered. If we consider a S the 
earth s rotation makes it appear to describe a small circle LXM 
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TS^z^PZrbzszsi 

the declination of the star and is nort e _ the 

between the celestial equator and the north pole P a to 

star X). The star’s declination --"‘Xde Q Declination 
between the celestial equatoi a points on the earth’s 

is thus analogous to latitude as e then j)X = 8 and 

PxT^TpX^sllnel the lorth polar distance (h-p-D-M 

the star. It is convenient to irewill hold 
quantity, so that the various ° r North declinations 

equally for north and the negative 

Sp - J -“. £.PP*»» *° *» •<“■ 

clinations may be. . lrT , nwn we can thus specify a 

The declination of a star ^'>8 on which it must 

small circle, called the paral f ce l es tial sphere at any 

lie. To fix completely Position °n £rfrefeJ. This is the 

moment we require another g ohserver ’s meridian. When 

semi-great circle PZRSQ, c a n it is sa id to transit or 

the star is at L on the observe 12 that its altitude (that is 

culminate, and it is clear ro «■ ££ ig i eas t. There- 

SL) is then greatest and its zem h alo the 8tn aU 

after, owing to the earth’s 'otatj^t mov^ is said to set; its 
circle LFM crossing the lon *° zen itli distance is 90°. 

altitude at F is of course 0 _ n itg declination, the star 

During an interval of time epe maX | mum depression below 
U below the horizon, reaching g t|)e horizon at G where 

the horizon at M \ cventua y increasing, it returns 

it is said to rise. Its altitude 8'"^ the eart h makes a 
after an interval, equiva cn tll0 observer’s meridian at L. 

complete rotation about its au , the ra n e l of declination 

At any moment the star s poM t | ie observer’s meridian 
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observer’s meridian westward's from 0° (at L) to 360°, when the 
star again returns to the observer’s meridian or, as is more usual, 
from 0 h to 24 h . We can express this in a slightly different way. 
When the star is in transit, its meridian coincides with the 
observer’s meridian; thereafter, the star’s meridian moves 
steadily westwards and, when it has made a complete circuit of 
the celestial sphere, it has described an angle of 360° or 24P with 
reference to the observer’s meridian. From Fig. 12 it is seen that 
if the star is west of the observer’s meridian, that is, if the 



azimuth is west, its hour angle is between 0° and 180°, that is, 
between 0»> and 12»>. Similarly, if the star is east of the meridian 
(azimuth east)—as in Fig. 13—the hour angle is between 12* and 
24 h . We thus have the rules: 

If the star's azimuth is west, the hour angle is between 0 h and 12 h 

{and vice versa); if the star's azimuth is cast , the hour angle is 
between 12 h and 2 4 h . 


20. Diagram for the southern hemisphere. 

The diagrams described so far in this chapter refer to the 
celestial sphere for an observer in north latitude. We shall now 
describe the corresponding diagrams for an observer in the 
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southern hemisphere. In Fig. 14, we shall place the observer's 
zenith as in the previous diagrams. The celestial horizon is 11 
as indicated. In the southern hemisphere, the south celestial 
pole Q is above the horizon. Then, if ^ denotes the southern 
latitude of the observer, QZ - 90° - The principal vert cal 
circle is now ZQS, intersecting the horizon in the south point S. 
The north point N can then be placed in the diagram. The 
celestial equator and the horizon intersect, in the'West mid ea 
points IF and E (the latter is not shown in big. 14) according 



Fig. 14. 


, r tn naere 27. Consider a star X with 

the rule in ^footnote rotation it wiU describe 

south declmatiom Owing ce lestial equator and lying 

a small ^ ^ south pole Q. At L, the 

between the ccle 1 . de __- t ig t j ien on t} ie observer s 

star will have its■ grea semi . circ i e QZItNP. In consequence of 

meridian, which l wi u mo ve from the observer's 

the earth s rotationi W ^ ^ direction LX M, as indicated 

meridian ^Wa th ^m The ang)e , /QX is the hour ang l e 

by the arrow ' » ® (Jt , to 2 4» westwards from the observer s 

measured, in this instance it is west. If 8 

Ttht^uS dediiiation of the star, then DX - 8 and 
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QX = 90° — 8. The other parts of the spherical triangle QZX 
are: QZ = 90° — <f >, ZX = z (the zenith distance), QZX = A 
(the azimuth) and ZQX = H (the hour angle). When the star’s 
azimuth is west, the hour angle is between 0 h and 12 h . When the 
star’s azimuth is east, the appropriate diagram can be similarly 
drawn; this is left as an exercise to the student; it will then be 
found that the hour angle is between 12 h and 24 h . The rules 
stated at the end of section 19 are seen to hold for southern as 
well as northern latitudes. 


21. Circumsolar stars. 

Consider the celestial sphere for an observer in northern 
latitude </> (Fig. 15). The parallels of declination are drawn for 
two stars A' and V, both of which are always above the horizon 
and consequently do not set. Such stars are called circumpolar 



■dars. It is readily seen from the 

% 

a star should not set is: CM must 
north polar distance mu.-t ’.»• jess 
words, the declination must be 


h.uure that the condition that 
be |.-ss than PA 7 ; that is, the 
t han the latitude, or, in other 
greater than the colatitude. 
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When the star X is on the observer’s meridian at L it is at 
upper culmination or in transit ; when the star reache d/ it i at 
iZr culmination. The expressions 'culmination above pole 
and “culmination below pole” are frequently used. At >ippe 
culmination, the star’s zenith distance is ZL or (PL - PZ)th£ 
is <4 - S At lower culmination, the star’s zenith distance is ZM 
or IZP + PM) that is, 180° - (<f> + 8). When S = <f>, the star s 
upper culmination occurs in the zenith. When « 

.trii-«. —* “ - 

same way. 

22. The standard or geocentric celestial sphere. 

In the previous sections, the declination of a star on the 

celestial sphere whose centre ^^X.y^eat combed 

**— « P ° ,ar 

distance so defined is inde¬ 
pendent of the observer s 
position on the surface of 
the earth, as may be readily 
seen from Fig. 16- i® 
more convenient for our 
present purpose to deal 
with the star’s north polar 
distance than with its de¬ 
clination.) In Fig. 1 &,P\CQ\ 
is the earth’s axis of rota^ 
tion, C being the centre of 
the earth; O is the ob¬ 
server and COZ the direc¬ 
tion of the zenith at O ; OP 
is parallel to CP, and the 

“ leeording'toTr definition, the north polar distance of 
O is OX. Accor j g If CY is drawn parallel to 

the star for an observer« star wit h reference to C, the 

OX then C Y = pdx in other words the north polar 

earth s centre. 1 hus i 



Fig. 10. 
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distance of the star (and consequently its declination) is the same 
on the celestial sphere centred at O (or any other position on the 
earth’s surface) a.s it is on the celestial sphere centred at G. But 
when a comparatively near body such as the moon, or sun, or a 
planet is observed, the definition of north polar distance (and 
therefore of declination) previously given is dependent on the 
particular position of the observer on the earth. Thus if M is the 
moon (Fig. 16) at the distance r from the centre of the earth, it 
is evident that POM = P X CM + OMC\ also OMC clearly de¬ 
pends on the position of O, whereas P X CM is entirely independent 


tb 7 



Fig. 17. x 


“f '\ ( defined as the north polar distance of M which is 
!' u the angle* between the earth’s axis and the straight line 
‘die earth's centre to the heavenly body. This definition 
d ' 1,1 • general and is applicable to every heavenly body. 
Aieordinglv. the centre of the standard celestial sphere (or the 
i- ■« nlrie celestial sphere, as it may be called) is taken to be at 
C Me earth's centre (Fig. 17). t Z is the direction of the ob- 
s, rv-r s zenith, the diameter QCP is coincident with the earth’s 
axi,, All SE is the celestial horizon (the great circle whose plane 
.s perpendicular to CZ), and IDVTJC i, the celestial equator (its 
plane is coincident with the plane of the earth’s equator) The 
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px is the north polar distance of the heavenly body ac¬ 
cording to the definition just given and DX is the dechnatron S 

-V u “« S' It 

the azimuth A (PZX) and the hour angle II “ 

described previously. The declinations of the principal heavenly 

Kaanasrissjaas:=s— 

Fig. 17, that is, centred at 6, the earth s> cen ie - 

— -.* 

angle H of the heav v cosine formu la), we have, since 

;; d o and PX and the contained angle ZPX are given 

(F,g ' cos ZX = cos PZ cos PX + Sin PZ sin PX cos ZPX, 
nr cos z - Bin 6 sin 8 + cos 4> cos 8 cos H . W- 

Thus . can be 

haversine formula (section 13), wiucn 

written hav z = hav (*-»)+ * cos 8 haV H . W 

~ » ~ «* -»*« ~ ™ 

sin 8 = sin 6 cos z + cos <f> sin z cos ^1 

I,„ .hi LL h h.... b. . I.«- 

( r ..»-> 

where o is the altitude. , t i, e star’s zenith distance 

(ii) Given the observer * nation and hour angle, 

and azimuth, to calculate the star s _ _ calculate the 

"»“t*, IThl“ -I-. - - ~«- «>. m 


3-2 
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Consider now the spherical triangle PZX in Fig. 13. The angle 
PZX is the azimuth (east). Remembering that the hour angle 
is measured at the pole from the observer’s meridian westwards, 
we see that ZPX = 24 h — H. The solution of the triangle 
proceeds as before. 

24. Right ascension arul declination. 

In the hour angle and declination method of specifying a star’s 
position on the celestial sphere only one co-ordinate, namely 
declination, remains constant as the star travels across the sky, 
whereas the hour angle increases uniformly from 0 h to 24 h . But 

Z 



the positions of the stars on the celestial sphere may be likened 
to the positions of fixed points on the surface of the earth and 
can therefore be.specified with reference to the celestial equator 
and any particular star on the equator. For example, in Fig. 18, 
let. r be an equatorial star and A' any other star; let the meridian 
through A' cut the celestial equator in D. As the stars pass 
across the sky we know in particular that the declination of X, 
t hat is, DX. remains constant and that the relative configuration 
of the stars also remains constant. It follows that TD is con¬ 
stant, in other words, that the angle between the meridians of 
r and IJ remains constant. We may regard T as a reference 
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point on the ^ thenar xty 

reference point chosen in practice is caUed the vernc £ 
the first point of Aries, and it is comment o regi M P 

of T as specified by » ^ M the rigU 

define T more P^^/^^noted by a) and is measured 
ascens l on (maj of the^sta ^ ^ direction of tUe arrow 

eastwards from T from which hour angle is 

near T). This direction is opposite to that m^uc o R[) 

measured. From Ei 8 . “ d Jr'i. rtlo.r F. 

accordingly, g i( j time = h.a. X + RA. -X . (*)> 

When r is on the observer’s meridian, ? g next on the 

that is to say, the sidereal time» 0 • sidereal time has 

observer’s meridian, an as that required 

elapsed. This interva > h bout i ts axis and it is 

5A —■* - ** the standard 

time-keeper. 

25. The earth's orbit. su n in an elliptical 

The earth is a planet revolving^ ^ ^ {ocus g of the ellipse 
path or orbit, the sun e g planetary motion. The time 

(Fig. 19). This is Kep**'' e Tconiplete revolution of its orbit 

required for the earth o ■ u, g orbit, the direction of 

is a year. As the earth is co ntinually altering; the 

the earth, as viewed fr uniform. Since our observa- 

angular velocity is, howeve , ., relative to the earth the sun 
tions are made from the ear . then^relat ^ earth . In 

appears to describe an ell j am , the ellipse represents the 

Fig. 20, C is the centre of «* ^ the earth . The sequence of 

apparent orbit of the sun p e f, q in this orbit, corresponds 

positions of the sun, namely , >/• Q tho eal . th in its orbit 
to the sequence of P° 8 ‘ tlo ™^ e ^u’rse of the year, the sun thus 

round the sun (Fig. 19). 1" t' ie 
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appears to make a complete circuit of the heavens against the 
background of the stars. The plane of the orbit is called the 
plane of the ecliptic, and the great circle in which this plane 
intersects the celestial sphere, whose centre is the earth’s centre 
C, is called the ecliptic. In Fig. 21, let C be the centre of the 
celestial sphere on which the celestial ecjuator TTR and the 







north pole P are drawn. We may imagine that the stars can be 
viewed from the centre of the earth, that is, from C, and ac¬ 
cordingly they will occupy definite positions on the celestial 
sphere in Fig. 21. With reference to the stars, the plane of the 
ecliptic will have a definite position and, consequently, the 
ecliptic will be a particular great circle, which is found from 
observations to be inclined at an angle of about 23i° to the 
celestial equator. In Fig. 21, YTMU represents the ecliptic and 
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its inclination t o the 

as the obliquity of the echp '«• ^ along the ecliptic—in 

appears to move on the cele. < ■ f r and at U, its position 

the direction yr 3 /— a nd twice yea^jy^ ^ intersec tions of the 
on the celestial sphere comcu • B en r am i J/and between 

ecliptic with thecelestia equa o . equator ; its 

3/ and 17 the sun is on the U and Y and 

declination is then north, binnlari} 



Fig. 21. 

, 1 - U south. The .position T, at 

between Y and T its ( ^"hanges from south to north, is the 
which the sun’s declina _ that the reference point V, from 

vernal equinox. It is m **. , /^ cension s of the stars, is obtained, 
which are measured the g gion is rD OT « measured along 

Thus if X is a star, l s rig • ^ j t s declination 8 is DX. From 
the equator from T eas asce nsion and declination of 
the diagram it is seen »« t j, llia iiy. When the sun is at T, 

the sun arc both c,ian *f n £ .. ation are both zero (this occurs 
its right ascension and a ... at M the right ascension 

about March 21 —the vert l l occurs about June 21 — 

is 6* and declination about—J, V 
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the summer solstice); at U the right ascension is 12 h and declina¬ 
tion 0° (this occurs about September 21—the autumnal equinox) 
and at Y the right ascension is 18 h and the declination about 
23£° S (this occurs about December 21—the winter solstice ). 

26. Celestial latitude and lonqitude. 

The position of a heavenly body can be referred to the 
ecliptic as fundamental great circle and the vernal equinox T as 
principal reference point. In Fig. 21, let K be the pole of the 
ecliptic and let KXA be a great circle arc passing tlirough X and 
meeting the ecliptic in A. The arc TA, measured from T to A 
along the ecliyitic in the direction of the sun's annual motion, 
i.e. eastwards, is called the longitude of the heavenly body X and 
is measured from 0° to 360° round the ecliptic. The arc AX is the 
latitude and, like terrestrial latitude, it is measured north or south. 
If we know the star’s right ascension and declination we can 
obtain its latitude (ft) and its longitude (A) from the triangle 
KPX; and vice versa. Now T is the pole of the great circle 
KPMR; hence KPT = 00°, and since TD = TPX — a, then 
KPX = 90° + Also PKT = 90°, and since TA = TKX = A, 
then PKX = 90° - A. Also PA' = 90° - 8 and KX = 90° - ft. 
Let € denote the obliquity of the ecliptic; it is the angle between 
the radii CM and 67?; thus the are RM = <r. But KM = 90° and 
PR — 90°; hence KP = e. Applying the formulae A, B and G, 

WO llfl.VO 

cos KX = cos PX cos KP + sin PX sin KP cos KPX, 
sin KX sin PKX — sin PX sin KPX, 

sin KX cos PKX = cos PX sin KP - sin PX cos KP cos KPX, 

or sin ft = sin 8 cos e — cos 8 sin e sin a .(10), 

cos ft cos A = cos 8 cos a ^ 1 j j 

cos ft sin A = sin 8 .sin « -f cos 8 cos e sin a .(12). 

By a similar process, the right ascension a and the declination 
8 can be expressed in terms of ft, A and <r. The formulae are 

sin 8 - sin ft cos e -f cos ft sin e sin A, 
cos 8 cos a = cos ft cos A, 

cos 8 sin « = - sin ft sin e -f cos ft cos e sin A. 
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the 

rJTae?a'^’/tafoTl;^X |>lace. The angle between the 

meridians plq and pgq 1S > of P 

course, the longitude (terres¬ 
trial) of l ; in this instance l is 
west of Greenwich. Produce 
Cg, Cl to meet the celestial 
sphere in G and L- Then G 
and L are the zeniths of Green ¬ 
wich and l respectively. If A 
is the position of a heavenly 
body on the celestial sphere 

at a given moment, GPX is 
the hour angle of X for an 
observer on the Greenv ic 1 

meridian and LPX is the hour 

angle for an observer on t xo ^ ^ ^ (7PL = gfr\ hence 

meridian of l. But Qi J f x at j + long. (W) of l 

h.a. of X at Greenwich - h.a. . (13 ). 

ao iu«t the longitude of l is expressed 
In this formula we suppo' • j __ i«). The formula (13) 

in time-measure (l - r >°' == t v l lol ds for the vernal equinox T. 

is a general one and * .. is t j ie hour angle of T— 

We thus obtain since — tm^ ^ ? ± ^ ( (U)> 

Sid. time at Greenwich - & • ^ ( f Gr( „. nwich and the 

the + sign being take " ' V ich . The sidereal time at (is called 

— sign when l is cast oi > 
the local sidereal time. 

28. Mean solar time. . tory un it of time and is ob- 

The sidereal day ^ * l * of every day affairs which in 

viously unsuited to the «« b* ^ th<j position of the sun in 

the main are governc < meridian of a place, it is 

the sky. When the sunis next on the meridian, an 
apparent noon there; wn ^ e]ap8ed xhis interval can be 

apparent solar day is b 
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measured, for example, by means of a clock keeping accurate 
sidereal time and it is found that an apparent solar day is not 
constant. We have seen that, relative to the earth, the sun 
appears to describe an elliptic orbit around the earth and the 
rate at which its direction in the orbit changes is not constant. 
It follows that the sun appears to describe the ecliptic at a non- 
uniform rate; in other words, the sun appears to move somewhat 
irregularly against the background of the stars. Due to this and 
also to the fact that it is moving in the ecliptic and not along the 
celestial equator (the fundamental great circle with which the 
measurement of hour angle or time is associated) its right ascen¬ 
sion does not increase uniformly. The average apparent solar 
day throughout the year is called a mean .solar day and it is 
convenient to define the mean solar day as the interval between 
two successive transits across the observer’s meridian of a 
fictitious body called the mean sun. The mean sun is assumed to 
move in the celestial equator at a uniform rate around the earth. 
Tibs rate is such that the mean sun completes a revolution in 
the same time as that required by the sun for a complete circuit 
I' the ecliptic. According to this definition, the right ascension 
f I he mean, sun (denoted by r.a.m.s.) increases at a uniform rate. 

Xow if we regard the mean sun as ail ordinary celestial body, 
then at any given moment, we can assume that it has a particular 
hour angle (h.a.m.s.) at a given place on the earth’s surface. At 
this moment, we shall assume that its right ascension is known; 
hence by (8) or (0), 

Sid. time = h.a.m.s. 4- r.a.m.s. .(15). 

! he time shown by a mean time clock, say, at Greenwich at any 
moment- is .dm ply related to the value of h.a.m.s. there, and if 
i he i: v.m s. is known, (15) forms the basis of comparison between 
th< id. real and the mean time clocks. The mean sun is related 
to riic true sun according to certain principles which will be 
'b'CUs-ed in I later chapter. Meanwhile it will be sufficient to 
si -t • that the difference at any moment between the right 
ascension of the mean sun and of the true sun can be calculated; 
( hi- diiV.-ivnee is called the equation of time* (denoted by E). We 


( ) 
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bus li . v* 


E 


R. V.M.S. 


K.A. 
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) 
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•111. r t. \T hooks lilt- equation of time is defined by E 
l.nl i- . . idly tin* .dm.mars have adopted the d. Iiniii .,11 in (Id). 


K. A. ® - K.A.M.S., 
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in winch K.A. ® denotes the right 

E can be positive or negative and it is tab. dated m tn ^ 

Almanac (and other ephemerit e>) ()1 ^‘ ■ h ascension 

Fig. 23. let ns suppose that at a g^enmrtanttl e n 1 ^ 

and declination of the the Uour ang , e of r, 

equinox at this instant so th ^ u known> the posit ion of 

that is, the local sidereal ti • specified. The position 

T on the celestial sphere can e h ce i cst ial sphere. 

sun s.n J» ££*£££ und » J ««- 
TK = r.a. ® and A ® is tne suu & 



Fig. 23. 

Qunnose the equation of time is 4-; then 
are supposed known. S PP A a „d if E is known the 

by (16), r.a.m.s. is greater tha ^ can be indicated in 

position of ^ mean sun j ^ ^ ^ of d/ (u.a.m.s.). 

the diagram. Ill M _ «jj/ + ]\IK, then 

It is clear from Fig. 23 that^as^A - ** . (l7)f 

which is an 

enabling us to calculate > When the mean sun is on the 

the other quantities are no • there . When t he mean 

^ b h o° 0 u k ' <->• 
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the mean sun is at T —the h.a.m.s. being then 12 h —it is said to 
be mean midnight. When g.m.a.t. = 12 u , it is mean midnight at 
Greenwich and this is the moment when a new civil day at 
Greenwich begins. In this book mean time reckoned from mid¬ 
night at Greenwich will be called Greenwich civil time * (g.c.t.) 


and it is clear that 

G.C.T. = G.M.A.T. + 12 b .(18). 

Similarly, for any place keeping the mean time appropriate to 
its meridian, we shall have 

Local c.T. = Local a.t. -f 12 h .(19) 

= h.a.m.s. + 12 h .(20). 


Formula (14) gives the relation between sidereal time at 
Greenwich and the sidereal time at any place l, and it is clear 
from Fig. 22 and from (18) and (19) that we shall have a similar 
relation between mean time at Greenwich and the mean time at 
the place; it is 

g.c.t. = Local c.T. ± long, of l .(21), 

the + sign being taken when the longitude of l is west and the 
— sign when the longitude is east. 

Confusion would be inevitable if every place kept the local 
mean time appropriate to its meridian, and so in small countries 
a standard mean time is chosen, corresponding to a particular 
meridian of longitude (the standard meridian), which is in use 
uniformly throughout the country. In Great Britain, the 
standard mean time is g.c.t. In extensive countries such as 
Russia and the United States of America, two or more standard 
times are in use in zones of longitude; within each zone, a stan¬ 
dard time appropriate to a definite meridian within the zone is 
kept. The standard time, based on a particular meridian, we 
shall designate zone time (z.t.). This system is, in effect, kept by 
ships at sea which are generally less troubled by geographical 
complications. We have, as in (21), 

g.c.t. — Zone time ± long, of standard meridian ...(22). 


* Astronomers are not unanimous about the designation of what we have called 
u.c.t. The names universal iim •• (c.T.) and U'rltzeit (world time) are in common 
use in niuuy European countries. In the British Nautical Almanac for 1925 
and later years the symbol G.M.T. is used as equivalent to G.C.T. 
En vious to li»2o. the symbol a.M.T. was used universally in the sense Greenwich 
mean astronomical lime. [See Preface to the second edition.] 
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29. Example. . . . ( n 

We Shall use as an illustration the foUowmg problem of a 
common and important type At a place m long tudeM 14 E 
it is required to calculate the hour ang e oE tl e■mn.lI^. J 
corresponding to an observation made at /.one tn 
on mi Marfh 10; the zone time is that of the standard men- 

ku. «"■ ****—<*- 

was made. We have Zone time S" 4G"‘ 22* March 10 

Long, of standard meridian - H"- 

G c t. = 21 h 46 m 22 s March 9 

We subtract 1 l b from the zone time in acC ° r ^“ C ^' 321 / 46 ^ 22 * 
(22). (Clearly, we can write the zone time as 3. 

March 9.) ,. jo <| 10 mean time 

We next find the local £ means of ,21). 

corresponding to the longit 

g.c.t. 21 u 40'" 22* March J 

Long, of place (E) + 

Local C.T. = 32" 30- I* March ® 

gh 30 »‘ 18 8 March 10 

i. to write down the h.a.m.s. (the hour 
Formula (20) enables us to %\nt 

angle of the mean sun at the place), 

U.A.M.S. = 20“ 39- 18®. 

• t, <»t»nlv the equation of time to h.a.m.s. 
The next step is to ap]> \ ? f , , interpolation, 

From the Nautical AImanac 1 •». 1 .U j * 

that at 0 . 0 ,. 21" 46- { 

Thus, by (17), = ^ ;t: , 

or u - 

30. Hour anrjle of a heavenly body. ^ body {X) othcr 

To calculate the hour ang ‘ j J • p (8) a „d (15) we have 
than the sun, we proceed as follows. UJ U 

Sid. time = n.A. A + h a. a 

, Sid time = h.a.m.s. + h.a.m.s., 

and WA y + RA x = H.A.M.S.+H A M.S. ...(23). 

whence H.A.X + H- 
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In the almanacs, the sidereal time is tabulated at g.c.t. 0“ for 
each day throughout the year, that is, when the h.a.m.s. is 12“. 
Since, by (15), 

Sid. time = h.a.m.s. + r.a.m.s., 

we have 


R A M S, at G.C.T. 0 h for any day = the tabulated sidereal 
time at G.C.T. 0 h for that day — 12 h . 


The r.a.m.s. increases uniformly at the rate of 3 m 56 s -56 'per mean 
solar day or at the rate of 9 s -857 per mean solar hour; by means of 
this we can calculate the r.a.m.s. for any given g.c.t. 

Tables are given in the almanacs for facilitating this cal¬ 
culation. 

The use of the formula (23) is best illustrated by means of an 
example. It is required to calculate the hour angle of Betelgeuse 
(a Orionis) at zone time 18 h 35 m 4<>8 on 1931 January 26, in a 
place whose longitude is 64 u 28' 49" W. (Zone + 4 h : this means 
that the standard meridian of the zone is 4“ W or 60° W.) 


Zone time 
Zone 

G.C.T. 

Longitude of place (W) 

Local c.t. 
Subtract 12 l1 

h.a.m.s. 
Add r.a.m.s. 

Sid. time 
Subtract r.a. of Betelgeuse 

ii.a. of Betelgeuse 


18 h 35 m 46 s January 26 
+ 4“ 


22 h 

35 ,n 

4t»s 

January 26 

4 h 

17 111 

55 s 

[Using (21)] 

18“ 

17“ 

51 s 


1 2 h 



[Using (20)] 

6 h 

17 ni 

518 


20“ 

21 m 

08 

From n.a .for above 

26“ 

38 m 

518 

G.C.T. 

5“ 

51 111 

27 s 

From n.a. 

20“ 

47 m 

24 s 

•> 


31. Rising (nul setting. 

Consider Fig. 24. The heavenly body X is said to set at F, the 
point where it reaches the horizon. Then the zenith distance is 
'.to , that is. AF 90C Let II be the hour angle of X at setting, 
so that ZFF //. Also PF - 90° -S. Let A be the azimuth 
at setting (PZF) and </> the latitude. 
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From formula A, 

cos ZF = cos PZ cos PF + sin PZ sin Pi cos Z1 i , 
or cos 90° = sin <f> sin S + cos 4 cos S cos II, 

60 that, as cos 90° = 0, 

cos H = - tan ^ tan 3 . 

from which the hour angle at setting can be calculated. 

Also from A, 

cos PF = cos PZ COS ZP + sin PZ sin ZP cos PZP, 

2 o 4- cos 6 cos A, 

or sin 3= u , /.>m 

whence cos A = sin 8 sec <f> .. ~ 

from which the azimuth at setting can be calculated. 



Fitf. 24. 


• i t 5 c <o( u either from the equations (24) and 

In north latitudes it ^ declination is nort h the hour 

(25), or from l<ig. -4, th. 12 „ ;md t i ult the azimutli is 

angle at setting is between > * between west and 

less than 90° (that is to say, tto ^ holir ftng ,e at 

north); and that ,f tho tlic body sets between south and 
.etting is between O* and ^"^,.jU,g of a heavenly body 

west. The problem as 1 When the observer’s latitude is 

can be treated in a similar w a> . 
south, the procedure is similar. 
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If the heavenly body concerned is a star, the hour angle at 
setting gives the interval between meridian transit and setting 
expressed in sidereal time. If the heavenly body is the sun, the 
interval between meridian transit and setting is expressed in 
apparent solar time. But during this interval the relative 
positions of the sun and the mean sun will alter but little (in 
other words, the change in the equation of time can be usually 
disregarded unless extreme accuracy is desired), and so the 
interval can be described, for all practical purposes, in terms of 
mean time. Thus, if from formula (24) the hour angle H at 
setting is found to be 7 h 30 m , then the interval between the sun’s 
meridian transit and setting is 7 b 30 m mean solar time. Leaving 
out of consideration any change in the sun’s declination, we infer 
that this is also the interval between sunrise and meridian 
passage. Thus the sun is above the horizon for 15 h and below the 
horizon for 9 h . Actualfy, of course, the sun’s declination is 
generally slightly different at sunrise from that at sunset owing 
to its motion along the ecliptic and the effect can be calculated. 

Formula (24) shows that if <f> > 90° — 8, cos II is, numerically, 
greater than unity, so that the equation fails to give a value of H. 
In this instance, the sun does not set in latitudes and on days 
such that (f> > 90° — 8, as may also be verified from a diagram. 
On midsummer day, the sun’s north declination is greatest; it 
is then 23.1° N approximately, so that in latitudes north of 
06.1° N. the sun is above the horizon on that day without 
setting.* At the north pole, since </> > 90° — 8, provided 8 is 
north, the sun is above the horizon continuously between 
March 21 and September 21; for the remaining six months it is 
below the horizon. The parallel of N is called the Arctic 
CircU and the corresponding parallel in the southern hemisphere 
(i>C>\ c S) is the Antarctic Circle. 


32. Rate of change of zenith distance and azimuth. 

Let A' in Fig. 25 be the position of a heavenly body on the 
Widestial sphere at a certain instant and Y its position a little 
laler. Assume the declination to be constant so that A' and Y 
lie <>n the small circle LM (the parallel of declination), of which 
P is the pole. Draw tin' great circle arcs PA', PY, ZX , ZY. Let 

* Hence ihc expression, the midnight sun. 



Ill 

the celestial SPHERE 

** be an a. of a small circle of then 

ZX = ZU. Let ZPX = // and ^-H+A U ^ 

XPT = A H. Let PZX = A and A/L - A4 a 

rv -j. A Z Then UY = &z- Since A 1 is supple 

zy = z + Az. then u_ a p i ane triangle, right- 



.S’ 


, nvvinf' to the diurnai inuuw. 

«£ by its hour angl ° 
by A H and its azimuth decreases by A.4. 

By formula ( 1 ) of section .1 (P- >• 

X)’= A'/* V sin HA'= A//cos 8, 

, ri V = Xk Y sin ZX = A.4 sin a. 

and . " , ,, v v. T , i s called the parallactic angle. 

Let r, denote the angle 1 , I PYZ to be rj. Then 

Then, since Y is very close to A we may 

* UY = A 1 cos U i a, 

, (/A' = A }' sin V 1 A . 

a i d v V — 90 ° • hence 

Now PfZ = rj and Pi -X - »' • 

UY = bz = A// COS 8 sill r,, 

ux 3 Ai4 sin a = AH cos 8 cos i,. 


and 


4 
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Now in the spherical triangle PXZ, by formula B, 

cos 8 sin rj = sin H cos <f>, 
and, by formula G, 

cos 8 cos rj = sin <f> sin z — cos (f> cos z cos A . 


Hence Ac = \H sin .4 cos <f> .(26), 

and AH = A H (sin <£ — cos <f> cot z cos H) .(27). 


In these formulae, A//. Ac and A.4 are supposed expressed in 
circular measure. Let A IP denote the number of seconds of time 
in A// radians; let Ac", AH" denote the number of seconds of 
arc in Ac, AH radians respectively. Then, by the principles 
of section 15, p. '22, 

Ac = Ac" sin 1"; AH = AH" .sin 1"; A// = A//* sin 1», 

and, since sin I s * = 15 sin 1", we have 

Ac" = 15A// e .sin A cos <f>, 

AH " = 15A//8 (sin <b — cos <}> cot c cos A ). 

11 A// s = I second, these equations express respectively that the 
zenith distance increases at tlie rate of 15 sin A cos ^ seconds of 
' ;1V P'*i’ ; e- ind of time and that the azimuth is decreasing at the 
I'i'te ol 15 [>-in ■/> cos (f> cot z cos H ] seconds of arc per second of 
time. 

It the heavenly b ty is a star, the rates of change of zenith 
distance and of azimuth are expressed in terms of seconds of arc 
pm- second of sidereal time; in the case of the sun, the rates are 
ill terms of seconds of arc per second of apparent solar time or, 
nit'i si:Ifieicnt accuracy, of mean solar time. 

I h>- results jnst obtained can be easily derived by calculus 
me* hods, as follows. From the triangle PZX, bv formula A, 

' • sin 8 sin <f> -f cos 8 cos rf> cos //, 

m which 5 and A arc supposed constant. By differentiation 

<h 

ta ‘ ~ ,/// cos d cos ^ ‘ sin “ • 


By B, 


sin ~ -in H 

. <h 

** dll 


= sin // cos 8 
-in H cos </> 
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which is essentially the same as (26). If 2 and H are expressed 
in terms of seconds of arc and seconds of time re;.pe< tut ), 


dz 

dll 


= 15 sin *4 cos 4>. 


Differentiate (28)-in which 2 , A ami II are variables-with 
respect to H. Then 


dA 


dz 


sin 2 cos A = cos 77 cos 8 " sin ' COS 2 dll 

= cos II cos 8 - sin 2 A cos 2 cos <f>, 

by means of (29). 

Also, by G, 

cos 8 cos II = cos 2 cos ^ - sin * sin </, cos A ; 
sin 2 COS A = COS* A cos z cos ^ - sin 2 sin * cos A ; 

. dA = — (sill (f) - cot 2 cos .4 cos <f>), 

or, if A and II oppressed in seconds of arc and seconds of 
time respectively, this last formula becomes 

dA _. 5 (sin X _ cot, 2 cos A cos (/.), 

m 

which is that already derived. 

33. Twilight. reflected and scattered 

After the sun has set, indirec . tQ iUuini ne the earth, 

by the upper atmosphere still , bclow the horizon, 

diminishing howev^as^unsinh, f- ^ ^ ig 

When the sun is 18 be Ions evening twilight—ceases. 

then 108°) this indirect illumin. ^ w ,^ n the sim ’ s zenith 
The interval between j-nnsetan \ ^ duration of eve ning 

distance has increased to 10 1 ' e t|ie duratioll of morning 

twilight. In a similar way, , f examp le, can be 

twilight. The duration of evening t-> b .; ^ sul , s para „ e l of 

calculated as follows. In 1'fe- ■ ^ ircd in this particular 

declination (as no great occur y (leclination during 

calculation, we ignore changes t^ ^ ^ gmaU circ i e> para llel 
the particular day concerned) J ^ ^ 108 » frum Z . This small 
to the horizon, every point of 4 . 2 
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circle intersects the parallel of declination in G. Then the interval 
of time required for the sun to travel from F to G, that is FPG, 
is the duration of evening twilight. Now FPG = ZPG — ZPF; 

a 

as ZPF is the hour angle of sunset it can be calculated by 
formula (24). Now in the triangle ZPG, we have: ZG = 108°, 
PZ = 90° — cf> and PG = 90° — 8; hence, by A, 

A 

cos 108° = sin sin 8 + cos cf> cos 8 cos ZPG , 

which enables the calculation of ZPG to be made. The value of 8, 
used in this formula, depends of course on the particular day of 





Fig. 26. 

the year concerned. Thus the duration of evening twilight is 
found. 


It is clear from Fig. 20 that evening twilight will come to an 

end il A M is greater than A./, in other words, if at apparent 

midnight the sun is more than 18° below the horizon. Now 

FT 90 c — <f> and = .\ NM - 90° - <f> - 8. Hence 

evening twilight ends if 90° - <f> - 8 > 18°, or if 8 < 72° - <f>. 

F-.r example, in latitude 60 ° N, twilight will end if 8 < 12°. 

When 3 is greater than 12°, the sun’s zenith distance is less than 

10 S between sunset and apparent midnight, and also between 

apparent midnight and sunrise; therefore, in 00° N it is never 

emupl.-lely dark on those days of the year when the sun’s 

declination exceeds 12 N. These days are between April 23 and 
August 22 . 
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EXERCISES 

[Symbols used: z = 7e nith distance, 

* = °f „ obUquity of the ecliptic.] 

A = azimuth of heavenly body, 1 

H = hour angle, 

!. H * and z, are the zenith distances of a star on the meridian and on t e 

prime vertical respectively, prove that 

(i) cot 8 = cosec z x sec z 2 - cot z x , 

(u) cot <t> = cot 3! — cosec Zj cos z 2 , [W 1929>] 

where 8 is the star’s declination. 

2. If 0 is the angle which a star’s path at rising makes wit i t e 

prove that cos ^ = sin sec 

3 . If h, II are the hour angles 

vertical (west) and at setting respectively, for p 

that cos h cos // + tan 2 8 = 0 . 

Calculate the interval (correct to 0 - 1 _ m ” u ^J r “ n (d'ctolul + lV 22 ') 

4. A hoattravollinBuTpproximately 1 (V - O * 

initial and final zenith distances, 

the star and <f> the mean latitude. 

5. If the colatitude is C, prove that 

Q = x + COS -1 (COS 2 SCC if'* 

x tan x = cot 8 cos //, 

where c // 

sin 3 / — cos 8 sin /i» 

U being the hour angle. . 

i r t ho interval between the 

6 . Find to the nearest second declinations are 60° N and 

passages across the meridian o * . (Assume that 1 year is 3051 

COO s> and wbo se distance apart is cos ( 81 [J/.T. 1023.] 

day8 ' ) . . f Btar is greater than the latitude prove that the 

7 If the declination 8 of a star g 

star’s greatest azimuth coat or west in 

sin -1 (cos 8 sec <f >). 

„„„ »» i, o« «. briclit star was observed through 
8 . At o.C.T. 21“ 66 “ on (approximate) 37° 10'; azimuth 136' 

a break in tho clouds as follow . , w jclcitify the star, 

west. Tho observer’s position was: tot. 00 X, g L W. 1027.] 

(The b.a.m. 8 . is 0“ 21“ approximately.) 
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9. The r.a. and declination of Capella at upper transit at Greenwich on 
1930 May 30 were o* 1 11 m and -f 45° 55'. Find the altitude and azimuth of the 
star at the same instant at New York, Columbia University Observatory, 
Latitude 40° 49' N, Longitude 4 h 5G m XV. 

10. In north latitude 45° the greatest azimuth of a circumpolar star is 45° 
(east or west). Prove that the star’s declination is + 60°. 

11. If the latitude 6 and the declination of a star be known, show that the 
error in the deduced value of the hour angle caused by an erroneous value A z in 
the zenith distance is Ac cosec A sec 4* where .4 is the star’s azimuth. 

12. If the observer increased his latitude hv an amount A<£ while the hour 
angle of a star increased by A//, show that the change in altitude is 

A 4 cos A — A// sin A cos <£. 

13. a and a -f A'/ are the altitudes of the sun observed simultaneously at 
two neighbouring places on the same meridian. If <f> is the latitude of one of 
the places and 8 is the sun’s declination, prove that the difference of latitude 
bet wren the places is approximately 

A a cos a cos <£ '(sin 8 — sin a sin <f>). [Ball.] 


14. Two stars (n, 8) and (u\ 8') arc observed at the same moment on the 
same vi ill ! circle. If // is the hour angle of the first star, prove that 

cos (x f- //)=-• tan 4 cos x cot 8, 


vhere x is given by 

i to } fa - a' - 2. v ) = 


sin (8' -^8) 

sin { S ' 8) 


COt 4 (a' — a). 


15. If .r is the length of tic* shadow cast on level ground by a vertical pole. 
M npp in nt noon at an equinox, and if y is the length of shadow cast by the 
sona poic at the summer solstice when the sun is on the prime vertical, show 
that 


where 


x ~ y tan 4 tan <£, 
sin 4 - sin * coscc <£. 


[Lond. 192S.1 


10. A Mr.duht wall of height h runs in the direction 0 degrees west of south. 

I'o.vc that at an equinox the wall casts no shadow when the sun’s hour angle 

7J is jive.i b\ .. . . 

tan // ^ sin 4 tan 0 , 

anil that /• f aj'lV'irrj*. noon the breadth of the shadow is h tan <£ sin 9. 

I 7. An • !• i » ». latitude 50' sees a star set due west behind a low ridge, 

*» down to the north at an inclination of 30° to the 
‘ v stepping a yard to his right he will see the star for 

fibou ; 22 F- 


1 . 


[AI.T. 1913.] 


1 ’ • * ' ! '* w 1 ^ • *; * * in the same latitude and the polar distance of the great 

cm !, tr. . »r. h t It* m is equal to t he sun’s dec imal ion. Prove that at these places 
ilu length ut tivt night is equal to tlwir difference of longitude. 
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19. Let a, 8 be the co-ordinates of a .S'. 

a', 8' the co-ordinates of: the ‘^ding node of 5' on S has co¬ 
if t be the inclination of S to S and t - sho w that 

ordinates (0. 0) in the first system and (O' 0) in the 

cos 8' cos (a' - O') = cos 8 cos (a - 0) 

cos 6' sin («'-•') = sin 8 sin i 4- cos 8 cos. sin « - *>• 

sin 8' = sin 8 cos t - cos 8 sin «•>"» (« >• 

,, 115 = i = 23° 30'. show that from the last 

If a = 75°, 8 = 15°, 0 = 21o, 0 = 1 lo . » 

,. / Q97° 19' 5' = 29 O'. 

ri ;^ aml p ,to 

° f - rc) th 7:‘: r : “ zxm.+r. 

21. A heavenly body (declination 5) is at•» 

Provo that the zenith distance z .a given approx.m y 

z = <f> — 8 4- a \ “* a 2» 

where „ (depressed in minutes of are, is given by 

O oaj ^ PO.S d . ** . « 


2 cos cos 8 s - n2 // coseo 
«in fri — 5) * 


~ sin (<£-$) 

, ia^oot^- 8) “in !'• . , . 

and . , im , VC rtical at a place in latitude <* 

22. If a is the sun’s altitude in the pr 

and L is its longitude, prove that ^ ^ ^ ^ ^ a) . [Ball.) 

23. Provo that, in latitude 45°. the 

star’s azimuth is «0° cast and t >o nio.m « imut h, show that in 

24. If 8 be a star’s declination and i||lllth L s .4 the azimuth has 

< seconds of time from the moment * hen 

changed by j 15 t, sin i” am- 5 tend . «*o.^ ^ ^ 

25. If n is the parallactic angle an 


"-I 

... „ _ cos ^ COS/l cosec z; 

(1) dll 

/::t <J1 Z = f’ cos8 cost,; 

(“) dll* dll 


dz ■ ^r\ 

__ .... + 

dll* M» 


..... cfM COS 8 z co9r} 

( 1U ) dll* sin 8 *' 


)' 


I „f n star at rising, show that 
20. If H is the hour angle ^ {±=±) . 

^ un3 2 cos ( 4 > b 8) 

♦ A und H (declinations 8 ami 8, 

27. At a place in and A transits when B » setting. Prove 
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28. If two stars (a, 8 ) and (oj, S,) rise at the same moment at a place in 
latitude <f>, show that 

cot 2 sin 2 (a, - a) = tan 2 S +tan 9 2 tan 8 tan 8, 008(0!-a). 

[Ball.] 

29. At a place in latitude <f> the sun is observed to rise h hours before apparent 

noon, and the next day it rises m minutes later. Its declination on the first day 
is 8 . Show that the distance in minutes of arc between the two points of rising 
is 15771 cos 2 8 cosec <f>. [Coll. Exam.] 

30. If evening twilight ends when the sun’s centre is 18° below the horizon, 
show that at the equator the duration of evening twilight is given in hours by 

— sin -1 (sin 18 3 sec 8 ). 

77 

Use this formula to calculate the duration of evening twilight at the summer 
solstice. [Land. 1930.] 

31. Show that at a place in latitude <f> the shortest duration of twilight, 

expressed in hours, is ^ sin -i (gin 90 8ec ^ 

where sin ” 1 (sin 9° sec <f>) is expressed in degrees. [Ball.] 

32. If twilight begins or ends when the sun is 18° below the horizon, show 
that all places have a day of more than twelve hours, including twilight, so long 
as the declination of the sun is numerically less than 18°. 

33. If the day is considered to begin and end when the sun is at an angle 9 
below the horizon, show that the shortest day will not occur at the winter 
solstice if the latitude is less than 6. where 

sin — pin c sin 9 , 

and r is the obliquity of the ecliptic. [M.T. 1917.] 

34. Assuming that the sun travels uniformly in the ecliptic, completing a 
revolution in 3(»f> days, show that the number of nights in which there is twilight 
even at midnight at a place in latitude </> is the integer next greater than 

cos” 1 Icos (<£ 4 - 18°)/sin c}, 

twilight beginning or ending when the sun is 18° below the horizon. 

I Coll . Exam .] 

P5. if * denotes the sun's depression below the horizon at the end of evening 
tvilL'h?, ;>.id i)' the parallactic angles at end of twilight and at sunset 

respectively, prove that the duration (T) of twilight is given by 

T 

2 sin 2 cos 2 6 = 1 — cos 0 cos ( 77 ' — 77 ). 

mt 

30. Tho right ascension of a star is 5 h -tD™ and its declination is -f 7° 23', 
find the obliquity of the ecliptic is 23° 27'. Show that the longitude and latitude 
of the star are respectively S7° 10', — 10° 2'. 

37. Two stars (a,, o t ) and (a.-.. 5.) lmve the same longitude; prove that 
sin (a } - a 2 ) = tan r (cos a, tan 8 a - cos a 2 tan 8 X ). 
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38 A star of right ascension a and declination 5 has a small latitudejh 
ttaUhe longftude of the sun, when its *.a. is a. differs from the longrtude 

of the star by ^ sin 8 cot a approximately. 

39. Show that 

observation of the sun a dechna . 8 one -half the defect from a 

means of the formula < = 8 + 3 sin “ d ’ wn * {M T 192 4.] 

right angle of the sun’s right ascension. 

40. The poie of the 

dates will the sun pass through the fib y 3 [M.T. 1925.] 

- 23° 27'.) 



CHAPTER III 


REFRACTION 


34. The laws of refraction. 


In astronomical observations, the light from the particular 
heavenly body observed has to pass through the earth’s atmo¬ 
sphere before reaching the observer, and during its passage a ray 
of light suffers a change in direction, owing to refraction, the 
amount of which depends on the physical characteristics of the 
atmosphere and on the altitude (or zenith distance) of the body 


concerned. It is thus necessary, 
at the outset, to eliminate from 
the observations the effects of 
our terrestrial atmosphere on 
them. From the study of me- 
teors thed. duct ion is made that 
the atmosphere extends to a 
height nj' at least 100 miles, for 
even at that height the friction 
of (he air on a rapidly moving 
«r.'*t*-'or i- sufficient to render 
it luminescent. But beyond a 
height of about 40 miles the 
air is so tenuous that it has 
an in ippreciable effect on the 
course of a rav of light. 

'•.Ye shall lir-t state the laws 
of refract ion. 



Consider (Fig. 7) a rav <>f tic. 27. 

light AIJ pa i-:g through a transparent medium M 0 (such as 
a u- ) .-tiid fro oigat /? on a slab, with parallel plane faces, of another 
transparent medium \I X (such as glass). In the medium M x the 
jK'tn oi 1 1 ic r " . ill be along some such line as BC, different in 
lio-' ‘ a n from A 11 : the ray is said to be refracted at B. Let YBX 
udioular to the slab at B. The angle ABX (denoted by 0) 
ia ca-i!< 1-1 the angle of incidence and the angle YBC (denoted by </>) 
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the angle of emergence. The laws of refraction are: (i), the men 
dent ray AB, the refracted ray BC and the perpendic. la at ^ 
to the surface separating the two media -l/ 0 and M, 
same plane; (ii), the relation between 4 and 0 is 

si iL? = „ .( 1 ). 

sin (f> 

ft being a constant depending 0,1 the optical 

two media concerned. In this instance ft»galledthcjte 

refraction for the two media 3I„ and il/,. >*» • 

mined by laboratory experiment. i„to the 

Let the ray BC now pass from the medium 
medium M t . The angle of incidence is now 4 anil 

emergence is i p. Then 

*}L' < P = U .( 2 ), 

sin ip 

where „ is the " 

XTZyTZtZtZ™ W'U b. "at the surface 

between the media 3/ 0 and J/ 2 . ‘ l,on b 

sin U .(3), 


sin 1 1 > 


= IH 


(3), 


where ft is the index of refraction between the media J/„ and 
M t . From (1) and (3), we have by division 

sin <f> fa 
sin 0 

or ft sin 4 = ft s'» •P . (4) ' 

It follows from ( 2 ) that p ; define ft simply 

Regarding J / 0 as a standard ^ m( . ( i‘ um d/ 2 , 

as the refractive index for m d ^ J p d kno wn. Consider 

now only the two media 31 and ^ Lt^en 3 ,, Li L 
in Jf, incident at C on the bo^d ^ fc incidence , * the angle 

and C£> the ray in £ between 4 and 4 is given by 

of emergence, ana the i i 

formula (4). # 
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35. Refraction for small zenith distances. 

As the density of the air diminishes with increasing height 
above the earth’s surface, it is convenient to regard the atmo¬ 
sphere as made up of a large number of thin spherical layers, 
concentric with the earth's surface regarded as spherical, 
throughout each of which the density and other physical 
characteristics are uniform. The simplest case in the investiga¬ 
tion of astronomical refraction occurs when the heavenly body 
observed—for example, a star—is nearly overhead; in this 



instance we <■ an ignore the curvature of the atmospheric strata 
through which the rays from the star pass and thus we can 
regard their bounding surfaces simply as a series of parallel 
planes. Let 1 here be » -l- 1 parallel layers (of which only a few are 
shown in Fig. 2s) and let AB be tin* upper effective limit of the 
atmosphere beyond which the air. owing to its extreme tenuity, 
5indYcctivc in causing refraction. Each layer lias its own optical 
properties and. in particular, its own index of refraction. Let 


the medium above AB be denoted by M, the layer between CD 
a,nd AB by M n , and so on, with the corresponding refractive 
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01 


■ V . „ the last, being the refractive index for 

theTowest"layer J/ 0 . We'can regard M as the standard medium 
-effectively, it corresponds to a vacuum-and so we can put 
u= 1. Let z denote tlie angle of incidence, at the surface AB , 
of a ray from the star that finally reaches the observer at O. 

Then z is called the true zenith distance of the star, if 
no atmospherical refraction the star would be seen by the 
observer in the direction OT, which is parallel to PS. Applying 

formula (4) we have for the successive pairs of laye s the fo 

lowing series of equations (tl.e notation is indicated u. F, 0 . 28). 

fi. sill 2 = /X„ sill 2 „ , 

or, since /x = 1, sin 2 = /*„ sin z n , 

fi n sin 2 „ = Hn -1 si* 1 Z n- 1» 

fJL n —\ sin 2„_! = /*n -2 2 «-2» 

• • 

• • 

Mi sin 2 j = Mo sin £» . . 

in the last of which J is the angle between the; dj^ 1 ™ ° f 16 
zenith OZ and the final element OQ in th> ^ 

thus the observed zenith distance of t le s 

tions we have, clearly, g - n z ^ s j n £ .( ;> )'> 

,0 is the index of f 

ray through the various ^ to 

of the refractive index more ^ Jn t)le density G f the 

p 0 in M 0 , corresponding t " ‘ h vaiI ,, s . accordingly, it follows 
atmospherical layers from Mi {orra a decreasing 

from (4) that the ang - «bent in the way indi¬ 
sequence and the pnth of tl Y , ^ ^ ^ ^ that js to say> 

cated in the diagram. In P al Jj t , than it would be if the 
.h. .to, i. observed ““ “ T] „ „„ B |, 

ZtfSJS.’XS ; *—» bi "■ Th * n 151 

becomes 8 in (£ + /f) = Mo s * n £> 

or sin « cos R + cos { sin R = P. « n 

Now if is a small angle and we can write cos and sm 

(It being supposed expressed in circular measure). 

sin £ + Kcost= Mo s,n S* 

ie= (Mo - l) tan £ . ( 


or 





62 


REFRACTION 


We thus have the result that, at small zenith distances, the angle 
of refraction is proportional to the tangent of the observed 
zenith distance. Now p 0 is the index of refraction of the air at 
the surface of tlie earth, and its value will be dependent on the 
density and temperature at any given time. The standard con¬ 
ditions are taken in practice to be: barometric height = 30 inches 
and temperature = 50° F.; the refraction is then called mean 
refraction. For these conditions. // 0 — 1 is approximate^ 0-00029, 
so that R is approximately 0-00029 tan £ or, in seconds of arc, 
200265 x 0-00029 tan £. The coefficient of tan £ is more ac¬ 
curately determined by means of astronomical observations 
and the value usually adopted is 5S"-2; we then have 

R 5S"-2 tan £. 


The coefficient 
denote it by /:. 


of tan 4 is called the constant of mean refraction ; 
Then „ , 

R = k tan £ .(7). 


. t 2. pressure V (in inches) and temperature T (in 

degrees Fahrenheit), the corresponding refraction R' in terms of 
l he mean retraction R is given by 


R' 17 P 

R 460 + T 





For many purposes, 
zenitli dist juices not 


the formula (7) is sufficiently .accurate 
exceeding 45 w . 



3ft. General formula for refraction. 

\\ lien the zenith distance of the body observed is considerable, 
t • atmosphere through which the rays pass can no longer be 
regarded as si rati tied in plane layers. Assume that the earth is 
• s i • ‘ r, cal an 'l ' hat the atmosphere is arranged in spherical layers, 
la iair. 29. let t be the centre of the earth, O the observer and 
«• (»: the direct ion of his zenith. Let fx ', fx be the indices of 
retraction in two adjacent thin layers M' and M. Let LP be 

th ;■ i ' ,u ,,t a ! ;, y '•> M which finally reaches the observer at O. 
■ V ' 11 RQ- Similarly, it is refracted at the 

" ; 'J ‘‘ ' ve, ' n successive layers and the final element of its 
■' ” 1 : 7 ;• 11 {l ' , ‘ '''yers are thin, the path of the ray is curved 

’ 1 1 • • ir - id, in which the observer sees the object is along 
Ut > u -" * al| gent to this curve at O. The observed zenith distance 
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G3 


( 10 ). 


( 11 ) 


is thus ZOT, denoted by {. Draw the radii CP and Let 
rP r = x' OPF = EQP = <t>- Then, since the radius CP is 

perpendicular at P to the bounding surface between the layers 

M' and M, by the laws of refraction we have 

p sin <{>' = p sin •/» .( J h 

Now from the triangle C«P. in which CP = r' and CQ = r and 

CQP = 180° - <f>, we have 

r sin <f> = r' sin «/» 

Eliminate sin <£ from (0) and (10); then 

r'/x' sin <f>' = r,x sin <f> 

This is a general relation Z 
which holds for any two 
contiguous layers and con¬ 
sequently for any two layers 
whatever their heights 
above the earth’s surface 
may be. If r 0 , /x 0 ,</>o denote 
the values of r, /x and <f> for 
the lowest layer—next the 
earth’s surface—we have, 
from (11), 

r/x sin <f> = r 0 /x 0 sin <f> 0 . 

But r 0 = a, the earth’s ra¬ 
dius, and </>„ is simply the 
angle ZOT or £, the ob¬ 
served zenith distance. 

Hence 

r/x sin 6 = Po a 8 * n £ 

/ 1 9\ 

. v . tI ,i flic ray i s deviated in its 

Consider now the angle throng i Produce LP and PQ 

passage from one layer through thencxL ^ ^ ^ ^ ^ 

to meet OZ in A and B respec m y. h hich the ra y is 

denoted hy a and a Then the angle throjj^ ^ ^ ^ ^ 

refracted at P is A1 B ° r a ’ .(13). 

Let AGP - B' and BCQ - 0, and let 

A 0 = 0-0 



Fiu. 20. 


(14). 
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Then, assuming that the layers are thin, we can write 

QF = EP = rA9. 

Also if r' = r + Ar, then QE = Ar. In the infinitesimal triangle 
EQP right-angled at E, we have 

. , EP rA9 .... 

Ar~ (15). 

Now, a' = 6' + ft and a = 9 -f- <f>‘, hence 

AP = a — a = (</>' — (f>) + ( 9 ' - 9), 

or, if A<f> denotes <f>' — <j>, 

AR = A(f> -f- A9 (16). 

Now from (11), writing /x' = fi — A/x (/x decreases as r increases), 
we obtain 

(r 4- Ar) (/x — A/x) sin (<£ + A <f>) = r/x sin <£, 
or (r -f Ar) (/x — A/x) (sin (f> -f A <f> cos <f>) = r/x sin (f>, 
since A (f> is a small angle. 

Omitting products of the infinitesimal quantities Ar, A/x, A <f> 
we obtain, after dividing throughout by r/x sin <f>, 

r ~ + A<£cot = 0 (17). 

But, by (15), Ar 

= A 9 cot 6. 
r r 

Hence (17) becomes 

(A 9 -I- A(f>) cot </> - = 0 

and, by (16), * ** 

AR — ~ tan </> .(18). 

Now (12) enables us to express tan 0 in terms of the variables 

/< and r and the constants a, ,i 0 , £. When this is done, (18) 
becomes . . 

AR - A '\ - _ 

/* (/•-’ fir — a 2 /t 0 2 sin 2 £)* 

'1 Ins equation expresses t he amount of refraction suffered by a 
ray in mi-sing fn.m one spherical layer with index of refraction 
li - \,i to the next lower layer with index of refraction /x. The 
tot;ii redaction R due to t lie whole atmosphere is given by 

A‘-a/i 0 feint f-.. 

-1 /x (r 2 /x 2 — a 2 /x 0 2 sin 2 £)1 


( 20 ), 
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the limits of integration being at the earth's surface and unity 

W that f physical 

tssfisrs ;is 

height of the layer above the earth -^^lated the 

onr. Before the rnte^al m( 0) ean b| ed ^ inv0 , ves tl 

relation between /x and r l S ure density and 

application of our knowledge of the 

temperature of the air. • insufficient to indicate 

physical state of the upper a ™° S P e thus forced to treat 

the precise dependence of /x on r, an 
equation (20) by approximate methods. 

37. Development of the 9 eneral f°™ “^“” 0.1 with the 
The height of the atmosphere is small 1 

radius of the earth, and if we write 


,, a , Wtf . ii varies from zero at the 
we can regard < as a smal qua ;>j - q{ 4Q mUeSj which may 

earth’s surface to about 0 ) • ?. the a i r is ineffective m 

be regarded as the limit eyon Using (21) and neglecting 

producing any appreciable refraction. Using ( 

terms in .s 2 , s 3 , etc., we can write 

i 1/2 .. 2c»n 2 £ 4- 2 sij ?)~^ 

(r 2 /x 2 - aW sin 2 £) * = a (/A " 1 0 ' 


= 1 + « 


( 21 ) 


lence (20) becomes 


a o \ 

= 1 (|X* - #*o* sin2 ^”' ” /X 2 - /x 0 2 sin2 £' ’ 

CL 


R = fj. Q sin £ 


M. d/X 


[•m. .9/X(//X_ 

*> sin? J, 

Jf, .(22). 

'he expansion by the binomml theou ny s only e ^ ^ ^ ar(1 

mall compared with (/x I « , t j ic observed heavenly 

approximately unity it is in 

* The earth’s mean radius is 3900 miles. 
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body is on or near the horizon (then £ is equal to or close to 90° 
and sin £ is equal to or close to unity). Consider first the term 
in (22). It is of the form 

dp. 


“I 




a 


which is a well-known integral whose value is — sin -1 - . Hence, 

inserting the limits /z 0 and 1, we obtain 

B l = sin- 1 {p 0 sin £) - £. 

Now fi 0 —the index of refraction of air at the earth’s surface— 
is a little greater than unity; denote it by (1 + x), where a; is a 
small quantity. Then 

= / (*) = sin- 1 [(1 + x) sin £] - £, 

and by Maclaurin’s theorem, terms in x 2 , x 3 , etc. being neglected, 

*-'(-)■'( °) + 

/ (0) = sin- 1 (sin £) - £ = 0, 
df = sin £ 

dx {l- (l+ x) 2 sin 2 £}l ’ 

so that (^fx) = * an £• 

Hence to the degree of approximation indicated 

I?! = x tan £, 

or !?,= (p 0 -l)tan£ .(23), 


Now 

and 


which, on reference to section 35, is seen to be the result obtained 
for small zenith distances. 

Consider now the second integral in (22), namely, 

Bn = Ho sill £ I--. 

J 1 (M 2 - Mo 2 sin 2 £)* 

In this expression, we regard s as a small quantity varying, as 
we have seen, from 0 to about 0-01. Now, by Gladstone and 
Dale's law, we can express p in terms of the atmospheric density 

phy M = 1 + cp .(24), 

where c is a constant with a numerical value 0-226. For the air 
at the earth’s surface (density p 0 ) 

cp 0 = 0-00029. 
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From (24), d P = cd P • . . , ... 

an equation which expresses the change in refractive index with 

« • i • a . * Unn lin.VP 


it LI e^Ua/tiuii >r xiavyi* - 

atmospheric density. We then have 

fp. s/z(/p 

R.i — Cfi 0 sin £ J ^ 


(25). 


(/** - /a 0 2 sin 2 0* 

In this integral, since M and p 0 are very nearly unity, and s is 
small, the vie of FU will be little affected if we write p = Po - 

in (25). Then fp. sdp 

~ = csin ^J 0 (l — sin 2 £)^ 


R 


Now 


= ctan£sec 2 £| sdp 

J o 

^sdp = M* - j s . P (h 


(26). 


- k+ 1 : . 7 . 

a .•«.«■» i,*: i k ; sr: ts 

level where, of couise, p 
follows that [ap]g‘ = 0* 

Now <*[” P* = L pJlaS) ' . . , 

and the second integral is the expression for the mass o a ccdunm 

of air, of unit cross section extend** 

to the effective limit of the 1 h ich atmospheric 

pendent of the actual law --rdmg g tO f wh^ ^ 1^ ^ 

density changes with heigh . baroinet ri C pressure, and if 

however, related to temperatur 

we write J{ 2 = — B tan £ see- £ 

, . . . c Q f t he column considered) 

the quantity — B (which is a 

i i n t on temperature and pressure, 
must be regarded as depen expression for the 

Combining (23) and (28) we obtain the e M 

refraction in the form 

B=( „ 0 _l)tan£ + BtanHl + tana 

R = A tan £ + B tan £ 

in which A has been written for (/* - x ) + * 5 . 2 
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Instead of calculating the values of A and B from the physical 
data concerned, it is preferable to assume that the refraction 
can be expressed by a formula of the t 3 'pe (29), and to derive the 
values of the coefficients A and B from observations of stars. 
The numerical expression for the mean refraction (for barometric 
height 30 inches and temperature 50° F.) is 

R = 5S"*294 tan £ - 0"-0668 tan 3 £ .(30). 

The approximations which we introduced in deriving formula 
(29) are insufficient when the zenith distance exceeds 75° 
approximately. For observations made near the horizon, 
special tables of refraction have been prepared (based mainly 
on observational data) and are in use in observatories where an 
accurate knowledge of the refraction is essential. Among these 
may be mentioned the Pulkovo Tables (1870) and the Greenwich 
Tables (1898). 


38. The determination of the constants A and B in the formula (29). 

In tlie next chapter, we shall consider in some detail the 
instrument by which the zenith distances of heavenly bodies 
at upper or at lower culmination can be measured; meanwhile 
we shall take for granted 
the practical results of the 
method. Consider- a star 
at upper and lower culmi¬ 
nation At upper culmina¬ 
tion i! is observed at A’, ; 
the displacement due to 
refract ion is A'A’ t (Fig. 30). 

7jX 1 — £ which is obtained 
from the observation, and 
ZX is the true zenith dis¬ 
tance z, so that 

(90° - 5)- (90° - 0), F *P- 30 - 

or ~ — </> — S. Mow 2 — £ -f R, where R is the refraction corre¬ 
sponding to the observed zenith distance £; hence by (29), 




•h — & £ + A tan £ + B tan 3 £ .( 31 ). 

the observed zenith distance at lower culmination. 
Z 1'j and the true zenith distance ZY or z is given by 
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z' = ( 90 ° — <f>)+ (90° - 8) or 2 ' = 180' - Also 2 = £ + R > 

hence we have ON 

180° -t-S = £ + A tan {' +B tan 3 ? .(3-). 

If the values of <f> and 8 are known accurately, we have two 

equations (31) and (32) in which A and B are the only unknowns 

for J and J' have been determined by observ.t.om If w^suppose 

that 8 is known, we can eliminate * from (31) and (32) and 

obtain 180° — 28 = £ + i + R + ^ 

Observations of another star will lead to an equation similar in 

form to (33), and from tliis equation and (33) t e ^ guch 

B can be determined. As no observation ls 10 ’ ( 

errors are incorporated on the right-hand side of 33) th 
vitiating slightly the deduced values of A and B the 

errors in A and B to a minimum, a arge mini i ao lved for 
'observed and the n equations of the type of (33) a.e solved 

A and B by the method of “least squares . 

39. The effect of refraction on the time of sunset 

When a heavenly body is on the horizon at rnun or set 

-the zenith distance is then 00«-tho »'»« " “ e 

r a- • or' /fUic ,•« rsilled the horizontal refraction). i\ow m 
refraction is 35 (this is cant ........ „n, r pr the zenith 

effect of refraction is to make non-existent or 

than it would be seen if the atmospl.cm we ^ ^ #t 

ineffective in deviating raysi of^8^ distance j is 90°, 

setting, for example, when th • ^ body is 90 ° + hori- 

the true zenith distamie z , J ^ case of the sun , it is 

zontal refraction, or JO Jo . i h time of 

clear that the time of visible sunset u tochapter u. 

theoretical sunset, which is ( visibie SU nset is easily 
The interval between thcoi • , ruo ze nith distance 

found. Let H be the hour ang c ‘ NV 1 b the hour angle when 
of the sun’s centre is 90° ^(1 et// + Then £ = 90‘ and 

the sun’s centre is seen on tne » 


(34), 


the sun’s centre ...- .. ,, 

z = 90° 35'. Then we have, as in sectio . , 

cos // « - tan <f> tan 8 

“ a s tz t: ~ ~ 

z^T-S. J2E - * -«** *»“ - * * 5 "’- 
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As 35' and A// are small angles, we can reduce the last equation 
to 

— 35 sin 1' = sin <f) sin 8 + cos cf> cos 8 cos H 

— 15AZ7sin l'.cos <£ cos 8 sin U, 

in which A H is now supposed to be expressed in minutes of time. 
Using (34), we find that 

A II = sec <f> sec 8 cosec H minutes .(35). 

Let us take a simple example. Suppose the latitude is 60° and 
8 = 0° (about March 21 or about September 21). H being the 
hour angle of theoretical sunset is easily seen to be 6 h . Hence 
from (35), by calculation, A// = k* minutes. 

The sun’s declination 8 which we have introduced into the 
formulae is the declination of the sun’s centre, and the zenith 
distances concerned are the zenith distances of the sun’s centre. 
To find the hour angle when the sun’s upper limb just disappears 
below the horizon, we notice that the true zenith distance of the 
sun’s centre then is 00° + 35' -f the angle subtended by a radius 
of the sun. The last quantity is the sun’s semi-diameter, which is 
tabulated in the almanacs for each day of the year and, for the 
purposes under consideration, may be taken to be 16'; thus the 
true zenith distance of the sun’s centre under the circumstances 
now contemplated is 90 51'. If A II now denotes the interval 
between the time of theoretical sunset and the time of the dis¬ 
appearance of the sun’s upper limb below the horizon, A H is 
given by A// _ :.i scc ^ sec g C osec II minutes. 


Hence in latitude 60° when the sun’s declination is zero, 
A// ----- 0 m *8. There is a similar interval between visible sunrise 
and theoretical sunrise. The effect of refraction is thus to increase 
the length of the “day” (by the “day” is here meant the 
interval during which some part of the sun is above the horizon) 
by about 131 minutes at the latitude and at the dates indicated. 


40. Effect of refraction on the right ascension and declination of 
a star. 


Consider the posit ion A' of a star on the celestial sphere (Fig.31). 
it i.dbplaced towards the zenith Z by refraction to the position 
A". Through A'' draw a small circle of which P is the pole to cut 
PX in T. Since XX ' is small, we can consider XX 'Y to be a 
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plane triangle right-angled at 7 . Denate ithe hour angle « 
and the north polar distance PX of I by B and 90 8 

spectively. X' is the ohserved position of thestar and totZK 

and PX' be denoted by H and 90 b • 1 * i 

that an observation of the star enables t e \ a ue 3 



to be derived; it is ^ ™ 

the plane triangle XX Y m wmen 

we have X'T = XX siin? 

,(o7). 


and 

Now 

Also 


X'Y = AX' sin -q 
X Y = XX' cos rj 

X'Y= X'PY sin PX' = (W - H') cos S'. 

XY -S'-8. 


Als0 ■ „ f„r the refraction in formula (7), 

Using the Simple expression for the ^ and (3 7) 

we have XX' = k tan {, where ZX - {, _ 


become 


// _ ir = A: tan $ sec S' sin 
g _ 8' = - /L- tan £ cos r] 


( 38 ) . 

(39) . 


(5 — O — ^ v% — 

i • i P XZ • asXX' is small, 

Intheseequationsijisthepauillac ic ju g be regarded as 

PX'Z will dilfer little from / A / from tho data by 

defined by PX'Z. Thus , can ^ s 9Q o _ * to be 
means of the cosine formula A (we assu. 
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known). Since we have supposed that- H' and 8' can be derived 
from the observation of the star, the right-hand sides of (38) and 

(39) can be calculated; consequent^ H and 8 can be found. 
Now' if T is the vernal equinox the right ascension of the point 
X is TA and of X', TB. If a, a' denote the right ascensions of 
X and of Xa — a = AB = II — H '. Hence 

a — a — — k tan £ sec 8' sin tj .(40). 

(40) and (39) thus enable us to calculate the true right ascension 
and declination of the observed body. 


EXERCISES 

1. Find the approximate north latitude where the effect, of refraction, at 
a time when the sun’s declination is 10 3 S, is to lengthen the day by 15 minutes. 
(The horizontal refraction is 35'.) 

2. Assuming that the atmosphere is homogeneous and of height h (Cassini's 
hypothesis), prove that 

sin Ii =-- (/*' — 2/x cos Jt + 1 )^, 

where a is the radius of the earth. 


3. 1 1 the relation between r and fi is = constant (Siinpson's hypothesis), 

prove that . , . ,,, 

and deduct? Bradley's formula 

4. Assuming ihat the formula for refraction is R = k tan t, prove that the 
circular disc of t he sun appears, due to refraction, as an ellipse whose semi-major 
an.l semi-minor axes are a (1 - k) and a (1 - k sec 2 z), where k is expressed in 
circular measure. is tlm observed zenith distance of the sun’s centre, z is the 
true zenith distance and a is the sun’s semi-diameter. 

5. I he mean < f any two perpendicular diameters of the sun is observed to 
«ic />. If z is the tr>u zenith distance of the sun's centre, show that the true 

angular diameter of the sun is 

D [i + o n+*»**)}. 

Vi h- ro h is expressed in circular measure. 

b. If the declination of a star is unaffected by refraction at a given moment, 
prove that the azimuth is then a maximum. 
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7 X and X, are two neighbouring stare, the true angular distune,t between 

astffttsi-js=astsa““ 

D - ID (1+ cos 2 ^ tan 2 z), 
in which k is expressed in circular measure. 

* sasss.* £ i'srsr 

rate of 


0 B- 51 


s» n2<) (tan 8 + cot <f> sec //) per hour, 

n ir ■ n\ » 


sin 2 (8+0) „ 

. r/ constant of refraction = 58 •-.) 

W “lao th^t tte C0 ^ o) change of refraction in declination is 

. 15”-2 cot * sin H cos 2 0 coscc 2 (8 + 0) per hour. 



CHAPTER IV 


THE MERIDIAN CIRCLE 


41. General description. 

In this chapter we shall consider some of the principal features 
of the fundamental instrument of astronomy—the meridian 
circle—by which the right ascensions and declinations of the 
principal heavenly bodies can be determined with great pre¬ 
cision. Meridian circle observations also provide the information 
by which sidereal clocks can be regulated (in practice it is 
sufficient to derive the error of a sidereal clock), and after a 
simple stop the true mean time at any instant can be deduced 
so that the error of a clock 

keeping mean solar time Object glass 

can be easily found. The 

V 

instrument consists prima¬ 
rily of a refracting tele¬ 
scope which can be rotated 
about a lixed horizontal 
axis (the rotation axis) ori- 

ented east and west. The Pointer Pointer 

telescope itself can thus 
move, only in the plane of 

the meridian. Fig. 32shows 

the main features of the 
instrument. In the focal 
plane ol the object-Mass 
are two systems of spider 
threads, or “ wires ”— a ,s 


Rotation 
Axis 



jsam 


Fig. 32. 


they are generally called (a) one or sometimes two horizontal 

" ,rf ‘ s (a hoiiz,l * Ul1 " hv is shown in Fig. 33), and (6) several 
' v,,v 7 n - ht to the horizontal wire, arranged svm- 

m«-h- i; .M, , y ubmil a central wire AB\ these wires will be referred 

T| ' I ; t!l " v v riu:;l1 ' v,rcs 1,1 some instruments, attached to the 
1 hte carrying the wires are two micrometers, one capable of 

nmwug the horizontal wire (or wires) parallel to HR, the other 
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capable of moving the system of vertical wires parallel to AB. 
In other instruments the system of vertical wires is fixetl but 
there is an additional vertical wire which can be moved by a 

micrometer across the system of fixed wires. 

The plane through the centre C of the object-glass and perpen- 

dicular to the rotation axis EIV is called thecolhmat,^i plane ^ and 
the straight line through 0 lying on this plane and intersectmg 
the rotation axis is called the collimatum axis (CO in Fig. 3-). 
As the telescope rotates about 
the axis EW, the collimation 
axis will clearly sweep out the 
collimation plane. Assume, for 
a moment, that the instrument 
is mechanically perfect and 
that it has been set up accu¬ 
rately, with the central wire 
AB in the collimation plane; 
then, as viewed through the 
eye-piece at F , any star which, 
at a given instant, is obser% ed 
on the central wire will, at 

that moment, be on the men- sidereal clock keeping 

dian. H this instant is noted by mean. describe d 

accurate sidereal time, this s , } dearly equivalent 

as the hour angle of the vernal eqmnox)-^ 

to the star’s nght ascensio C curacy; for, as 

vertical wires in Fig. 33 is fc to the diurnal 

the star moves “ross he icld of ^^ an(1> if the co - 

motion, it coincides with tli • are noted, the mean 

incidences with each of the vem ‘ ate determination of the 

will presumably give a much -“o" «• “^. g rig , )t ^don- 

sidereal time of transit an 1 single coincidence 

than if the observation is restricted to the sing 

with the central wire. tion are two finely graduated 

Attached to the axis o wi th auxiliary optical 

circles (shown at h and " measurement of a star’s 

arrangements for enabling an^ f ^ eri(]ian circle may 

altitude to be made; as Hit - eclinatioI1 can then be simply 
be presumed known, the stai s d 
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deduced. Such then, in brief, are the main principles according 
to which the positions of the stars are obtained from meridian 
circle observations. 

42. Instrumental errors. 

It is impossible, however, to set up an instrument with the 
precision necessary for the accurate measurement of stellar 
positions, as just indicated, and it is necessary in actual practice 
to take into consideration the inherent errors of the instrument. 
These errors are (i) azimuth error —the axis of rotation is not 
accurately oriented east and west and its angular deviation from 
the true east and west direction is the azimuth error (sometimes 
called the deviation error), which will be denoted by a ; (ii) level 
error —the axis of rotation is not accurately horizontal and the 
angular deviation from the horizontal is called the level error, 
which will be denoted by b\ (iii) collimation error —the central 
wire is not quite in the collimation plane, and the angle between 
the collimation axis and the line joining the middle point of the 
vertiral wire to the centre of the object-glass is called the 
collimation error (denoted by c). We shall examine in turn the 
effect of these errors on the observed time of transit of a star. 


43. Azimuth error. 

Assume that this is the only error. Fig. 34 shows the celestial 
sphere with the horizon and equator and the cardinal points; 
the centre ot the sphere is taken to be the point of intersection 
of the collimation axis with the rotation axis. If the instrument 
were perfectly *et up, one end of the axis would point to the 
west point II' and the other to the east point E. We shall 
suppose, wii h azimuth error presumed, that the west end of the 
rotation axis points towards the point A of the horizon, WA 
being the azimuth error: the convention is that the azimuth 
ciror is positive when A is between \V and S as in Fig. 34. As 
liw telescope is rotated about its axis, the collimation axis will 
describe a plane perpendicular to the rotation axis and cutting 
■ ne sphere in a great circle of which A is the pole: this 

great circle we shall designate the>“ fictitious meridian”. Since A is 
a point on the horizon, the fictitious meridian will pass through Z. 
Ltd A be the position of a star at the moment of its coincidence 
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the meridian circle 
With the central wire (which is in the 

ZX is an arc of the fictitious meridian. Let Tj ° 

ZPX ; it is seen from the figure that since X is t « P 0 * 1 10 f 

star when it is observed on the central W,re, the true 

transit will occur later, 
after an interval r x , when 
the star reaches the true 
meridian at Y . tj is thus 
the error in the time of 
transit of the star. 

Now WZA = WA = a, yy ^_ ^ y| \A' 

since Z is the pole 
WASE. Also WZS = 90° 
and AZX = 90°, since A 
is the pole of the great 
circle ZX (the fictitious 
meridian). Hence 

Y f X P7X- 180° -a. From the triangle PZX in which 
and therefore PZX — P7X = 180°—a, 

PZ = 90 ° - PX = 90° - 8, ZPX = r and PZX - 

we have by formula C (the sine-formula), 

sin PZX sin ZX = sin ZPX sin PX . 
or sin a sin ZX = sin t x cos 8. 

Also, a and T , are small angles so that in general, ZX .sapproM- 

mately equal to 25 Y, that is, to (* - ») • alb ° 

and consequently, ^ = * gin {(f) _ 8) scc 8 .W’ 

1 , ___.i o^nressed in seconds of 

in which both r x and a may e• t0 the observed time of 

time. This formula gives the correcu 

transit due to azimuth error alone. 

f 

44. Level error. , i rror is the level error 

Assume now that the only ms‘ upwards by the angle b. 

positive. On the 

In this case the sign of b 1 > y . will be represented by B 

~■*- — * wU1 lic 
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in the prime vertical ZW. As the telescope is rotated about 

its axis, the collimation axis will describe a plane cutting the 

celestial sphere in a great circle of which B is the pole. In Fig. 35 

this great circle is SX (it passes through S, since S is the pole 

of WZ and consequently p 

SB = 90°). SX is now 

the fictitious meridian. 

Now WB = WSB = b ; also 

]VSZ= 90° and BSX = 90°; 

hence ZSX = b. Consider 

a star at the observed ^ 

moment of transit over 

the central wire; it is then 

at X, we shall suppose, 

on the fictitious meridian, 

and its observed time of 

transit occurs before it 

reaches the Irue meridian Fig. 35. 

* 

at Y. Let X P Y t 2 : then t 2 is the correction to be applied to the 
observed time of transit to give the true time of transit at Y. 
In the triangle PA .S', FA --= 90° — 8, PS = PZ 4- ZS = 180°— </>, 
SPX -- t 2 and PSX = b. By formula C, 

sin r 2 sin PX = sin b sin SX. 

Since l> is always very small, SX is approximately equal to SY. 
Also 

S Y = PS - PY = 180° - <f> - (90° - 8) = 90° - ((f>- 8). 

Hence sin r 2 cos 8 = sin b cos (</> — 8). 

Express the small angles t 2 and b in seconds of time; then 

= b cos (</» — 8) sec 8 .(2). 

This formula gives the correct ion to the observed time of transit 
due to level error alone. 



4-5. < oili/nation error. 

Assume now that tin* only error is collimation error. In this 
ease the central wire lies outside the collimation plane, and a-s 
the telescope is rotated the central wire will describe a plane 
parallel to the plane of the true meridian; this plane will inter- 
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sect the celestial sphere in £ $££££ 

now the fictitious meridian. The straight Unj B j ^ wl] , 

iff the carnation axis and as the latter 

is, in this case, perpen¬ 
dicular to the rotation axis 
EW , the angular distance 
of W from any point on 
the small circle XU is 
90 ° + c. (The sign of c is 
taken to be positive when 
the fictitious meridian A' U 
cuts the horizon to the 
east of S, as in Fig. 36.) 

Consider now a star A at 
the moment of transit over 
the central wire; when c 
is positive, it is seen from 
the figure that the star is 



Fig. 36. 


rsrs rat»«**■* 

w'r ?-*.VI *«■!'"- “ » r . Th... I, 

formula A, wr>Y 

cos WX = cos WP cos PX + Sin WP sin 

from which expressed in seconds of 

so that, c and r 3 being small and both exp 


time, 


T;j = c sec 8 


46. The total correction to the oh ^“^“^‘l.tral wire 

Let T be the observed tome rf ■ ■ ^ p would bp taken 
according to the sidereal clock i ^ ovcr> say , seven 

to be the mean of the obft0r ' centra l wire. Suppose that the 
wires, three on eacbsuleof^ ded as positive when the 

clock is in error by M , M f “ it ove r the central wire 

clock is slow. Then the true n QVer tllo true meridian is 

is T + XT. The sidereal time o « the right ascension (a) of 
then T + XT + r x + + 'a- ih ‘ 




80 


THE MERIDIAN CIRCLE 

the star. Thus, « = T + A7 + r, + r, + t„ or, from (1), (2) 
and (3) 

a = T + A 7’ + sec 8 {a sin (<£ — 8) 4- b cos (<£ — 8) + c} .(4), 

which is sometimes written in the form 

a = T -f AT + a A + bB + cC .(5), 

where A = sin (<f> - 8) sec 8, B = cos (<f> - 8) sec 8, and C = sec 8. 
Actually, the error AT of the sidereal clock is not constant from 
day to day, but we shall assume, however, in determining the 
right ascensions of the stars according to (5), that its value is 
known for each observation. Also the formula (5) is incomplete 
in the form just given, as a small term due to aberration (see 
section 111) has not yet been included; the value of this term is 
— 0 S *021 cos <f> sec 8. 

The formulae given so far refer to the upper culmination of 
a star. The corresponding formulae for lower culmination can be 
derived in a similar manner. The formula corresponding to (4) is 
found to be of similar character and is derivable from (4) by 
writing (180° — 8) for 8 in that equation. 

47. Bessel's formula. 

The correction - to the observed time of transit of a star due 
to all three errors a, b and c, considered together, can be in- 


/• 






SI 


0 

the meridian circle 

_ 0 „ +\\^t i he west end ot t-lic rotation 

vestigated as follows. Supp» celestial sphere. Draw the 

axis points to the posrtro B 1 in J The n TT-4 - a 

vertical circle ZBA to meet : Als0 let X be the 

(azimuth error) and AB ( . fi( j ence with the central 

position of a sur at the mom ^ ^ pBC t0 m eet the 

wire. IheniJA — w -r A , nr _ ,, T*i ie aU an- 

. „ iu wr = irPC' = w and 1st = n. 1 ne 

equator in C and let \\ t - In the triangle 

tities m and n are simply re a * = 90 ° + a 

PPZ, PZ = 90° - P* « 903 - M * ‘ ° ’ 

are small, n = b sin <f> a ca 9 

from which we have, since m. « an ’ jrL M ”' ' . (7) . 

m = a sin (^ + h cosj£ ^ px-MT-S 

Now in triangle BPX, + C, Z ^u- fSP.Y (the cor- 

asiiis ; t'5 r,v: ssr^; 

whenee . . * n cos 8 sin (r - "0. 

_ 8i n c = sin « sin an(!les , 

or, since c,nand^ T ^j gin .__ ( T— m)cosS , 

from which wo obtain . n £ • c see 8 . 

r T ~ is the form found most convenient 

This is Bessel’s formula and i. whpn the va lucs of m and n , 

in practice. It is easily V( ‘ n “ ( j /, are substituted in (H), 

given by («) and (7) in terms of « and ^ AJ , an<1 the 

formula (4) is obtained, n^c o ascension of the star 

aberration term we obtain, for the fa 

under observation, , 03-021 cos <f>) sec 8 ...(9). 

a _ fp _|_ AP -f m + n taI1 d + ' <> 
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48. Wire intervals. 


As already stated, some meridian circles are fitted with a 
micrometer by means of which the entire system of vertical 
wires can be moved across the field of view; in other instruments 
the system of vertical wires is fixed and the micrometer actuates 
a moving wire, which can be placed successively on any two of 
the fixed wires. In both types it is necessary to determine 

(a) the interval between two consecutive wires in terms of 
the micrometer scale, and 

(l>) the value of one revolution of the micrometer in terms of 
angular measure. 

To determine (a) in the first type of instrument, suppose that 
a distant object is visible in the field of view when the telescope 
is approximately horizontal. By moving the micrometer so that 
two wires are successively coincident with the image of the 
distant object, the interval between the wires is expressed as the 
difference between the micrometer readings. The observation 
can then be repeated for any other pair of wires. It is obvious 
that. in t he second type of instrument, the wire intervals can be 
easily found in terms of the micrometer scale. 

To determine (l>), the interval of time required by a star to 
pass from one wire 11 ' 2 to another wire JF 2 is observed. A star 


near the pole is selected for this purpose as it moves compara¬ 
tively slowly across the field of view. As the telescope is rotated 
about its axis, the wire H'j will sweep out a plane which will 
interact i t he celestial sphere in a small circle of which the west 
«*nd li (a.- in i'ig. :>7) is the pole. Let the angular distance of B 
iron; any point on this small circle be 90 c -f c x \ then c, is the 
col'imafion error of ll'j. Then if t x is the interval between the 
Iran i! of the star X (Fig. 37) over wire H', and over the true 
meridian, we have by (S), taking into account that c x and n are 

t, = «i+c, sec 8 +-w tan 8 .(10). 


Mow consider wire 1T 2 and let t 2 and c 2 be the 
quantities. Then we have, as before, 


corresponding 


r« = i/i -1- sec 8 + ?{ tan 8 


( 11 ). 


il I j, 1 „ are the time.- by the sidereal clock when the star is on 
wires 11, and 1J 2 respectively, and T 0 is the time by the clock 
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when the star is on the true meridian, we have 

T = T x + AT + tj and T 0 = T 2 + AT + r 2 . 

Also if < = T 2 - r, 0 being the time in seconds required by the 

star to pass from W, to J1’ 2 ) then, eliminating T„ and M , 

t = Tj — T 2 , 

so that, by (10) and (11), 

t = (q - c 2 ) see 8, 

or Cj — c 2 = t cos 8 . (12 )- 

Now c c 2 is the angular separation of W. 

calculated “om^Morl is observed and 8 j. ££ « 
(12) is sufficiently accurate in practice unless the star s dechna 

tion is very near to 90°. betwe en the two wires If, 

As we have explained the niter ter scale> and thus 

and W z can be found in te "“ 3 ° lution of thc . micrometer head 
we are enabled to express one i 

in terms of seconds of time ^ (expreS sed in seconds of time) 
is fhe^^vklVe^ed for an equatorial star to pass from wire 

W 1 to wire W 2 . , interval between the 

JSSk Ursae CrisTer of <»*** 

““ ^e 1C ZTutZF Mmanac, 8 - + »«' ^ 

t = 3 m 4 8 = 184*. Thus 

Cj _ c 2 = 184 s cos 80 J 30 34 

= 10 s, 88. 

49. Determination of the collimation error 

The methods of determining Jhyn<“^'the meridian circle 

according to the size or ela describe all the different 

concerned. It is not our U recommended to 

methods in use and for dBt ^ with practical astronomy.* 

study a book dealing spec Jj prin ciples involved in the 
There are, however, certain genera 1 

(Macmiliau, 1899). 6,2 
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determination of the various errors and we shall consider these 
in turn, taking first the collimation error. 

As regards large instruments the collimation error is deter¬ 
mined by means of two collimators , one north of the telescope 
and the other south. Consider the south collima¬ 
tor. It consists of an object-glass mounted verti¬ 
cally, with its axis in or near the meridian and at 
the same height above the floor as the rotation axis 
of the telescope. In the focal plane (AB) of the 
object-glass (C) of the collimator are placed one 
or two vertical wires and one or two horizontal 
wires (Fig. 38). (For simplicity, we shall suppose 
that there is only one vertical wire and one hori¬ 
zontal wire.) These wires can be viewed by means 
of an eye-piece just outside the focal plane AB. 

When the meridian circle telescope is pointed 
horizontally and south, the observer can see in 
the field of view at E the collimator wire IT when 
it is suitably illuminated. Since the collimator 
wire is in the focal plane of C, rays passing from 
})' through the collimator will emerge at C as a 
parallel beam and after entering the object-glass 
D of the telescope the wire will be seen sharply 
at L. In this optical arrangement the observation 
of the collimator v ire is equivalent to the observa¬ 
tion of an object at an inlinite distance. The north 
c-'himator is arranged in a similar way, but we 
.dad! suppose that the vertical wire in this colli- 
mutt r is movable by means of a micrometer and 
he south collimator wire is fixed. When the . 
v ■ ape is rotated to the vertical position, shut¬ 
ters in the framework of the axis can be opened, 
allowing an unimpeded view from one collimator 
to the other. Thus the observer, if stationed at 
the eye-end of the north collimator, can see the 
wire of the south collimator and by actuating the ^ 
micrometer can make the north collimator wire ^ 
coincide with the image of the south collimator wire. When this 
is done, the combined optical arrangement is such that the south 
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collimator wire, when viewed in the telescope, appears as if it is 
at an infinite distance in a particular direction and the nort 
collimator wire, when viewed in the telescope appears as t t 
is at an infinite distance in exactly the opposite direction. It is 
unlikely that the direction of the south collimator wire is exactly 
south; suppose that the direction is 6 degrees west of south, 
then the north collimator wire will be in the directioir tf degrees 
east of north. The method of determining the colhmat on erio 
c must be such that the unknown quantity 6 is eliminated in 

the observations. • * 1 tu* smith 

Suppose that the telescope is first p-ed the south 

collimator so that its vertical wire is visible. This »» cor 

spends to an object whose position on 
indicated by the point F (Fig. 39), FS being the angle 0. Assuu 

that the collimation error r D 

c is positive; then on the 
celestial sphere the central 
wire will sweep out the 
small circle CD (as the tele¬ 
scope is rotated about its ^ 

axis) of which the west axis ( j 
B of the instrument is the 
pole, and the great circle 
arc joining B to C is 90° + c. 

Since the level error is al¬ 
ways small, this great circle 
arc will be practically co¬ 
incident with the horizon in « f t j )C prcse nt purpose 

the neighbourhood of the soul » P™ j ne that the west part of 

we can thus ignore level erroi a ‘ being on the horizon 

the axis of the telescope points to = 9 o° + c . Now 

such that WA is the azimuth error «• and, since 

AS =90• - « and AC = 90° -1- c; hence ^ + 

FS= 0 , F C=0+a + c . 1 h 

i n fircle fitted with a fixed system of 
We shall consider a meridian circi d with a micrometer 

vertical wires and a movable wnc j e by the method of 

whose scale has been determine > J th e central wire (corre- 
section 48. Place the movable ovei 
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sponding to C in Fig. 39) and let the reading be M x ; then place 
it over the image of the south collimator wire F and let the 
reading be j}/ 2 . Then, in terms of the micrometer scale, 
d/ 2 — M x = CF, and writing D = il/ 2 — M x we have, from (13), 

D = 9 + a + c .(14). 

It is necessary to make some convention with regard to the sign 
of D; the sign will be assumed to be positive when, as in Fig. 39, 
C is east of F ; as viewed in the telescope (the optical combination 
is inverting) the central wire C will thus appear to be west of the 
south collimator wire F. 

Now suppose the telescope pointed to the north collimator. 
Neglecting the level error, the east end of the axis will point to 
.4, (Fig. 40) such that EA X = a. The small circle on the celestial 
sphere, of which A j is the 
pole, associated with the 
central wire will intersect 
the horizon, between the 
north and east points, at 
C x . Since A x in Fig. 40 and 
A in Fig. 39 are diametri¬ 
cally opposite points and 
since AC = 90 u + c, then 
we have A l C 1 = 90° - c. 

Also = 90° — a ; hence 
C\ N — c — ci. Again, the 
vertical wire of the north 
collimator is in the direction F, S- 40 - 

0 degrees east of north; on the celestial sphere it will define the 
position O such that GN = 0. Hence 



GC 1 = c-a-6 .( 15 ). 

Now the micrometer reading when the movable wire coincides 
with the central wire is J/,; let the reading be J/ 3 when the 
movable wire coincides with the north collimator wire G. Write 


D' = M 3 - J/j. Then according to Fig. 40, since C\ is east of G 
so that in the telescope the central wire appears west of the 
collimator wire, the sign of f>' is positive by our convention By 
(15) we have ]j’= c - a - 8 ‘ . (16) ' 

From (14) and (16). c = i (D + V) . (17) ’ 
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This is the formula for the collimation error c. D and C'are at 
first expressed in terms of the micrometer scale and, from the 
previously ascertained value of one revolution of: the micrometer 
in terms of seconds of time, we are thus enabled to express e m 

terms of the latter unit. _ vsfpm G f 

It is to be noted that for instruments in which the system 

vertical wires is movable the effect of coUimatron erro^nd tl 
aberration correction (to which reference has been made m 
section 46) on the time of transit of a star can be removed^To 
each position of the central wire corresponds a definite value of c, 
and, if the wires are moved to such a position that 

c _ o s -021 cos <f> = 0 .. ) 

(in which is the latitude), the only time of 
the time of transit over the central wire to g 
transit over the true meridian are the eonections due 

azimuth error a and the level erior 

50. Determination of the level error. pr allv 

As regards the smaller instruments, tins error ^generally 

be derived with sufficient accuracy > mca , e nts a more 
placed on the axis of rotation. For large instrument., 

precise method is employed, \v hie h 
we shall now describe. The tele¬ 
scope is pointed vertically down¬ 
wards towards a boud of mercui v 
which is generally placed below the 
floor level to avoid atmospherical 
and other disturbances. The sur¬ 
face of the mercury actsasareflc( t 
ing horizontal plane, the norma 
to which defines the direction ot 
the zenith. A special eye-piece 
the Bohnenberger eye-piece--en- 

ables a beam of light to pa^s into 
the telescope; after traversing the 

object-glass, the beam -ll will then re-enter the object- 

reflected at the mercury surf ace formed as a result of 

glass. The central wire and lts ^ ^ be seen in the field of 
reflection at the mercury surface will botn 


Light 
from 
'Lamp 



Fig. 41. 
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view. The special eye-piece (Fig. 41) consists of a tube in the side 
of which is an aperture A through which the horizontal rays 
from a lamp, placed some distance away, enter the tube. In the 
tube is placed opposite A a piece of clear glass G inclined at 45° 
to the axis of the tube. The glass surface acts as a reflector and 
so part of the beam entering at A is reflected by G into the 
telescope. The glass being unsilvered, the observer with his eye 
at E can see the vertical wires and their images due to the 


reflection at the mercury 
surface. In Fig. 42, let E W 
be the rotation axis of the 
telescope inclined at the 
angle b to the horizontal, 
0 the centre of the object- 
glass, C the central wire 
and D its image, and AB 
the mercury surface. The 
ray CO from C to the 
centre of the object-glass 
will be undeviated by the 
latter (supposed thin) and 
will strike tlie mercury 
surface at B. Since C is 
in the focal plane of the 
object-glass any other ray 
CO will emerge from the 
object-glass along GA pa¬ 
rallel to OB. Thus a cone 
of rays from C will emerge 
as a parallel beam. This 



beam will be reflected at the mercury surface into another parallel 
beam which will be brought by the object-glass to a focus at D. 
Consider the ray COB ; at B it is reflected along Bli in such away 

that OBS = SBH , BS being perpendicular to the mercury 
surface at B\ after parsing through the object-glass at H, it 
passes through D. Produce DO to meet the mercury surface at A 
Let CG be the ray from C which is incident on the mercury 
surface at A. Then this ray is reflected along AO and will pass 
through D ; thus GA is parallel to OB and AO is parallel to BH. 
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A 

j* 11 - . nr\ n _ PAH = OBIi and each is twice OBB. 

LtOQhl parallel to BS and AR. Then, sin “° Q £ |^!g 

to the mercury surface, A ^ 

where c is the collimation eiror. ow 

A’QO = WKO - QOK, 
that is 6 - « - \CO». 

The angle COD can he measured. Place th^able --over 

the central wire C and then oveim conY ^ te a into seconds from 
in readings is, say, R, which have 

the known value of the micrometer scale. \\ • 

^ __ c __ y.R .. 

from which 6 can be derivedUhe ™lue the value 

known. When the system o ' „ w ; rcs until the central 

of \R is obtained simply by m°vmg nvpntion a s to the sign of It 
wire coincides with its image. e co ^ telescope to the 

is as follows: when the central wire 18 
west of its image, R is defined to be positive. 

51 . Determination of the azimuth error of stars , 

The azimuth error o is determined drived. Let 

the values of 6 and c having previous^ of tw0 stars, 

(«,,8,) and (B.,8,) be th ° e< ‘ ua *?“ * ngit by the sidereal clock. 
T 1 and 7’ 2 the observed times of transit >> 

By ( 5 ), we have 

^ = ' 1 \ + AT + aA x + t>B , + cf \, 

— t yr i- uA 2 + bB% tC-i- 

-* 2 ^ .• j j 1(1 (.look, nnd 

In these equations, AT is tin ,1 , ,1 ''"[ ) )SCrva tions arc made within 
if, by a suitable choice of stars, t • ^ can be assumed to 

a few minutes of each othei, c , j sin {(f> — $i) sec » 

be the same in the^ ^ eUm^atecI and we have 
etc. By subtraction, AT- * (( • _ C,) 

a = - • ax ~— ' 2 A 2 — — 

In this equation, . c t KPC 8.. 

, ■ 8 \8CcS,- «m ®i )hP 1 

^4 ^ = sin (<p — "2/ set ^ 


( 20 ). 
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The right-hand side of ( 20 ) can be calculated from the known 
values of 6, c, a lt a 2 , 8j, 8 2 and the observed times T x , T 2 . It 
remains to indicate how best the choice of stars can be made to 
ensure an accurate determination of a. It is clear from ( 20 ) that 
a can be most accurately determined if the denominator 
(ri 2 — A x ) is large. This condition is fulfilled if (i) a star of high 
declination (S 2 ) and a star near the equator (declination 8 X ) are 
selected, for then A 2 is large, since sec S 2 is large, or (ii) a star of 
high declination (S 2 ) observed at upper culmination and a star 
of high declination (8j), differing from the first by about 12 hours 
in right ascension, observed at lower culmination. In (ii), the 
values of A 1 and A., will both be large but of opposite sign, so 
that (Ao — A j) will be numerically large. 


52 . The chronograph. 

In modern instruments the times of transit of a star over the 
. — f vertical vires are recorded electrically by means of 

a chronograph. A clockwork mechanism causes a paper tape 
to be drawn out at a uniform rate (or a cylinder covered by a 
sheet of paper lo revolve at a uniform rate). The sidereal clock 
by which the times of transit are to be recorded is connected 
elect rically with an electro-magnet belonging to the chronograph 
and to which a pen is attached. At the bottom of its swing, the 
pendulum of the clock closes an electrical circuit for an instant 
< nd the action of the momentary current passing through the 
electro-magnet is to cause the pen to “kick ”. When there is no 


current, the pen traces out a straight line on the moving tape 
(" r uniform line on the rotating cylindrical paper), but when 
contact is made by the pendulum, the “kick” of the pen results 
in a distinctive mark being made on the paper. In this way, the 
seconds of the clock are mechanically registered. Usually, there 
is an automatic arrangement by which the pen misses the 60 th 
second of every minute, and thus it is easy, by simple reference 
t > the clock, to ascertain the hour and minute of any “blank”* 
this time can be written down on the paper and any particular 
second of the following minute deduced by counting the “kicks” 

; ,f th< 7™ fr " m _ !, he to ilWatcUn the npper 

T ° c ' 11,e , ehr , pen, attached 

to an electro-magnet, „ inch makes a trace parallel lo that of the 
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clock pen, and this pen can be actuated by the observer dosing 
a circuit by means of a tapping-key. ' i-,, v a sharp tap 

telescope, the star on a vertical mre he gives ^ aper . The 

and the second pen makes a kic r the 

time of transit over this wire can be inferred 
chronograph record (this is illustrated in the loner 

Fig. 43 ). 


58s. 59s. 3 _^ I- Js. 

(Blank) 


3s. 


Fig. 43. 


There are in use several modificatio ^ by means 

outlined. In one, the observer that the wire appears 

of the attached micrometer, in si < ^ ^ u m0ves acr oss the 

to bisect continuously the image o to t hc positions 

field of view; at definite points, wire 

of the system of vertical ' Vlies ’ ^hrono'raph pen makes the 
closes an electrical circuit an w " be moving wire is 

appropriate records. In other ‘"^""ate adjusted according to 

driven across by a small mot , « ohscTyer has only to make the 

the declination of the star, an ensl ,re 1 he accurate 

necessary small corrections to the rate to ^ 

bisection of the stellar image by the b 

53 . The measurement of declination. 

.. ,t he rotation axis ui 

We have already mentiom ‘ circ i es the graduations 
telescope carries two finely grac ua ■ „ In the focal plane 

being generally at 5 ' interva s rom w hcn observa- 

of the object-glass there is a hon/.ontal 'wrem ^ 

tions of a star’s declination aic k , the collimation axis, 
adjusted so that, in the neighbour >“d ^tal wire. In this 
the star appears to travel a ong . . rreat iing /?,, the accurate 
position, the circ.es j-^atc a parUcdar^h ^ , f ^ micro . 

determination of which is fa obtain the zenith distance 

scopes ( 90 ° apart) on each circle, i rea ding H when the 

of the star we require to know u , We shall suppose 

telescope is pointed accurate } ° 
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for the moment that the horizontal wire is fixed in the focal 
plane of the object-glass. The reading R can then be determined 
by pointing the telescope downwards towards the basin of 
mercury and moving the telescope gradually (by slow-motion 
screws) until the horizontal wire and its image coincide when 
viewed in the special eye-piece of Fig. 41; the addition of 180° 
to the reading of the circles in this position gives the reading R, 
corresponding to the position of the telescope when pointing to 
the zenith. The difference between the readings R and R x is the 
meridian zenith distance of the star. This zenith distance of 
course contains the refraction and when the latter is removed 
we obtain the true zenith distance of the star. The latitude being 
presumed known, we finally deduce the declination of the star. 
But in practice it is inadvisable to attempt the delicate adjust¬ 
ment of the instrument just contemplated. As we invariably 
know the approximate declination of the star to be observed, 
the telescope can be pointed with sufficient accuracy to ensure 
that in due course the star will appear in the field of view. 
Generally, it will appear to move (disregarding a slight curvature 
iti its path) parallel to and at some distance from the horizontal 
wir<\ In this position of the telescope the circles can be read 
eit her before or after the star’s appearance. Let the reading be 
r ‘2 • Now assume that the horizontal wire can be moved parallel 
to itself by means of a micrometer to such a position that the 


star uppears to travel along the wire. Let the two micrometer 
readings be J/„ and M l , the former the original reading (corre¬ 
sponding, say, to some definite reading on the micrometer head) 
and the latter the reading when the star travels along the wire. 
The value of one revolution of the micrometer can be found in 
terms of seconds of arc by observations of two stars of known 
declination which are close together in the sky; with the 
telescope fixed, the difference in declination can be measured in 
terms of the micrometer scale and hence the value of this scale 
(in seconds of arc) can be deduced. Now, corresponding to M n 
there is the particular reading li of the circles when the telescope 
is pointing accurately to the zenith; the zenith distance of the 
star is not quite the dmereneo between R and i? 2 , as in the case 

a corre '^i L1 ° nzo 11 j a we have to apply to this difference 

a conectiou given by (J/, - Al 0 ) expressed in seconds of arc. 
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Thus the zenith distance of the star is determined and its de- 
clination can be deduced as before. 

54. The measurement of right ascension. 

The point on the celestial equator from which rig it ascensions 

are measured is the vernal equinox." |()sC l )al ° f r0 m 

the centre of the sun about Marc - , summer solstice 

south declination to north declina . imum northerly 

(about June 21) the sun has reac it obliquity of 

declination and then its declination 15 sim ^> 11 (lis :l K . C s on 
the ecliptic. Observations of its 

several days before and after t it so s £n othcr words 

value of its declination exact y < ■ j t ’. g to noticed 

the obliquity of the ecliptic ““ he s im - s centre that is specified; 

that in these considerations it s • it j distance of the 

in the actual observations the - ^.h distance 

upper (or lower) limb is angle subtended at 

of the centre, the sun s semi r « au iros to be added (or 

the observer by a radius ot the sun) requires 

subtracted). . . .w^nHated with the sun, 

Since the vernal equinox is so c os «• ^ . g fundamentally 
it follows that the right ascension o «■ suppose 

related to the portion of the sun on ^day L ^ ^ 

that the complete observation ot the *un 

4 i t nr the instrumental errors 

(i) the clock time T (corrected toi the 

a, 6 and c) of the transit of dsjentre ^ ^ ^ 

(ii) the zenith distance acc , mlte ly we deduce, 

Assuming that we knov doc i inat ion of the sun’s centre 

as in the previous section, “parallax (see 

[we omit in this discussion the correction duc^ ^ ^ ^ 

Chapter ix)]. From the dec ina we can calculate the 

liquity e (which we shall Ume of transit on the day in 

right ascension a of the si « is the meridian 

question. In the triangle T&A H ^ {S = s> SrA = e. 
through the sun S, and SAT > 

By formula D, . q0 o t c 

cos a cos 90 — sin « .(21). 

or sin « = tan 5 cot € 
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Fig. 44. 


From (21) we obtain a, the sun’s right ascension at the moment 
of transit on the day concerned. Let E be the error of the 
sidereal clock at the time T of transit. Then the true sidereal 
time of transit is T + E. 

But this is precisely the 
sun’s right ascension a. 

Hence a = y + e 

.( 22 ). 

Suppose that the transit 
of a star is observed after¬ 
wards, as soon as practic¬ 
able. Let the clock time 
of transit be 1\ (we sup¬ 
pose that both T 1 and T 
have been corrected for 
the instrumental errors a, 
b and c). The error of the 
clock may now be pre¬ 
sumed to be slightly diffe¬ 
rent; let it be E 1 . Then, if a, is the star’s right ascension, 

a l -T x + E l .(23), 

so that, from (22) and (23), 

* x -a~(T x -T)+{E x -E) .(24). 

- T) is the interval by the clock between the times of transit 
of 1 he sun and star and is therefore known. If the clock neither 
gains nor loses, {E x - E) = 0, so that a, can be found from (24). 
Generally, however, the mechanical perfection of the clock 
cannot be presumed and as a convenient hypothesis the clock 
may be supposed to gain (or lose)—over an interval of a few 
hours—at a uniform rate, so that (E x - E) is proportional to the 
interval between observations; we can write 

*’i ~E = r (T> - T), 

so that (24) becomes 

‘-i “ (' = (1 + r) (Tj — T) .(25). 

Suppose that the observations are repeated next dav. Then we 
shall have , v , 

~ + r) HV - T') .( 20 ), 
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in which a' is the sun's right ^^nsion calculated from ( 2 ^and 

T' T,‘ are the sidereal times of transit of t ie 
spectively. From (25) and (26) we have by division 

a, -_a - _ T V - T ' . ( 27), 

measurement of the right ascens .1011 sufficiently large 

we may assume that tne rigu m p*isured- such stars— 

number of stars have been accura . ‘ points on the 

“fundamental stars”—form a senes o r ^ q{ them) 

celestial sphere and by means t io n of any other 

we are enabled to determine »® transits of one or 

star by observing the mten t ^ ^ question , as in the 

more fundamental stars and o 

case of the sun. 

55. The measvrement of time. f , , error 

Stars which are selected by a further step, 

and hence of the accurate sideiea st irs” If °t are 

of the accurate O.C.T.-are olooU stars ^ ^ 

the known right ascensions o instrumental 

»„,d « 1 „,. .1 *“"f J b t a »« ~P~“” 

errors of azimuth, etc.), E lf L>i 
times of transit, then a ^ = T 1 - \- E x , 

a 2 = T-i + E-z- 

^ xl , T ftlld T, arc observed, hence E x and b 2 

a,, a, are both known, 1 x an a the equation 

are found. The clock rate r is obtained iro 

Eo - E\ = r (^* “ l 

\ in ensure greater accui<icy 

In practice several stars are o )-u ' 

in the values of the clock e " or e veral important observa- 

The Shortt clocks now installed n ^ deviged For 

tories are the most accurate inK , > c 3 a t Greenwich 
example, the clock rate of » 10 j_ day , and the behaviour 
during 1927 was rather less than 0 -I >_ coul(1 be almost 
of the clock was such that its erior j * /pbe performance 
exactly predicted several months in advance. 1 
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of the clock is of course checked by meridian observations of the 
stars. It may be added that the broadcasting of mean time from 
the principal observatories of the world has also reached a high 
degree of accuracy. 


[Symbols used: 

<f> = latitude, 
a = azimuth error. 


EXERCISES 


b = level error, 
c = collimntion error.] 


1. If n and b are the only errors of a meridian circle, show that the time of 
transit of a star will be unaffected if its declination S is given by 

8 = •}> + tan -1 ( b/a ). 


2. Prove that the error in the time of transit of a star due to the three 
instrumental errors is n minimum for a star whose declination is 

sin" 1 {(a cos <*> - b sin <f>)/c}. [Coll. Exam.] 

3. If two stars of declinations 8, and S 2 can be found for which the three 
errors of adjustment produce no error in the time of transit, show that the 
corn chon to be added to the observed time of transit of a star of declination 8 is 

2c Pin i (8 - 8 2 ) sin £ (8 - 8 2 ) sec 8 sec $ (8, - 8 2 ). [Jf.T.] 


4. If the observed time of transit of a star whose declination is 30° is found 
to b- correct, while the observed times for stars of declinations 15° and 60° are 
found to be - 7"-4 and + 31»-5 in error, show that the error to be expected for 
s star in declination 45° is approximately 11 seconds. [iV.iP.] 


5. In a transit instrument of 10 feet focal length, which is in correct adjust¬ 

ment except for collimntion error, a star of declination t»0° is observed to cross 
the meridian 2* too soon. Show that- to adjust, the instrument the cross-wires 
must be moved a distance of 0*0087 inch. [M.T 1900] 

6. 1 he level constant b and t he collimation constant c of a transit instrument 
are dotermmed. in t In- usual way, with a possibility of errors Ai, Ac, respectively. 

he azimuth constant./ is determined by observations of a polar star and of an 
equatorial star. Show that the resulting possible error in a is given by 

Af/ = Sb tan 6 ~ Ac see <£, 

where 6 is the latitude 
Prove also: 


A /»; 

A;/ 


-\b sec rf> -r Ac tan 6, 
- Ar. 


[Land. 1926.] 


7. On the -ame dn\, '.!> observed sidereal times of transits of two stars 

i“ 2 7.'2 Z lul?^^ , oX!Zr rS ’- in “ 51 ° 30 ' N an > 

Lalcu,at « the azimuth error and the clock 
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error, given the co-ordinates of the two stars as follows: 

a . = 18 h 51 m 36 8 o; 8j = + 89 l. 
a 2 = 7*> 7 m 1 l s *2; 8 2 = + 87 3 10. 


[Land. 1926.] 


8. Prove that a displacement of ' rf » median dr'll 6 in 

in longitude L produces a change y, where a is the radius 

latitude <f>, longitude l, of s/a sin ( ) , {this displacement 

of the earth in feet. Estimate of detecting it in 

for an observatory in latitude 60 , and discuss F ^ 1922.] 

the routine of meridian circle observations. 


7 



CHAPTER V 


PLANETARY MOTIONS 


56. Introduction. 

The nine major* planets in theorder of increasing distance from 
the sun are Mercury, Venus, the Earth. Mars, Jupiter, Saturn, 
Uranus, Neptune and Pluto. The laws according to which the 
planets move with reference to the sun were discovered by John 
Kepler (1571-1630). and half a century later Kepler’s three laws 
were shown by Sir Isaac Newton (1642-1727) to be deducible 
from the law of universal gravitation which he stated in the 
Princijna in 1687. A complete investigation into the motions of 
the planets is the province of Dynamical Astronomy and as such 
is outside the scope of this book. But certain principles and 
results relating to the planetary motions and, in particular, to 
the earth’s motion are necessary if we are to understand clearly 
some of the problems with which Spherical Astronomy is more 
closely associated. 


57. Kepler's first law. 

Kepler’s first law states that the path, or orbit, of a planet 
around the sun is an ellipse, the position of the sun being at a 
focus of the ellipse. Fig. 45 shows an ellipse of which S and F 


D 



* On 1930 Man-1, 13. the discovery a, the Lowell Olwervatorv of a new planet 
was announced. '11,is planet, since named Pluto, i 3 beyond the orbit of Neptune. 
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are the two foci, c is r 

AB is the major axis. T in the direction of the 

the planet to move round the e p. ^ . fc . g then said to be 

arrows. At A, the planet m nearest the sun^ ^ ^ ^ ^ ^ 

in perihelion At :Mth semi _ ma jor axis ; its length is 

to be ir laphdion CA perpendicularly to CM, is the senu- 

denoted by a. CD, d I p ^ is called the eccen- 
minor axis, denoted by_• semi-minor axis b can be 

tricity Which we denote bj ^ ' {ormu , a 

expressed in tei ms of a *- m. 

v f/~ = a- (1- e-) ... v / 

oi- „ /1 _ and the aphelion distance 
The perihelion distance SA is a ( 

SB is o(l+ «)• , anet jn its orbit, SP is called the 

If P is any position oft the P the distanc c SP is the hdto- 
radius vector (denoted by ) ‘ q{ the plan et from the sun. 

centric distance, that is thedis I ellipse. Then the 

Let ST be a straight line u. the plane ot^ * ^ the ang l e 0 

position of P is specified by tim n ^ .„ the direction of 

which SP makes with SP, Bbcug „ when the planet is 

the planet’s motion. Let« be X . „ The „ PSA = B - »■ 
in perihelion, that is, at A BothatMM - “ 

The equation of the eUipse is know ..to 

V . .(-)> 

r * 1 +e cos (0 - «) 

in which v " b I<1 describe its orbit is called 

The time required for the pa earth’s orbital period is 

the V eriod which we denote by <• to be 365* mean 

the year which, for the present, may 

solar days. 

58. Kepler’s seccml law he radios vector SP (Fig. 46) 

Kepler’s second law states correspond to the 

sweeps out equal areas -/^" osi Hon at time t + At. Let 
planet’s position at time t a J the angle QST. 

r+ Ar denote the radius vector ^ ' pQ be 

Then QSP -. Afl. If f» {? ‘"^“aswept out in the in- 
regarded as a straight me ■ area o£ the triangle QSP, 

finitesimal interval M w bim i y 7 . 3 
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that is, l r (r + A r) sin A9, or, with sufficient accuracy, \r 2 A6. 
The rate of description of area is this last expression divided by 
At) as this rate is constant according to Kepler’s second law, we 
can write ]Q 

. < 4 >- 

where h, a constant, is twice the rate of description of area by 
the radius vector. 

Now the whole area of the ellipse is tt ab and this is described 
in the interval defined by the period T. Hence 

. (5), 

or, using (1), —-^—-^5* = h (6). 

In time T, the radius vector sweeps out an angle of 360° or 

27r. Let n denote 1 ho average rate of description of angle by the 

radius vector. Then , 0 , r n z-n 

n = -7r/i . (//. 

n is called the mean angular motion of the planet. In moving 
from SP to SQ the radius vector sweeps out the angle AO in the 

interval A*. At P the angular velocity is thus thus n is the 

mean value of ^ for all points in the orbit. By the help of (7), 

formula (6) can be written 

na- (1 — e 2 )* = h (8). 

59. Kepler’s third law. 

Kepler's third law, expressed mathematically, is as follows. 
Let a. a, be the semi-major axes of two planetary orbits and 
T, 'i\ the corresponding orbital periods. Then, by the third law, 

H a «, 3 

T-~ 2\- (®)> 

or, using (7), ?t 2 « 3 = W .(10), 

iii which u and are the mean angular motions in the two orbits. 
We have from (9) 

(T,\ 5 

b“U) ( 1J >- 
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If a T refer to the earth’s orbit around the sun, the ratio of the 
semi-ma oraxis of the orbit of any planet P, to the semi-major 
axis of the earth’s orbit is given by (11) when the orlnta penod 
Tl for the planet P, is known in years, since for the^earth Iw 
one vear The orbital periods of the planets are kno 
observations (see section 80) and hence their sem'-major axes 
can be derived in terms of a as the unit of distance. T 
major axis a of the earth’s orbit is known as the astronornwa 

unit of distance. Expressing T l in years, we have from OD, 

putting T = 1 year, 

aj = (Tj)? astronomical units. 

60. Newton's law of gravitation. 

The statement of this law is as follows. Every part'c \ e f 
matter attracts every other particle of matter -dh a force 
proportional to the product of the masses of two part.c 
concerned and inversely proportional to the square of^th 
tance between them. Stated mathemat.caUy, the law is. 

F = 0 *£• .< 12 >' 

constant-the constant of qravitation In the c.g.s.* 

i i A r v 10” 8 , which means that the I 

rattrac e ti V on“between two particles each of 1 ^mme m m- 

and separated by a distance of 1 and Jlanet as 

For our present purpose we can regard the sun ana p 

“ P T a he application of the law of gravitation (12) to the motion of 

« and “a planet respectively 

and let u be defined by 

, l= =G(M + m) .( 13 )- 

Then it is found that the constant h in formula (4) is given by 

h * = M , = lM (l - e‘) .( 14 >- 

But, by (8), 0- «*>. 

Hence ^ =,^G(M + m) .< 15 >' 
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For another planet, 

n x 2 a x * = p x = G (31 + «q) 


Hence from (15) and (16), 


n 2 a 3 M -f m 
n x *a x 3 M + m ** 


or, using (7), 


a 3 _ M + m T 2 
a x 3 ~ M + m x ' T x 2 


(16). 



The equation (17) gives the correct form of Kepler’s third law 
which in our notation had been expressed by (9). Actually the 
mass of a planet is very small compared with that of the sun and 


. 1 / 


so the quantity ^ —— in (17) is very nearly equal to unity; 

consequently, Kepler’s third law, although not strictly accurate, 
is nevertheless a very good approximation. 


61. The masses of the planets. 

The formulae of the preceding section enable us to calculate 
the mass of any planet, which is accompanied by one or more 
satellites, as a fraction of the sun’s mass. If ni, a , T refer to the 
earth, we have, by (7) and (15), 

0 {M + ni) = 4t rp 2 .(18). 

Now the motion of a satellite around a planet is given by the 
same laws as the motion of a planet around the sun. In the case 
of the satellite, the planet is the controlling body and if m lt in' 
are the masses of the planet and the satellite respectively, a x the 
semi-major axis of the satellite’s orbit around the planet, and 
T i the period of its orbital revolution, Newton’s law of gravita¬ 
tion leads to an equation analogous to (IS); it is 

G {m x + »«') = 4tt- p 2 .(19). 

Hence, by (18) and (19), 

+ m' _ /n ,\ 3 / T 

M + m \ a ) < 7’jj .(20). 

Now the mass m of the satellite is small compared with the mass 
of the planet m x ; hence in (19) and (20) we can neglect m'. 
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Similarly we can neglect the earth's mass m in comparison with 
the sun's mass M, and (20) can be written 

m i_|'?L>yY^y ! .(21). 

We shall suppose that the semi-major axis a of the satellites 

orbit is known in astronomical units and that it ■ V “ 
revolution T. is also known in terms of years Then in (21), 
aTl lronomical unit, T = 1 year and th-efore he rat.o of 
m, (the planet's mass) to M (the sun s mass) is determined 

As an example we shall find the mass of Mars (in e™sof 
sun’s mass) from the relevant orbital elements of the satellite 

Deimos. The semi-major axis of ^ 

Mars is 0-00015G95 astronomical unit, its penot 

1-26244 

is 1-26244 clay or -3^5^* y ear - 
Hence, by (21), 


™ „ (365}) 3 

^ - (0-00015695)“ x (i . 262 i4)5 

1 

" 3093500’ 

that is to say, the sun’s mass is rather more than three million 
times the mass of Mars. 

62. Perturbations of the elements. 

We have assumed so far that the path of a planet around the 
sun is determined by the mutual gravitotmnaUttrartlon of h 
planet and the sun only. But every other planetandl body in 

other tWogs on the mass of the latter and it is thus possible to 
deduce from observations, in combination with the formulae of 
Dynamical Astronomy, the masses of planets which are u 
accompanied by satellites. In this way, the masses of Mercury 
and Venus (which have no satellites) are derived Later, we 
shall have occasion to refer more particularly to the peitiuba- 
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tions of orbital elements, quoting the results of Dynamical 
Astronomy, in so far as they directly impinge on the particular 
problems with which we are more immediately concerned m tms 

book. 

63. The dynamical principles of orbital motion. 

Let S and P be the positions of the sun and a planet at any 
time t and let their co-ordinates referred to unaccelerated rect¬ 
angular axes OA, OB, OC in space be (X lf Y lt Z x ) and (X, Y, Z) 
respectively (Fig. 46). If the masses of the sun and planet are 



M and m, then by Newton’s law of gravitation, the planet P is 
attracted towards S with the force GMmjr 2 , where r is the 
distance SP. The component of this force in the positive direction 
of the axis OA is 


GMm X x - X _ GMm (X - X x ) 


/ d 2 \' 

If x (= ) denotes the acceleration of P parallel to OA, we 

have, by Newton’s second law of motion, 

GMm (X - A',) 


m X = — 


,-:i 


( 22 ). 


Now gravitational attraction is mutual and the sun S will be 
attracted towards P with the force GMmjr 2 and the component 
of this force parallel to OA is 

GMm (X - A',) 
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If X x is the acceleration of the sun parallel to OA, we have as 


before 


MX, = 


GMm (X - X,) 


(23). 


Dividing (22) by m and (23) by M and subtracting the resulting 
equations, we obtain (X — X ) 

X - X, = - G (M + m) . (24) ‘ 

There are two similar equations in Y and Z. 

Write £ - X - X„ rj = Y - Y„ i = 2 - i- 

Then (£ v 0 are the co-ordinates of the planet rc err 

rectangular axes passing through the sun, and we have from 

(24), writing ^ for G {M + m) as in (13), 

.(25). 


Similarly 


f + g-o 


v + 7? - 0 


( 20 ), 

(27). 


(28), 


These are the equations of motion of the planet P with reference 

to MXly (26) by C and (27) by , and subtract. We obtain 

Iv-vt- °- 

that is. a «« - ~ °‘ 

Integrating, we have 

- d < 27 > and then fr ; m 

(25) and (20), = B . (2<J) ’ 

. (30) ' 

in which B and C are constants of anj ^ Thon 

Multiply (28), (29) and (30) by 

A(+B, + Cl- 0 . (31) ’ 

which is the equation o^ pb^ne^^smg^tlmough^tlie^origm o^ 

I? STA tf, * 0 of the Planet 
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P satisfy the relation given by (31), its motion with respect to 
the sun takes place in a plane. This plane is the orbital plane. 

64. The equation of the orbit. 

We can now refer the motion of the planet to two axes passing 
through the sun and lying in the orbital plane: let (x, y) be the 
co-ordinates of the planet referred to these axes. In Fig. 45, we 
shall suppose that ST is the z-axis, the y-axis being at right 
angles to ST and of course in the plane of the orbit. The equa¬ 
tions of motion of the planet arc then 

x + /x \ = 0 .(32), 

r r 3 

y +^ 3 = 0 .( 33 )* 

These equations, in rectangular co-ordinates, will now be trans¬ 
formed in terms of the polar co-ordinates r and 0. (In Fig. 45, 
SP = r and TSP = 6.) We have 

x = rcos6 and y = r sin 0 .(34). 

Let a and ft denote the components of the acceleration of the 
planet P along SP and at right angles to SP respectively. Then 

a = x cos 0 - 1 - y sin 6 .(35), 

and ft = ij cos 6 — x sin 0 .(36). 

We have, from the first of (34), 
x = r cos 0 — r sin 0 . 0 , 

and x = Y cosQ— 2r sin 0.0 — rcosO.6 2 — r sin 0.0 ...(37). 
The expression for y can be derived in a similar way; it is 

i'/= rs\n9 + 2r cos 0.0 — rsin0.0 2 + rcos0.fi ...(38). 
Inserting in (35) the values of x and i) given by (37) and (38), we 
obtain, after some reduction, 

a = ‘f — rft- .(39). 

But by (32) and (33), 

a = x cos 0 + y sin 0 = - ^ (x cos 0 -f y sin 0) 



P 

f-2 


Hence 


f - rfr- 


( 40 ). 
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By a similar procedure, we find that 

P = 2r& + r'e = 0 . 

2 r6 + *-\ a <'*«>■ 


10 


But 


cZ 

dt 


<r*6) = 0, 


Hence 

UC' /l 1 \ 

t of integration. Thus (41) is the mathe¬ 
matical expression of Kepler's second law winch we considered 

««- p>r around rr= 

be derived from (40) and (41) ; it is, of course a relation betuee. 
r and 8 The process consists in eliminating the time t from (40) 
by means of (41); in these equations the time occurs only in the 
differential coefficients. We shall write for convenience 

U = - . 


so that, by (41), 


Now 


dr 


f -ar 


Hence, by (43), 
Again, 


d = hu- 

1 du _1 du dO 

u 2 dt ~ a 2 dO dt 

da 


(42), 
■ (43). 


f = — h 


d0‘ 


d d lr\ d9 

y = dt {r)z= dd (r) 'dt 

d /, dii 

= - ku ’ <18 V‘ <18 




.(44). 

so that t=-hu dQ2 

„ . /(1 ox r 6 2 =h 2 u 2 .( 45 )- 

Also, using (43), 

Hence (40) becomes, by means of (44) and (4.>), 

—h 1 u? = - 

<* s “ . „ = Ji (40). 

or rfS* + “ h 2 

The general solution of (40) is given by 

u= £ [1+ ecos(0-w)] ( 47 ). 
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in which e and co are the two essential constants of integration, 

or by (42), _. . (48) . 

1+ ecos (9 — to) 

This last equation is identical with (2)—the equation of an 
ellipse—if p = fr 2 //*, that is, making use of (3), if 

7t 2 = pa (1 — e 2 ) .( 49 )> 

which is equation (14) previously considered. The constant of 
integration e is seen to be identified with the eccentricity. 

It is to be remarked that (48) is the general equation of a come 

section which may be 

(i) an ellipse, if e < 1, 

(ii) a parabola, if e = 1, 

(iii) a hyperbola, if e > 1. 

Although case (i) is that with which we are closely concerned 
here, the extension of the possibilities concerning the motion of 
a body under the gravitational attraction of the sun should be 

noted. 

The equation (41) is simply the mathematical expression of 
Kepler’s second law. Also, by defining the mean angular motion 
n as in (7), we are led—using (5), (7) and (4S)—to the formula 

n 2 a 3 = n = G{M+ m) 

already mentioned. Thus from the single law of gravitation we 
have derived the mathematical equivalents of Kepler’s three 
laws. 

65. Velocity of a planet in its orbit. 

Let V denote the velocity of the planet at the point P in its 
orbit (Fig. 47). V will be directed along the tangent PT. The 
components of V are (i) r along the radius vector in the direction 
PR. and (ii) rd along PL at right angles to the radius vector. 


We thus have 


Now 


and from (47) 


V 2 = r 2 + r 2 9‘ 
. du 
r ~~ l d9' 


(50). 


dv 

dO 


e sin (9 - a>), 


r = e sin (0 — iu) 


so that 


(51). 







PLANETARY MOTIONS 

Also, since r 2 $ = k, we have 

rQ = hu = r [1 + e cos (0 - «)] 
h 

Hence, squaring (51) and (52), we have from (50) 

2 

y 2 = [l-f- 2ecos (0 — to) + e 2 ], 

which can be written 

2 
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yi _ Vl [2+ 2e cos (0 -<*>)- (1 “ e ‘j)> 

h 2 


or, using (47), 


F 2 = 2 /xw- ^ (1- e 2 ). 


<? 



>/? 


A 


(52). 


(53). 


But from (49) ^ = V* (1 g2) * 

Hence we obtain, writing 1/r for «, 

v . ,r«Witv V as a function of the radius 

This formula gives the velocity 

vector r. greatest when r is least, that is, 

It is seen from (53) that rig {1 _ e) and if V l 

when the planet is in perihelion, lhen r 1 

denotes the velocity at perihelion we have 

u 1 + e 

V 2 = “ . .. . 


(54). 
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Similarly, the velocity is a minimum when r is a maximum, that 
is, when the planet is in aphelion. If V 2 denotes the velocity at 


aphelion, we obtain 


t/ 2 = ^ LZl 

2 ff'l + e 



From (54) and (55), F,I T 2 = 

Thus the product of the linear velocities at perihelion and 
aphelion is independent of the eccentricity of the orbit. 


66 . Components of the. linear velocity perpendicular to the radin-s 
vector and to the major axis. 

We now derive a theorem which will be used later in the 
investigation of certain problems. In Fig. 47 let PR represent 
the velocity r. Draw PQ perpendicular to the major axis AB 
and draw RQ perpendicular to PR. Then the velocity f is 
equivalent to (i) a velocity along PQ and represented in magni¬ 
tude by PQ, and (ii) a velocity parallel to QR and represented 
in magnitude by QR. Now PSA = 6 — oj and by the con¬ 
struction, PQR — 9 — (o. Hence PQ = PR cosec (0 — a>) and 
QR=PR cot (tf-w). We thus find that the velocity r is 


equivalent to 


(i) r cosec (9 — w) along PQ, 


(ii) r cot (6 — oj) parallel to QR. 

Now the velocity V is equivalent to r along PR and along 
PL, PL being perpendicular to SP. Hence V is equivalent to 

(i) r cosec ( 0 — co) along PQ, that is, perpendicular to the 
major axis, 

and (ii) rO — / cot (6 — a>) along PL, that is, perpendicular to 

the radius vector. 

From (51), we obtain for (i), 

r cosec (9 -a>) = .(56), 

and, similarly, from (51) and (52) for (ii), 


rt) — r cot (9 — tv) — ^ 

h 


(57). 


Hence (57) and (56) express the result that the velocity V of a 
planet at any point of it - orbit can be resolved into a constant 
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velocity nlh perpendicular to the radius vector and a constant 
velocity e^/h perpendicular to the major axis. 


67. The true and eccentric anomalies. 

Theoretically, Kepler’s second law enables us to cal c «.e 
position of a planet in its orbit at any time prodded je kno^ 
the semi-major axis a, the eccentricity e the \me r ^ Jn 

planet passed through perihelion and the or 1 a P ' j 

Fig. 48 let P be the position of the planet at time *. In the 



Fig. 48. 

• r rval U - r) the radius vector moving from SA to SP sweeps 
outThe shaded area SPA. Now by the second law 

Area SPA : Area of ellipse = t-r.l, 

, -nah (t - t) 

that is, Area SPA ~ T 

or, introducing the mean angular motion a (a = 2v/T), we can 
write Area SPA = \ na b T ) 

in which 6 is given by 6- -1 " » 
tl Sol "Hence 6 the' area SPA is found and the position of 

theoretically, in practice 
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it, is inconvenient and we shall now derive the formulae generally 
applied for determining the position of a planet in its orbit. 

Let the radius vector SP make the angle v with S.A v is called 
the true anomaly and it is clearly related to 6 and a. by the for- 

mula v = 6 — to .0*9)- 

Let a circle be described on the major axis AB as faete; its 
radius is thus a. Let RP, the perpendicular from P to AB be 
produced to meet this circle at Q. Then the angle QCA is called 
the eccentric anomaly which we denote by E. 

By a well-known property of the ellipse 

PR : QR = b:a .(60), 

where 6 is the semi-minor axis CD. . 

Now PR = r sin v and QR = CQ sm E = a sm E. Hence, 

from (60), T gin v = b sin E .(61). 

Again, SR = r cos *. Also SR = CR - CS = a cos E - ae. 

Hence r cos v = a (cos E - e) . (® 2 )* 

Square (61) and (62) and add. Then, putting 6 a = a 3 (1- e 2 ), ve 
obtain, after a little reduction, 

r = a(l— ecosE) (63). 

Again, 2 rsin 2 ” = r(l-cost>) 

= a (1 — e cos E) - a(cos E - e), 
applying (63) and (62); hence 

2rsin 2 ^ = o (1+ e) (1— cosE) .(64). 

Similarly, 2 rcos 2 1 = a (1- e) (1+ cos E) .(65). 

Divide (64) by (65). Then 

2 v 1+ e 1 - cos E 
tan 2 = T^e‘ 1-f cos E' 

v ( 1+e\* E (rR . 

from which tan - = ) tan - .(66). 

•mi \ 1 t' " 

Thus, by means of (63) and (6G), we can express the radius 
vector r and the true anomaly v in terms of the eccentric 
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„o„.i y «. w. ” d '" e ” 

discussion as an intermediary angle. 

# 

68. Kepler’s equation. ,< t 

From our definition of the mean angular ” Represents 

th e product » («- r). which occurs m formula (58), rep ^ 

the angle described in an lnterV1 \ ( velocity «. We define 

mis—— wks-v *• >7 

M = n(t-r) ( ° 7) ‘ 

Hence, from (58), the area MU in Fig- « is given by 

Area SPA = \abSl (68) ' 

We now express this area in terms 

- - - - - -- - - 
Also PR - * QB by (60), and therefore PR - 6 sin * Hence 

the area of “ p \“to s“,fps 

now the area HP A. uivw i y ag diame ter. 

and extend the strips to meet the circle 

, U 4 . • FH Since FU = 67/, then the sum ot all 

Consider the strip FH. oince r r Q 

i UP A is eaual to 6 times the sum of 

the strips forming the area RPA ( 1 a 

the strips forming the area QRA ; hence 

Area RPA = b - • Area QUA. . < 09 >- 

-«- -- x r sr*" t:::. «“ 

ssrjsassiisisi= 5 - * — 

(69) becomes 

Area RPA = \ {W® ~ ^ sin E °° S B] 

^ \ab (E — »i n R cos R}‘ 






PLANETARY MOTIONS 

Add to HP A the area of the triangle PSR previously found and 


we obtain Area SPA = \ab (E - e sin E) .(70). 

From (68) and (70), we then have 

E - esinE = M = n (l - r) .(71). 


This is Kepler’s equation. It is a relation between the eccentric 
anomaly E and the mean anomaly M. If M and e are known, it 
is then possible to determine the corresponding value of E. It is 
to be noted, from the manner in which (71) has been derived, 
that both E and M are supposed to be expressed in circular 

measure. 


69. Solution of Kepler's equation. 

The general method of solution depends on deriving an ap¬ 
proximate value of E, nearly satisfying the equation, either by 
inspection or by special tables or by one of the many graphical 
processes devised at different times. Let this approximate value 
be denoted by E u and let the true value be E 0 + AE 0 - Then, 

rigorously, (£ - q + &E 0 ) - e sin (E 0 + A E 0 ) = M , 
nr E n + A E 0 - e sin E 0 cos A E 0 - e cos E 0 sin A E 0 = M. 

Since A E 0 is supposed to be small, we can write as an approxima¬ 
tion : cos A E q = 1, sin \E n = A/? 0 , so that 

(E 0 - e sin E 0 ) -fA£ 0 (l-e cos E a ) = M. 

As E n and e are known we can compute a quantity M 0 given by 

M 0 = E 0 - e sin E 0 .(72), 

rio that we then obtain 

= T .(73), 

1 — e cos E 0 

n which A E 0 can be calculated. Then (E 0 + A E„) is a more 
accurate value of E. The process can then be repeated, if neces- 
sarv, with (E a + A E 0 ) as a new approximation to E. 

If the eccentricity is small, sav less than 0-1. we obtain bv 
inspection of Kepler’s equation an approximate value of the 
eccentric anomaly. For, neglecting the term e sin E, we obtain 
for the first approximation E 0 the simple result 

E o = M. 


and by the application of tT.'t) a more accurate value of the 
eccentric anomaly can bo derived. 
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When the eccentricity is large, it is not so easy tooWaman 
approximate value of the eccentric anomaly satisfyiing \ 
equation. In these circumstances the use of ^c.al tab es ^ 

as Bauschinger’s* or Astrand'sf or of 

greatly facilitates the computations In Bauscning 

fhe values of E are tabulated for diBerent values of the eccen 

tricity e and the mean anomaly if; then, by inspection or^by an 

easy interpolation, a very good approximate \. » 

obtained The application of (73) follows as already indicated^ 
E Znvle. Required to calculate the eccentric anomaly _of 
Mars 200 days after perihelion passage, give 

r jis-A ;r .si: 

360 / 1-8809 degrees per year or 1886 ot secon 
solar day. Hence 

M = 200 X 1886"-52 = 377304" = 104 48 24 . 

If we neglect the term e sin £ in Kepler's equation we can take, 

as a rough value of the eccentric anomaly, K - 105 (the 

of M to the nearest degree). n-unelv 

Compute now the value of J/„ given by (.2), namely 

i/ 0 = E 0 - esin E 0 . 

them expressed in seconds of arc, we have 

M 0 sin 1" = E 0 sin 1" - esin A’ 0 , ^ 
j|/ o = E 0 — e sin E 0 cosec 1". 

log e = 2-97007 

log sin E 0 

(slog sin 105°) = 1-98494 
log cosec 1" = 5*31443 


or 


4*26944 which is log 18597. 


Hence 
or 


M 0 = E 0 — 18597" = 105° — 5° 9' 57", 
M a = 99° 50' 3". 


. J. Bauschingor, 1** - 
t J. J. Autrund, Hiilfstafcln (Leipzig, lSJO). 


8-2 
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Then the formula (73) for A E 0 becomes 

104° 48' 24" - 99° 50' 3" 

&E 0 = i _ e cog 10 5° 

But e cos 105° = - 0-09334 sin 15° = - 0-0242. 

Hence A22 = 4 ° 58 --^' = seconds of arc 

nence !. 0 242 1-0242 

= 17478" 


= 4° 51' 18". 

Hence E 0 + AE 0 = 109° 51' 18", 

which is a more accurate value of the eccentric anomaly satis¬ 
fying Kepler’s equation. We ought to repeat the process again, 
talcing now 109° 51' 18" as an approximation to the value of E, 
and to continue until the required accuracy is obtained. We 
leave the step thus indicated to the student. 

From Bauschinger’s tables we extract the following: 


104° 

M = 105° 

Hence, by a rough interpolation for M = 104° 48 and e = 0-093, 
we derive E 0 = 109°-8, wliich is close to the result of our first 
computation. The tables thus save, in this instance, the com¬ 
putation of our approximate value of E . A more accurate value 
of E is obtained by making the calculations, based on (73), in 
the manner already indicated, taking for E 0 the value 109 -8. 


c = 00 * 

e-0-1 

E = 104° 

E = 105° 

E = 109°-40 
E= 110°-37 


70. Summary of the formulae of elliptic motion. 

We now collect the more important formulae of elliptic 
motion which have been derived in the previous pages: 

n r _ q(i-e 2 ) • 

' ' 1 -j- e cos v 

(ii) n 2 a 3 = p = G (M -f m) 


(iii) h 2 = pa (\ — e 2 ) 


(iv) E — e sin E — M = n ( t — r) 


(v) 

(vi) 


r = o(l— ecos E) 



(74). 


In these formulae a, e and r are elements of the elliptic orbit. 
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To obtain the position of the planet in its orbit at time t, the 
elements a, e, r and the period being given, the procedure is as 

follows: , .. N • 

(а) Calculate the eccentric anomaly E by means of (iv), 

the manner outlined in section 69, or otherwise. 

(б) Calculate the radius vector r by means of (v). 

(c) Calculate* the true anomaly v by means of (vi). 

(d) As a check, calculate the radius vector r by means of (i), 
using the value of the true anomaly v found in (c). 

71. The eccentric anomaly expressed as a series in terms of e and 

the mean anomaly. . . 

We now express Kepler’s equation in a different form, in wiin 

we shall derive E as a series in terms of the eccentnci } 
mean anomaly M. We have Kepler s equation 

E = M + e sin E . 

We shall regard e as a small fraction and the first appioximation 
to Mnoted by Ey —will evidently be given by neglectmg 

e sin E, so that E x — M. 

A more accurate value of £-the 

by E 2 -will clearly be given by writing E x (or M) on o 

(75). Thus E 2 = M + e sin M . (76) - 

In the same way, denoting the third approximation to E by 
E 3> we write # 3 = jtf + e sin E 2 , 

which by (76) becomes 

E,= 31 + e sin [M + e sin 31], . 

or E 3 = 31 + e sin 31 cos [c sin 31]+ e cos 31 sin [e sin 31]. 

But, since e is small, we can write this last equation 

E 3 - M + e sin M + e cos M .e sin M . V D, 

which is correct up to terms in A <"> is equivalent to 

= jM + e sin M + \ g2 sin .. 

We can proceed in this way as far as we like. A further approx,- 

mation will give 

E = M + ( e - £) sin 31 + Je’ sin 231 + |c 3 sin 331 ...(79). 

. _ the method to he dented in section 77 ,ho quantities * and , aw "lone 
calculated. 
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When terms containing e 4 and higher powers can be neglected, 
formula (79) enables us to calculate the value of E when e and 

M are given. 

72. The true anomaly expressed as a series in terms of e and the 
eccentric anomaly. 

We begin with the formula 


tan 


v_(]± 
2 VI- 


1 + e\* . ~ 

e tan 2 


E 


(80). 


7T 

Let us define an angle <f>, lying between 0 and ^ » by 

sin <f> = e 

Then we can write (80) in the form 

<£ 

v 1+tan l E 

tan 2 = :—~ 2 • 


(81). 


1 — tan 


or, putting tan ^ = x, 


v 1+ x E 
tan 2 = l=~x tan 2 


(82). 


Since 2 cos 6 = e< 9 + e- <9 and 2* sin 6 = e w - where i is 
defined by i- = - 1 , we can write 

£«<\2 e-**7 2 e iv — 1 


v 


tan 2 " i W l + e ~ u,i ) * ( e<w + 1 ) ’ 

with a similar formula for tan ^ • Hence (82) can be written 

e iv — 1 1 + x e iE — 1 

e ip + 1 ~ 1 — x ' e iL + 1 ’ 

from which e iv = j _ xciE , 

or e iv = e iE (1 — xe~ iE )l( 1 — xe iF ), 

from which, by taking logarithms of both sides, 

iv = iE + log (1 - xe~ ij: ) — log (1 - xe iB ), 

Now x = tan ^ and </> = sin- 1 (c); hence x < 1 numerically, since 
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e < 1. Applying the formula for the logarithmic series we derive, 
after some reduction, 

v= e + 2 ^csin# + ^ sin 2E + ^ sin 3 E + •••)••• ( 83 )- 


Now 


(b 

x = tan T - 


sin 2 


2 


<f> <f> 

sin [■ cos ^ 


1 — cos (f> _ 1 — ( 1 ~~ g2 )~ 

c e 


(84). 


or * = £e+ £e 3 + ••• 

Hence from (83) and (84) we obtain finally 

v = E+(e + \e*)sin E+ ie 2 sin 2E + -^sin 3E ...(So), 
correct to the third power of e. 

73. The equation of the centre. 

By means of (79) and (85) we can express a senes m^ 
and M. We shall keep only terms up to e 2 . Now >n ( 85 ), B occur 
in the form sin E, sin 2 E and sin 3 E, and we first find .om (79) 
the values of these quantities expressed in terms of and . 

Thus, by (79), ' 

sin *-*,[* + (.-$)*>" + »«• si “ 2M + * 63 ^ 

but, as in (85) sin E is multiplied by the factor e, wo need only 
keep terms in (86) up to e 2 , so that 

sin E = sin [M + e sin M + \ e a sin 2M], 

. which can be expanded in the form 

sin E = sin M cos [e sin M + \ e 2 sin 2M] , n 

+ cos M sin [e sin M 4- \ e sin 2m] 

= sin M [l - % sin 2 A/] + cos il [« sin il + i e 2 sin 2il\ 

= sin il + ie sin 2 il + *e 2 (sin 2M cos A/ - sin 2 il) 

_ ( 1 _ $e 2 ) sin il + Jesin 2 il + &e 2 sin 3 M. 

Similarly, keeping only the necessary terms, wc derive 

sin 2 E = sin 2 A/ + e (sui 3A/ - sm il), 

sin 3 E = sin 3.3/* 
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Hence from (79) and the expressions for sin E, sin 2 E and sin 3 E 

just found, the formula (85) becomes 

v - M = (2c - Ie 3 ) sin M + f e 2 sin 2 M + j$e 3 sin 33/ 

.(87). 

This last formula is known as the equation of the centre. Its 
importance lies in the fact that the true anomaly v is expressed 
directly in terms of the eccentricity e and the mean anomaly M. 
When e and M are given, v can thus be calculated. We shall 
make use of the ecpiation of the centre in a later chapter. 


74. The orbit in space . 

We shall take the plane of the ecliptic as the fundamental 
plane. In general, the orbital plane of an} 7 planet, other than 
the earth, will be inclined at some particular angle to the 
ecliptic. Suppose a sphere drawn with the sun as centre (Fig. 49). 



Fig. 49. 


As the planet’s orbital plane (shown shaded in the figure) passes 
through the sun, it will therefore cut the sphere in a great circle 
XQX'. This great circle intersects the ecliptic in two points N 
and X' , called the nodes. I'he orbit d ellipse APL is drawn in the 
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figure A being perihelion; SA produced cuts the great circle 
NQN 1 in A x and, if P is the position of the planet in its orbit 
any time f, the radius vector SP when produced will cut the 

great circle NQN' in P,. Thus, since ASP is the true anomaly u, 
the angle A,SP. or the great circle arc is also v. 

figure l increases in the direction of the arrow between A, and 
p®. N is then called the ascending node and N' the descen mg 

” 0 The angle P, Nil (denoted by i) defines the inclination of the 
orWUl pile to the ecliptic; i is simply called the dm*Uon 
The arc NA U measured from the ascending node to the point i 

will be denoted by eo. . rp. orp 71 at ;= the 

Let T be the position of the vernal equinox The ^ ^ 

longitude 0 / tfte ascending node , which we deno e y • d 

tTarcs W and AM, is caUed the tow** ofprMum. denoted 

by tD. Hence 57 = 6 + 10 . (&&)• 

It is to be noted that it is only the part * of the longitude of 

-if>»*»■..<<* 

Wmmm 

e Tthe three elements «, e and r considered in section 70 refer 

L = 6 + 10 + v, 

, v / 88 t L=v> + v . (89) * 

or, by (oo), , 

Now consider a radius vector coinciding with SA at time t and 
N -n the nlane of the orbit with mean angular velocity «. 

the vector has described the angle n (t - r)- 

"an anomaly 3 /-and we shall suppose that it then inter- 
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sects the sphere in Q. Thus the arc A X Q is M. Let l denote the 
sum of the arcs TN and NQ. Then 

l = 9 OJ 71 (t T), 

or 1= td + n(t — t) .(90). 

I is called the mean longitude of the planet. 

The formula (90) is generally written in the form 

l = lit + e .(91), 

where e is given by e = w — iit .(92). 

From (91) it is seen that € is the mean longitude when t = 0. This 
instant is called the “epoch” and e is thus the mean longitude at 
the epoch. 

From (90) we have 

M =n(t - r) = l — ra, 

so that, by (1*1), M = nt 4- € — ro. 

Hence Kepler's equation can be written 

E — c sin E = nt 4- e — gj .(93). 

Since e is defined by (92) in terms of the two elements ra and r, 
i< may be regarded as one of the six elements of the orbit in 

place of r. 

As an illustration, the elements of the orbit of Mars for the 
epoch 1929 January 0, Greenwich Mean Noon, are given below: 

a = 1-52369 astronomical units 6 = 49° O' 36”-0 

e — 0-09334 i = 1° 51' 0”-5 

C = *4° 42' 33 "-9 to = 334° 45' 7”-3 

75. The heliocentric ecliptic rectangular co-ordinates of a planet. 

In Fig. 50 let ST, S13, SK be rectangular axes through the sun, 
forming a right-handed system, T being the vernal equinox, 
B tho point on the ecliptic 90° from P and K the pole of the 
ecliptic. Let P be the position of the planet in its orbit at time t 
so that SP = r. Let P x be the point of intersection of SP with 
the celestial sphere. Denote by (a*,, y i ,z l ) the rectangular co¬ 
ordinates of P with respect to the axes SP, SB and SK. Then 

— 1 = cos PS P - i 

r 


cos l\ SP, 






or 
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, writing the arc L\T for PM, we have 

x x = r cos P X T 

Similarly, y, = rcoe P,B 

z x = r cos P x K 

K 
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(94) . 

(95) , 

(96) . 



B 


—o 

Consider now the spherical triangle P X TN in which TN = 0, 
S:= : Tv and Pjr - ISO" - i. Then, hy the cosme for- 

mula A ’ n / A. 7,\- sill 0 sill (oj + v) cos i. 

cos P X T = cos 0 cos (cu + *>)“ 8U1 u ' 

116,106 *, = r [cos 0 cos (tu + ») — sin 0 sin (<u + ®) c ° a _’^ 

Similarly, from the triangle PJB in winch NB - 

and ^ ^ cQs (B) + e) + c08 0 B in (a, + ») cos i] . . .(98). 

Inth! triangle KP,*, KN - 90”, XrYP, - 90” - hence by 

applying formula A we denve . 

z == r sin (w + v) bin i v 

, , . /07 x f98i and (99) the heliocentric 

Thus from the formulae whon r and w and the 

co-ordinates [x r , y i, *iJ 
elements 6, i and w are given. 
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It is convenient in practice to calculate auxiliary angles 
a, A, b x and B y defined by 

sin a sin A = cos 6 ; sin a cos A = — sin 9 cos 
sin b x sin B 1 = sin 6 ; sin b x cos B x = cos 6 cos i 

in which 0 and i are supposed known. Then 

x x = r sin a sin (^4 -f co + v) \ 

y x = r sin 6 X sin (B x -f to + v) > .(101). 

z x = r sin (ta + v) sin i J 

76. The heliocentric equatorial co-ordinates of a 'planet. 

In Fig. 51 let TC be the equator on the celestial sphere. Con¬ 
sider the right-handed system of equatorial rectangular axes 
ST, SC and SQ , where C is the point on the equator 90° from T 

Q 


C 


Fig. 61. 

and Q is the north pole of the equator. Let (a:, y, z) be the 
co-ordinates of the planet referred to these axes. Now 

Brc = K Q = the obliquity of the ecliptic. The axes SC and 
SQ can be obtained from SB and SK by rotating the latter 






(104). 
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about ST through the angle *. Hence we obtain the following 
relations between [x, y, z) and [x x , y x , zj. 

x — x 1 \ 

y = jocose- ZjSincl .( 102 )- 

z = y x sin € + z x cos <?] 

Inserting the values of x 1 , 1/1 and z x given by (97), (98) and (99) 
we derive the expressions for y and , in terms of r and a, the 

elements 6, i and io, and e. f »i nwin{y . 

Define auxiliary angles b, B, c and C by the following. 

sin b sin B = sin 9 cos e; sin 6 cos B = cos 6 cos i cos c - sin i sin el 

sinc sin 0 = sin 8 sin e; sin c cos 0 = cos 6 cos . s,n e + sintcose 

Then we have £ = r B in a sin (4 + w + f) 

y = r sin b sin {B + a> + v) 

z = t sin c sin [0 + w + v), 

The convenience of these formulae is seen when the recUngular 

co-ordinates arc required for several a nd C have 

when the auxiliary quantities sin a si ^ ^ ^ known 

been computed by means ) J ^ th can be usc d in 

values of the elements 6, i a at, p or eacb 

(104) for determimng the wvera gV ^ ^ ^ true anomaly y 

described. deriving the co-ordinates ( x , y, z) 

An alternative method ot deriving 

is described in the following section. 

, •„/ coordinates of a -planet [alternative 

77. The heliocentric equatorial co oral j 

methcd )- . tes can be put in another 

The heliocentric equatoria nmr)U ters The first equation 

form* which is now favoured by computers, lhe 1 

of (104) can be written 

r . • / A , 4- r sin v [sin a cos ( A + w)J. 

x — r cos v [sin a sin [A + oj)\ -t- r v 

Put p x = einasin(A + oj) and Q x -sin a cos + 

• ^ 0/ * Brit. A air on. Aaeocialion, vc, P- « <* * " 
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Then P x = sin a sin A cos co -f sin a cos A sin to, 

which by (100) becomes 

P x = cos 9 cos to — sin 0 sin to cos i. 

Similarly, ^ _ _ cos q s i n oo - sin 0 cos to cos i. 

Now by (62), r cos v = a (cos E — e), and by (61), 

r sin v = 6 sin E, 

where E is the eccentric anomaly and 6 is the semi-minor axis of 
the orbit. We then have, adding the formulae for y and z which 
can be derived in a similar manner, 

x = aP x cos E + bQ x sin E - aeP x \ 

y = aP v cos E + IQ V sin E - aeP v \ .(104 a), 

z = aP 2 cos E + bQ t sin E - aePj 

where 

P x = cos 0 cos to — sin 6 sin to cos i 
Q x = — cos ^ sin to — sin 0 cos to cos i 

= (sin d cos to f- cos 9 sin to cos i) cos e - sin to sin i sin e 
Q v = (— sin 0 sin to -f cos 9 cos to cos i) cos € — cos to sin i sin e 

P, = sin to sin i cos € + (sin 9 cos to + cos 9 sin to cos t) sin e 

Q. = cos to sin i cos e — (sin 0 sin to — cos 9 cos to cos t) sin e 

.(1046). 

For each position of the planet, the eccentric anomaly E is 
calculated from the elements, supposed known. The quantities 
P £} etc., are also found from the elements. The co-ordinates 
(.r, y, z) can then be easily calculated from (104 a) for as many 
positions of the planet as are. desired. 

78. The heliocentric rectangular co-ordinates of the earth. 

In the case of the earth, the equations (104) assume a simple 
form as the inclination of the earth's orbit to the ecliptic is zero. 
Writing (.r', y' , z') for the heliocentric equatorial co-ordinates of 
the earth at any time t, we obtain easily the following formulae: 

X = r' cos (tf' -fa/ — v') | 

y' *= r' sin (O' + / + ■**') cos e 1 

z' = r sin {O' -f a/ v) sin 


(105), 
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in which dashes refer to the respective quantities associ ^'" t 'j 
the earth’s orbit. But (0’ + «) is the longttude of penhehon for 

the earth’s orbit ; denote it by w # . r * hen 


( 106 ). 


x = r' cos (ra' + v') 
y ' = r ' sin (ra' + v')cose 
z = r' sin {m' 4- v') sin 

The values of r' and «' can be calculated 

elements of the earth’s orbit; hence x,y,z can be obtain ch ^ 

( 10 ^ 6 ) 1 “Tatter! h tht corresponding vatues of etc are 

rsacaasss ^ 

and the co-ordinates derived by means of (101 a). 

79. The planet’s geocentric right ascension and declination. 

^-%srst * - 

illustrated in Fig. 51. Let A', 2 

denote the co-ordinates of the sun 

with reference to the axes <lia\wi 

through E. Then it is clear that 

X=-x\ Y =-!/'> 2 = - 2 ' 

.(107). 

X, Y and Z are the geocentric 
equatorial rectangular coordinates 
of the sun and are calculable by 
means of (106) as already indicated. ^ 

Their values are tabulated m the ^ 
almanacs foj every day throughout 

the year. t ; me 1 of the planet P 

Let {(, r {) denote the co-on s j n cc (a-, y. z) arc the 

with respect to E as origin (ftg- have 

co-ordinates of /> with respect to * “« • . _ 

I — x + x ; v = Y + y 1 s 

Consider in Fig. 53 the cult 

earth’s centre). The straig i ",k tance pp by p. Then p is the 
the sphere in if. Denote the distance > 



Fiii. 52. 
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geocentric distance of the planet at time t. Draw the meridian 
QRT intersecting the equator TC in T. Denote by a, 8 the 
geocentric right ascension and declination of the planet so that 
TT = a, TR = 8. Then 

|/p = cos PET = cos RET f 
or | = p cos RT . 

Similarly, r) = p cos RC, 

£ = p cos RQ. 


C 


Fig. 53. 

But formula A gives, for the triangle RTT (right-angled at T), 


cos RT = cos a cos 8 . 

Hence | = pcosacos 8 . 

Similarly, V = P sin a cos & .(109). 

| = p sin 8 

Hence from (104), (10S) and (109) we obtain 

p cos a cos 8 = X -f r sin a sin (A + io — v) .(110), 

p sin a cos 8 = Y + r sin b sin (B -f (t > 4 - v) .(Ill), 

psinS = Z + r sin c sin (G -f u> + p) .(112). 


These equations in the form stated were first given by Gauss. 
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Given the elements of the planet’s orbit, the right-hand sides 

of (110)-(112) can be calculated for any time f, as ? 

explained (X, Y and Z are taken from the NautuM Almanac). 

Thus dividing (111) by (110) we obtain 

Y + r sin b sin (B + to + v) , 
tJin a = £ + r sin a sin {A + co + v) * 

from which « can be derived. Similarly, ^ divjdmg b y 

modified by the correction for refraction and certain 

corrections to be discussed in later e mp <u- • p ] ane t in the 
We have thus indicated how the position of a planet i 

sky at any time can 

The converse problem—(Ac determinai . nll ,ervations—is one 

planetary orbit fr °™ an .^ e< ^"amount of astronomical litera- 
of much greater difficulty. - ■ subject is outside 

ture is devoted & tUe general 

the scope of this book. 1 - ni orbits from observa- 

principles of the , H c Plummer (Cambridge, 

tion, to Dynamical Astronomj y d Komelen by 

1918) or to Bahnbestimmunj der l laneten 

G. Stracke (Berlin, 1929). 

80. TVie orbital and synodic that thc orbital 

We have assumed through indicate how this period 

period of a planet is known am^ c ^ ^ ^ ^ th(J gimp i e case 

can be obtained from observ. • , to eo i nc ido with tile 

when the pallet’s orbital ]P o{ the eart |, and planet are 

plane of the ecliptic an 1 1 ^ (M8 Kgurei the planet con- 

assumed to be circular U g-■ ) forw hich the heliocentric 

sidered is taken to be an oule distance 0 f the earth, 

distance is greater than tl J ^ ^ ^ th<J p i anot be 
At some moment, lot tl ’ tjvel The eart h and planet are 

collinear as at S, E i and / , I . A viewed from the 

then said to be in oHheettMncomparison 

^h fhe'iTm — of the orbits concerned), the planets 
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position Pj will be diametrically opposite in the sky to the posi¬ 
tion of the sun; the planet is then said to be in opposition. If 
heliocentric conjunction occurred at a particular place—say, 
Greenwich—at apparent midnight (when the sun’s hour angle 
is 12 h )the planet would then be 
on the meridian of the place; 
this instant could be deter¬ 
mined accurately from obser 
vation of the planet with the 
meridian circle. This particular 
assumption, however, is un¬ 
likely to be realised in practice 
and so observations must be 
made on a few nights before 
and after the expected helio¬ 
centric conjunction. On each 
night the difference between F 'g- M - 

the right ascensions of the planet and the sun, at the moment of 
transit of the planet, can be determined; on some nights this 
difference will be a little less than 12 h and on other nights a little 
more than 12 h . By interpolation the instant at which the differ¬ 
ence is precisely 12 h can be derived. This gives the time of 
heliocentric conjunction. Let this time be denoted by 

Let t, be the time at which the earth and planet are next in 
heliocentric conjunction and let their respective positions be 
E 2 and P 2 . Since the planet is at a greater distance from the sun 
than the earth, by Kepler’s third law its mean angular velocity 
is less than that of the earth. Hence at the end of the interval 
(t 2 ~ M the earth has described 360° -f E 2 SE t or 2n -f <£, where 

4> = E,,SE 1 , and the planet has described the angle P 3 SP 1 or cf>. 
Let 7\, T denote the orbital periods of the earth and planet. 
Then their mean angular motions are 2 rrJT 1 and 2n/T respectively. 
Hence •>_ 

2 n + 4>= 7" (t, - /,), 

1 1 



and 

Hence, eliminating </», 

(A — 



(113). 
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The interval between two successive " 
longitude is called the synod,c period of he P^et, w 
denote by S. Hence 8 = - k and therefore, by (113), 

1_ 1 _ 1 

' S~ T T ’ 

Now, for the earth, T, is one 'year. Alsous 

orbital period T, in the 

same unit, as 


1 - 1 - 1 

T S’ 


or 


T = 


S 


S- 1 


(114). 


For an inner planet, the period T is given by 

6’' 


T = 


rrs” 


where S' is the corresponding synodicare evidently 

For the outer *■ synodic 

greater than one year. lor Mercuiy 

periods, found in this way, arc “ section with reference 
Owing to the the 

to the orbits of the earth and t p . imate; accurate 

t^^rom a more thorough study of the 
planetary orbits. 

81. The earth’s orbit. , g 0 . 01fl73!) and the longi . 

The eccentricity Of the earth uantities refer to the 

tude of perihelion is 101 4.» » . 1 

beginning of 1931. interval between two 

The sidereal y mr ™*f™* to tl * sarae point among the stars 

asvitwed from the sun. The sidereal year is 305-2504 mean solar 

days. 

82. The sun’s apparent orbit to consider 

J:3p^oKS i - orbit it appears to des f . 
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relative to the earth. The eccentricity is, of course, the same as 
that given in the previous section. 

The point of the orbit at which the sun is nearest the earth is 
perigee and the point most remote is apogee. As the direction of 
perihelion (as viewed from the sun) is exactly opposite to the 
direction of perigee (as viewed from the earth), it follows that 

= cjj -j- 180° .(115), 

where w denotes the longitude of perigee and tDj denotes the 
longitude of perihelion. 

It is clear that the sidereal year is the interval between two 
returns of the sun (moving in the apparent orbit) to the same 
point among the stars, as viewed from the earth. 

The tropical year is defined to be the interval between two 
successive passages of the sun through the vernal equinox. As 
we shall see in a later chapter, the vernal equinox is not a fixed 
point on the ecliptic, as we have hitherto assumed it to be, and 
consequently the tropical year differs somewhat in length from 
the sidereal year. The tropical year is 365-2422 mean solar days. 
When the term “year” is used without any qualifying adjective 
it is the tropical year that is referred to. 

Owing to the gravitational attraction of the planets on the 
earth, the elements of the earth’s orbit are not quite constant. 
In particular, the longitude of perihelion (or, by (115), the 
longitude of perigee) undergoes small changes. The interval 
between two successive passages of the earth, in its orbit, through 
perihelion—or the interval between two successive passages of 
the sun, in the apparent orbit, through perigee—is called the 
anomalistic year , which is 305-2596 mean solar days. 

83. The moon’s orbit. 

The formulae which we have derived for the motion of a planet 
around the sun are applicable to the motion of the moon around 
the earth. The moon’s orbit in space is defined with reference to 
the ecliptic as in the case of a planet and the appropriate figure, 
corresponding to Fig. 49, would be identical in character with the 
latter, with this exception, that the centre of the celestial sphere 
is now E (the earth) instead of S (the sun). The longitude of the 
moon’s node, the longitude of perigee (the point of the moon’s 
orbit nearest the earth—the furthest point is apogee) and the 
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inclination of the orbital plane are defined in the same way as 
in section 74. 

So far as the gravitational attraction of the earth alone is con¬ 
cerned, the moon’s orbit would be an ellipse; but owing to the 
gravitational influence of the sun and-to a lesser degree-of the 
planets, the elements of the orbit undergo considerable changes 
-perturbations -which have to be taken into account m many 
problems with which the moon is associated and, m particul , 
in the theory of precession and nutation, to be discussed u, 

C Th Ts^dical month is the interval between two sucee S sWe 
“new moons New moon occurs when the geocentnc ongitudes 
of the sun and moon are the same. The average value of the 

synodical month is 29-5306 mean solar days 

The sidereal month is defined to be the interval given by the 
moon's complete circuit of the stars as seen from the earth, 

mpan value is 27-3217 mean solar days. . . 

Owing t» II,. perturbations, th. ?'" 5 ” | 

. backward »«"«*"*W» I ” 1 ”' 1 

hetAveen two successive passages ui 

ascenTng node; its value is 27-2.22 mean solar days. 


exercises 

(Symbols used: £ = eccentric anomaly, 

o = semi-major axis of orbi . ^ _ mean anomaly.] 

e = eccentricity, 

t; =» true anomaly, 

. • • ™,nf the orbits of Mercury and Jupiter are 0-387 and 

1. If the Bcmi-mujor axes • period Ls 11*802 years, show that 

5 203 astronomical units and Jupiter a orbital peri 

Mercury’s orbital period is 0-2400 year. 

f 1 first satellite of Jupiter, calculate tho mass of 

2. Neglecting the mans offollowing data: 
this planet in terms of that of the tariu iru 
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Period of first satellite: l d lS h 28 m . 

Mean distance of first satellite from Jupiter’s centre: 267,000 miles. 

Radius of the earth: 3960 miles. 

Acceleration of gravity at earth’s surface: 32-2 feet per second per second. 

[Lond. 1926.] 

3. The orbital period of Jupiter is 4333 mean solar days and Jupiter’s mass is 

1/1048 tiiues the sun’s mass. Show that the period of a small body, of negligible 
mass, moving in an elliptic orbit round the sun with the same major axis as that 
of Jupiter, is 4335^ days. [Lond. 1930.] 

4. If T is the orbital period of a planet, show that a small increase Ao in the 
semi-major axis a will produce an increase in the period. 

5. If V l and V 2 are the linear velocities of a planet at perihelion and aphelion 
respectively, prove that (1 _ c) Vl _ (1 + e) y % , 

6. If e = sin <f>, prove that 

tan ” =* tan (45° + $<f>) tan 4 E. 

7. If e = sin j>, show that, when powers of e above the second are neglected, 
the value of E satisfying Kepler’s equation is given by 

Pin E = sec tan 2y, 
tan x - tan (45° + k<f>) tan 4 Jf, 

tan E = sin J//(cos M — e). 
cos E — t 
1 - c cos E ’ 

(1 - e 2 )- sin E 


where 

and 


8. Prove that 


cos v = 


sin v 


1 — e cos E 


9. Prove that, if the fourth and higher powers of c arc neglected, 

c sin .1/ _ 1 / e sin .1/ , 3 

1-ccosJ/ 2\l-ecos Mj 

is a solution of Kepler's equation. [f?a//.] 

10. The relevant elements of an orbit are as follows: t — 0-961733, 
T (period) — 760S5 years; time of perihelion passage, 1910 May 24. If 
E ~ 10I o, 3 is an approximate solution of Kepler’s equation when M = 47°-3 
and c = 0-96, show that the value of E for 1900 May 24 is 101’ 20’ 33"-l. [Ball.] 

11. A comet deserilnxs a hyperbolic orbit around the sun; prove that the 

velocitv V is given bv 9 i\ 

r* = (' + V 

V r a) 

If its minimum heliocentric distance is k astronomical units and its maximum 
linear velocity / times the earth’s velocity, show that the angle between the 
asy mptotes of tho hyperbola is 


2 sin -1 ( 


i H- - 1 


[Edin. 1921.] 
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12. If ^ is the angle between the direction of a planet’s motion and the 
direction perpendicular to the radius vector, prove that 

e sin E 

13 A planet moves in an orbit inclined at a small angle i to the ecliptic; 
showthaMf its declination is a maximum either the motion in-latitude^vamsh 
or the longitude is approximately 90 + . cot « sin *, where « » the longitude 
of the ascending node and c is the obliquity of the ecliptic. 

14. The mean distance of Venus from the sun is 0 /2 of that of^tho eartl 

Determine the greatest altitude at which 

orbit in the plane of the ecliptic, can be visible after sunset yv ^ 

and the time of year at which this may occur. 

15 If <A„ ft), (A,. ft) and (A,, ft) are the heliocentric longitudes and latitude, 
of a planet at three different points of its orbit, prove the 

tanftsinfA,—A,) + tanftsin(A s -A,) + tanft..n(A I A,) 0. 

16. Prove that the equation of theeentre is given in terms of the true anomaly 

* by th ° MPreSSi ° Q . , « 2A P ((P + 1) ~ si „ pr, 

l}-) -p(T+ A*) 

, 1 , -i/rZTT^) e being the eccentricity of the orbit, 

where A - e/(l + VI e ), 9 of tho wntro occurs approx.- 

17. The perihelion distance of a t LT!heTmrt moves 

£ - (measured in years, is -he interval during which 

the comet is within tho earth s orbit, 

t = } (l + 2a) (2 - 2a)*. 

A* 

. ,, , _ . iro tl„- radii veetores of two points C and 

18. ( Euler's Theorem.) I ran 1 . that the time in the 

0 x in a parabolic orbit and if k the distance o „ I 

orbit between C and C, is _ ». 3, 

- (^j f • 

where T 0 is the length of the sidereal year and a is the “'".-major 

earth’s orbit. r nre the radii veetores of two points C 

19. ( Lambert's Theorem.) H r an J , required by the planet 
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84. Sidereal time. 

In Chapter n we briefly discussed the subject of time and now 
it is necessary to consider the problem in greater detail. Sidereal 
time at any instant at a given place is the hour angle of the 
vernal equinox. Now in Chapter 11 we regarded the ecliptic and 
celestial equator as fixed great circles on the celestial sphere, so 
that the vernal equinox was also regarded as a fixed point whose 
direction, for convenience, we might visualise as that of a par¬ 
ticular star. Rut owing to the phenomena of precession and 
nutation the celestial equator can no longer be regarded as a 
fixed great circle and, consequently, the vernal equinox must be 
treated as a point on the celestial sphere moving slowly, ac¬ 
cording to well-ascertained laws, with reference to the back¬ 
ground of the stars. 

Precession and nutation will be fully considered in Chapter x 
but for our present purpose we shall assume certain results. In 
our discussion of sidereal 
time it will be sufficient to 
regard the ecliptic as a fixed 
great, circle. Owing to pre¬ 
cession, the north celestial 
pole P (defined bv the di¬ 
rection of the earth’s axis) 
describes a small circle 
around the pole 1\ of the 
ecliptic in a period of about 
25,000 years (Fig. 55). At 
present the north celestial 
pole P is a little over 1° 
from the second magnitude 
stare Vrsae Minoris (Polaris 
or the pole-star), but their 
relative positions arc altering from day to day and from year to 


P 
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year. Two thousand years ago the pole 1 ’ was 12 from Polar 
and 12,000 years hence it will be within a few degrees otethe first 
magnitude star Vega. It is the direction of the earth axithat 
is altering continuously with reference to the background of 

St M 8 ' cAAor Via *5 in which P is the north celestial pole, 

Now consider g. > (denoted by 1000-0) and P 1 its 

say, at the beginning of 1900 (cienoua ^ , 

... i .PP is the arc of a small circle ot \imen 

position one year later. r“i 1S 1,1 ,i;_ „ + ~ 

K is the Dole FTG is the celestial equator correspondi g 

to the position P x of the pole. T ^ ^ l ape called the 

and r, the verna «q ul “ x for tion and the corresponding 
mean equinoxes at the dates mi mp that 

celestial equators are called the MM uniformly 

Zltt: SSt r^and that j = 
“us return to our 

simplicity that there .s a star^ 1 ^ ^ djrcction The sidereal 

assume for the moment to b - , r w or the hour 

time would then be <lefined as the tho earth is then 

angle of the star, and the pen successive transits D f this star 

simply the interval betweei articu i ar observatory. But 

(or of T) across the meridian i ^ ^ movinR equinox , 

when we define siderealI tune ^ p( , riod t0 be the 

we can no longer regard th itg of t he equinox. In 

interval between two success ' through T x perpen- 

dicularly to the equator the eqllir ,ox T for 

date is separating, in r ‘<? h ,, rC . But from the small 

1900-0 at the annual rate measur y 

triangle TCT X , rC = TV X cos e, 

where e is the obliquity of the ecliptic. Hence 

'PC = 50"*2 cos €, 

. i ^( * m 0 *> 7 ') we easily find that, in time 
and inserting the value of {-■ > inrigh tascension, from 

measure! the mean equinox I 
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T at the rate of 0 s -008 per sidereal day. Now the direction of 
motion of the equinox is westwards in the sky—opposite to that 
in which right ascension increases—and it follows that the 
interval between two successive transits of the moving equinox 
over any meridian is 0 8, 008 less than the interval given by a 
fixed equinox or star. The first interval is a sidereal day (defined 
with reference to the moving equinox) and the second interval 
is the rotational period of the earth. 

Owing to nutation, the true equator at any instant is slightly 
different from the mean equator at that instant. Consequently 
the true equinox is displaced slightly along the ecliptic relative 
to the mean equinox; these small displacements are periodic in 
character, the period being about 18 years. The difference in 
right ascension between the true equinox at any instant and the 
mean equinox at that instant is evidently periodic in character 
also and may amount numerically to l 8 -2. 

We define uniform sidereal time to be associated with the 
moving mean equinox (precession only being involved) and true 
sidereal time to be associated with the true equinox. As the 
motion of the true equinox along the ecliptic can be regarded as 
compounded of (a) the uniform motion due to precession (50"-2 
per annum), and (/>) the small oscillatory motion, with respect to 
the mean equinox, due to nutation, it is evident that the interval 
between two successive transits of the true equinox over a 
meridian will differ from the interval between two successive • 
transits of the mean equinox by a small amount which is periodic 
in character. But the differences from day to day are so small 
that in practice, generally, the sidereal day is taken to mean the 
interval between two successive transits of the mean equinox. 
As we have seen, the adopted sidereal day is 0 s -00S shorter than 
the earth’s rotational period. Sidereal clocks are regulated 
according to uniform sidereal time. 

When a star's position is observed at any instant, that position 
is referred to the true equator and equinox at that instant. For 
example, when the transit of a star is observed. the star’s right 
ascension is the true sidereal time of transit; or if we suppose 
that the right ascension is known (referred to the true equator) 
we obtain the true sidereal time at the moment of transit. This, 
however, will not be the time shown by the sidereal clock, which, 
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as we have said, is regulated (we assume, correctly) to keep 

uniform sidereal time; the difference u.the smaleffec dret 
nutation. The magnitude of this quantity which ^ “. pncc p 
period of 18 years, can be derived from other considerations^ 
it is tabulated for every day in the almanacs unde, the heading 

“nutation in r.a.” in the sense: 

True sid. time = uniform sid. time + nutation u, R.A. ...(!)■ 

For example, at 1931 October l o.o* » the nutation m - 

is -0»-130 and on November 1 it is .unOOonerdav 

increase of 0 8 -015 in a month or, on the averag , • P • 

approximately. This last small quantity represents the^y 

difference during October between a si er 

a clock keeping uniform sidereal 

defined by the true equinox, even small to be 

and observations this 

detected within an interval of • concerned that nutation 

when comparatively long interv “ * ‘ exainp i 0> suppose we have 

has to be taken mto account. accurately. Then on 

a clock keeping uniform sidere 1 t ^ ^ ^ by 

October 1 the clock ^ fast ; y * ;. 151 Suppose further that 

0-136; on November 1 it» is determined accurately, 

on these dates the true side c£ f ect of nutation is to 

Then during the interval ®°" . rate ” of 0 » 015 per month. 

give the clock an apparent g 6 clocUs arc such that this 
The performances of the modem SWortt b i em of 

minute “rate” cannot be neglected in the P 

the measurement of time. 

85 .The mean sun Drec ession and nutation, thus 

We shall begin by uinox r and the equator 

assuming for the present ■ direction of the sun as seen 

FTO are fixed (Fig. 56 . ^ ^“ lle earth. Since the sun 
from the earth when the si tho ea rth in the course 

appears to describe an clhpse J . Let n deno te the mean 

of a year, A is the dnccti .. inDaren t orbit around the earth, 

angular velocity of the sun m ^ here is at A, suppose 

When the sun s position on ^ „; oV e along the ecliptic 

a fictitious body to start ro When the sun reaches the 

with the mean angular velocity a. When 
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point S on the ecliptic we shall suppose the fictitious body to be 
at M x . If t and r are the times corresponding to the position of 
the sun at S and at A respec¬ 
tively, the arc AM X is the mean 
anomaly M which is given by 

M = n (t — r) ...(2). 

When the fictitious body is 
at7’(attimer 1 ) suppose a second 
fictitious body, which we call 
the mean sun, to start from T 
and to move along the equator 
with the sun’s mean angular 
velocity n. When the first ficti¬ 
tious body is at M x , the mean 
sun is at M, so that TM X = TM. 

But TM X is the sun’s mean longi- 



Fig. 50. 


tude l and TM is the right ascension of the mean sun (r.a.m.S.); 
* ience R.A.M.S. = l = n (t — r x ) .(3). 


It is evident that according to this equation the r.a.m.S. in¬ 
creases at a uniform rate. 

When the movements of the equator and equinox due to 
precession and nutation are taken into account, the mean sun is 
defined to travel along the true equator (which is itself in motion) 
so that its true right ascension at any moment is equal to the 
sun’s mean longitude. Owing to the non-uniform motion of the 
true equinox along the ecliptic due to nutation, it is evident that 
the right ascension of the mean sun (r.a.m.S.) is not quite a 
uniformly increasing quantity, but in many problems the minute 
fluctuations concerned may be disregarded; they are, however, 
included in the tabulated values of the r.a.m.S. in the almanacs. 

As in Chapter ii we define a mean solar day to be the interval 
between two consecutive transits of the mean sun over an 
observer’s meridian. 

Now the true sidereal time at any instant at a given place is 
the hour angle of the true equinox and, as in Chapter ii (denoting 
the hour angle of the mean sun by ii.a.m.s. at the instant con¬ 
cerned), we have 


True sid. time = h.a.m.s. -f- r.a.m.S. 
The mean sun is the basis of civil time reckoning. 
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We have also, for a star X, 

True sid. time = h a. X + R.a. X . (•>)> 

where r.a.Z denotes the right ascension of the star referred to 
the true equinox and equator at the particular instant under 
consideration. From (4) and (5), 

H.A. X + R.A. X = II.A.M.S. + R.A.M.S. .(6), 

or H.A. X -f- R.A. X = (G.C.T. - 12» ± A) + R.A.M.S. ...(7), 

where A is the longitude of the observer, + for east longitudes 
and - for west longitudes. Formula (7) enables us to calculate 
for example, a star’s hour angle when its r.a., the longitude ot 
the observer and the G.C.T. of the observation are all known. 
We remind the reader that, on any day, 

R.A.M.S. at G.C.T. 0 U 

= the tabulated sidereal time at G.C.T. 0" for that day 
— 12 h (see Chapter 11 , p. 40). 

86. The sidereal year and the tropical year. 

The time required by the sun to make a complete circuit of 
the ecliptic is called a sidereal year, 'thus, it is the interv 
between its passage through any fixed point on the ecliptic ai 

its next passage through the same point. 

The tropical year is the average interval between two constcu- 

five passages of the sun through the vernal equinox (which must 
now be regarded as in motion owing to precession and nutation). 
When the mean of a large number of such intervals is taken, the 
periodic effects due to nutation will be eliminated and the 
average value is the tropical year. Thus we need only consider 
the motion of the mean equinox due to precession. In 1-g 
p. 130, we shall now suppose that T is the mean eqmnox wh 
the sun's R.A. and declination arc both zero—the sun s tlie 11 
the direction of T. As the sun moves along the ecliptic 
direction Til, the mean equinox moves slowly in the opposite 
direction. Let T 1 denote the position of the mean equinox hen 
it and the sun are again coincident. Then the tropical year is the 
time taken by the sun to describe 360" less T,T. l'rom observa- 

tions it is found that 

The tropical year = 365-2422 mean solar days. 
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The relation between the tropical and sidereal years is evidently 
given by 

Sid. year: trop. year = 360° : (360° — 50"*2) 

(the precessional motion of the equinox, i.e. TT lt is 50"-2 per 
tropical year). It is then found that 

The sidereal year = 365-2564 mean solar days. 

For civil purposes and in most astronomical relations the 
tropical year is used, and when we employ the term “year” in 
succeeding pages it is the tropical year that is implied. 

87. Relation between mean and sidereal time . 

We have defined a tropical year as the average interval 
between two successive passages of the sun through the moving 
mean equinox, and it is evident that this interval is the same as 
that between two successive passages of the mean sun through 
the mean equinox, nutation being ignored. Hence in the course 
of a tropical year the r.a.m.s. increases from 0° to 360°, so that 
the increase in the r.a.m.s. is at the rate of 360° 4- 365-2422 or 
59' 8”-33 per mean solar day. Let t x denote the sidereal time 
when the hour angle of the mean sun at a given place is H x and 
let R x denote the corresponding value of the r.a.m.s. Then by (4), 

tr\ = H x -f R x .(8). 

Let t 2 be the sidereal time one mean solar day later. Then the 
hour angle of the mean sun has increased by 360° and the 
r.a.m.s. by 59' 8"-33, or in time measure by 24 h and 3 m 56 9 -556 
respectively. Hence 

t 2 = (H x + 24h) + {R x + 3 m 56 8 -556) .(9), 

so that, by (S), ^ - t x = 24» 3 m 56 8 -556. 

But to — /, is the interval of sidereal time corresponding to 24 h of 
mean solar time. Hence 

24 h mean solar time = 24 h 3 ra 56 8 -556 sid. time ...(10). 

It is easily calculated from (10) that 

24 b sid. time = (24 h — 3 m 55 8 -9l0) mean solar time ...(11). 

The relation (10) may also be derived from the following con¬ 
sideration. At a particular instant the mean sun and the mean 
equinox are coincident and after a tropical year they are together 
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again. In this interval, the earth has rotated about its axis 
365-2422 times with respect to the mean sun and once mor 
respect to the mean equinox. Hence 

368-2422 mean solar days = 366-2422 sidereal days -(12). 

from which 

24 h mean solar time = (1 + 3(55-2422) ^ 

V .(13). 

This last relation is evidently the same as (10). 

To facilitate the conversion of any interval of me 
its equivalent, expressed in sidereal time, anc u ’ 

following tables are given; the entries are easily derived from 

(10) and (11). 

Table I. Conversion of mean time into sidereal time 

24 b mean solar tune = (24- + 3- 56-5B6)I sid. tune 

= ( l h + 9 5 -85U5) 

• " " =/ l«n+ 0 s -1043) 

| ” ” =( 1" + 0-0027) 

I ■ •• *• ' 


99 


99 


99 


Table II. Conversion of sidereal time into mean time 

24> sid. time = <24» - 3» 55-910) mean solar tune 
, h =( 1- - 0 s -820(») 

m ;; =(1-- 0-1G38) 

J. ” =( 1* - 0-0027) 


99 




• » 


99 


99 


»» 


In the almanacs there arc more extensive tables which 

facilitate the problem of time-conversion. 

Example 1. To find the sidereal time at Greenwich on 

SiKrt-d by means of Table I this can be 
expressed l sidereal time (taking t.ic hours, minutes, seconds 
separately) as follows: 


Mean solar time 
8 h 
47 rn 

38* 


Sidereal time 
gb + 8 x 9*-8505 or 8- + l m 18-85 

47 m + 47 x 0-1043 or 47 m + 7"-72 

38 . + 38 x 0-0027 or 38- + 0-10 

0«-52 t- 0-00 


0-52 = 

The sum of the quantities on the right is 

8 b 47“ 38 , -52 + 1“ 20«07 or 8* 40™ o>19. 
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Hence the interval of 8 h 47 m 38 B -52 mean solar time is equivalent 
to 8 h 49 ra 5 a -19 sidereal time. 

But at q.c.t. 0 h the sidereal time is 10 h ll m 37 B -67. Hence at 
o.c.t. 8 h 47 m 38 B -52 the sidereal time is 19 h 0 m 42 B -86. 

Example 2. To find the g.c.t. on 1931 April 5 when the 
Greenwich sidereal time is 18 h 31 m 52 a -38. 

From the almanac, the sidereal time at g.c.t. 0 h on April 5 is 
12 h 49 m 19 B -83, which subtracted from 18 h 31 m 52 B -38 gives the 
sidereal interval concerned. This interval is thus 5 h 42 m 32 B -55 
sidereal time. We use Table II as follows: 


Siderenl time 


5»> 


5 h 

- 5 

42“ 

- 

42 m 

- 42 

32" 

— 

32* 

- 32 


0"-5o 


Mean solar time 

x 9*-8296 = 5 h - 49*-15 
x 0*-163S = 42 m - 6*-88 
x 0 s -0027 = 32* - 0* 09 

= 0*-55 — 0"-00 


The sum of the quantities on the right is 

5 b 42 m 32 B -55 - 56 a -12 or 5 h 41 m 36 a -43. 

Hence when the Greenwich sidereal time is as stated in the 
problem, the g.c.t. is 5 h 41 m 36 B -43. 

Tlie computations can be considerably curtailed by means of 
the special tables in the almanacs already mentioned. 


88. The calendar. 

We have already mentioned that the tropical year is the unit 
on which civil reckoning is based. For obvious reasons, the civil 
year contains an integral number of mean solar days and, as we 
have seen, the tropical year is equal to 365-2422 mean solar days. 

In the Julian calendar, introduced by Julius Caesar, the 
tropical year was taken to be 305] days; three years out of 
every four were each given 365 days while the fourth—called 
a leap-year —was given 366 days. The leap-year was chosen to 
be that one which was divisible by 4 and the extra day was added 
to February. Thus, according to the Julian rule, the years 1928 
J'.i32, 1936, etc., are all leap-j-ears in each February of which 
there are 29 days. If the assumed length of the tropical year had 
iw cr. accurate, then there would have been an exact accordance 
between cycles of four tropical years and cycles of four civil 
years. 
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In 1582, Pope Gregory introduced the calendar now in use; 
it was not, however, till 1752 that it was adopted in Enghsh 
speaking countries. The Gregorian calendar mteoduces th 
necessary correction, based on the accurate value of the tropical 
year, to the Julian system. According to the Julian system, he 
years 1700, 1800, 1900 and 2000 would all be leap-years, in the 
Gregorian calendar only 2000 is defined to be a le »P-y e “^* 
rule being that, when a year ends in two noughts 
leap-year unless it is divisible by 400. In a cycle of 400 years 

there are 100 leap-years according to the Juhan calendar and 

3 less, or 97, in the Gregorian calendar. Hence, according to the 
Gregorian calendar, 

400 civil years = (400 x 365 + 97) mean solar days, 

from which the average civil year is M*-2425 m« sola,-day. 
This is so near the value of the tropical year that no apprecu 
discrepancy can arise for many centuries. can 

There is one small matter relating to the civi ) 

conveniently consider here. The first day in 

to civil usage, denoted January 1 and an event tha ha IP n say ^ 

6 am, at Greenwich on ^—‘^^occurs 1-25 dayi 

after an epoch, which is denoted -—ally byJam 

which, in effect, is the midnigl ^ ‘ , 931 Dec . embe r 31, 

cember 31. Thus the ujstan g y o a. 7 5. A similar pro- 

18 h 0 m g.o.t. can be written as 1. j- 
cedure is applicable to the other months. 

89 . The Besaelian year. , . . ... 

We have defined the length of Urn to 

instant, according to ci\il re define the be- 

—or the sun’s mean longitud civil yea r. The year 

instant falls near the beginning j ian ye ar, after the 

defined in this way into astro- 

German astronomer Bess of thc Resselian year in 1931 

nomical practice. Thus the g nwicli) or 1931 January 1, 

is 1931 Jan. l d -322 (civil time at Greemvi ) 
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7 h 43 m *68 o.c.T. According to Washington civil time this instant 
is Jan. 1 d * 108, the difference of 0 d *214 or 5 h 8 m *16 being simply 
the difference of longitude between Washington and Greenwich. 
The beginning of the next Besselian year is clearly obtained by 
adding 365*242 days. Hence in 1932, the beginning of the 
Besselian year is 1932 Jan. l d *564 g.c.t. or 1932 Jan. l d *350 
(Washington Civil Time). 

It is the general practice to denote the beginning of any Besselian 
year by the notation 1931*0, 1932*0, 1933*0, etc. 

The year defined in this way is used in calculations and ob¬ 
servations relating to the heavenly bodies. For example, if the 
r.a. and declination of a star are observed at a particular instant, 
the co-ordinates refer to the actual or true equinox and equator 
at that instant. By means of certain principles which we shall 
elaborate in Chapter x, the star’s position can be deduced with 
respect to t he mean equinox and equator at the beginning of the 
Besselian year. Thus for example, the positions of stars observed 
at different dates during 1931 can all be referred to the mean 
equinox and equator for 1931*0 and by a further process to some 
standard equinox such as that for 1900*0 or 1950*0. 

90. The Julian date. 

In certain observations (such as observations of variable stars) 
if is found convenient to express the instant of observation as 
so many days and fraction of a day after a definite fundamental 
epoch. The epoch chosen is mean noon on January 1 of the year 
4713 b.c., and for any given date the number of days which have 
elapsed since this epoch defines the Julian date (j.d.) of the date in 
question. For example, for mean noon 1931 January 1, the Julian 
date is denoted by j.d. 2420343; the time of an observation made 
say on 1931 January 3, 18 h o.c.T. (that is 6 hours after mean noon 
on January 3) is denoted by j.d. 2426345*25. It is essential to 
remember 1 hat t he J ulian day is measured from mean noon. In 
the almanacs the Julian date is given for every day in the year, 
and there are also tables which enable the astronomer to find 
the Julian date for any day in any year. 

91. The equation of time. 

As in Chapter n (p. 43) the equation of time (E) is defined by 

E = H.a. ® — H.A.M.s. . II 4b 
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in which h. a. ® denotes the hour angle of the sun andH^.^s.to 

hour angle of the mean sun at a given time and place. \\ e have also 
Sid. time = h.a. © + u. © = h.a.m.s. + R.a.m.s . ’ 

But the R.A.M.S. is defined to be the sun s mean longitude an 

if a denotes the sun’s R.A., we have 

E = l — a .( 17) * 

where it is tabulated as r.a.m.s. elements 

We now show how E can be expressed in terms of the elem 

of the orbit and of the time. . if , t u e ear th as 

In Fig. 57 the celestial sphere is drawn with the eartn 

centre. Relative to the earth, p 

the sun will appear to describe 
an elliptic orbit lying in the 
plane of the ecliptic. I he prin 
ciples and formulae of Chapter v 
apply to the sun’s apparent 

orbit around the earth. I 

Let © denote the sun’s true , —- M 

longitude at a given instant \ / 
the direction of the sun defining 
the point S on the ecliptic, then 
the arc TS=®. We can write 

E = (® - a) - (® - l ) Fig. 57. 

^ _ mm, pi, the arc .d<S> is the sun s 

I„ Fig. 67 let a denote ££■ & ^ 

true anomaly v. Let M x nd mo ving in the ecliptic 

coinciding with the true sun p AM x \s the 

with the sun’s mean angular motion n then 

mean anomaly M and the arc »/,« 1 llu8 > 

@ = rs - Til, 

■ -AS-AM,, . 

® E = - (a - ®) - (® - . (20) ' 


that is 
Hence 


IO-2 
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The equation of time thus consists of two parts: (1) the quantity 
(a — ©) called the reduction to the equator , and (2) the quantity 
(v — M) which is the equation of the centre discussed in section 73. 

We first express the quantity (® — a) in the form of a series. 
From the right-angled triangle TSD (PSD is the meridian 
through S) in which 

rs = ©, TD = a, STD = e and SDT = 90°, 
we have by the four-parts formula D 

cos a cos e = sin a cot ®, 
or tan a = cos e tan ©, 

which can be written 

1 - tan 2 1 

tan a =- tan ® .(21). 

1 -f tan 2 - 

w 


Since e is about 23J°, tan 2 * is approximately 1/25. Write y for 


tan 2 ; then 


1 — y 

tan a = -— tan © 
1 + y 


( 22 ), 


in which we regard y as a small quantity. 

(22) is essentially of the same form as formula (82) of Chapter V, 
p. 118, which is given in the form of a series by (S3), p. 119. 

v E 

Hence writing y for — x in (83) and a for ^ and © for ^ , we have 

® - a = y sin 2® - \ y -sin 4® -f sin 6®.(23). 

In this formula, @ and a are expressed in circular measure. 
Expressing the difference (® - a) in seconds of time we obtain 

® _ a = coscc I s ly sill 2 ® - \ y 2 sin 4 ® ...]. 

Now cosec 1« = 200205/15 and y ( = tan 2 Q = 0-0430687, using 

the value 2.T 20' 54' for the obliquity e in 1931. We then 
obtain 

® - « = ■'''-’'•24 sin 2 © - 12 s -75 sin 4 ® -f- 0*-36 sin 6 ® 

.(24). 

F. i nmle (21) gives the part of the equation of time, depending 

on the obliquity of the ecliptic, expressed as a series involving 
the sun's true longitude ®. 
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We now consider the part of the 
on the eccentricity, that is, the equation of thecentre- QuoU 
formula (87) of Chapter V we write, keeping only terms up to , 

„ _ Jf = ® — J = 2esin + Je ! sin 2.3/ .(2-)- 

Expressing (. - Jf) in seconds of time and using the value of 

e for 1931-0, namely 0-0107381, we find 

v _ M = 460 s -33 sin M + 4*-82 sin 1M . W- 

Now the right-hand side of (23) is expre.cd in tmmis of^, 
the sun's true longitude, which by (~ ) * e 
mean anomaly JTJby .....•(«>• 

We substitute the value of ® given by (27J on tl.e nght han 

side of (23). As we have pointed out 1, the same 

about 1/60; regarding y and e as snm q nd order 

order of smallness and tepnfM ™ 8 t ^ accur acy indicated 
in the value of © — a, we can 

sin 2 ® = sin (2 1 + 4e sin 3/) 

_ g j n 2 1 + 4c sin M cos 2 1 

, , , lint Of sin 2© up to the first order only, 

(we require the development Simil-irlv we have, with 

since in (23) sin 2 © is multiplied by y). Similarly 

the lim itations imposed, 

sin 4® = sin 4 1. m 

Hence (23, becomes-up to the second order- ^ _ 

® — a = y sin 2/ + 4 cy s.n M co i ^ ^ 

Combining (28) with (25) we have, fo. the 1 

E - y sin 2! — 2e sin 3/ + 4ey sin 3/cos J ^ ^ ^ ^ (29) 

Inserting the numerical values of y anil e, we ^ 

E = 592-2 sin 2 1 - 40°-3^in ’ 8 ™ g ^ m (30) 

Now in Fig. 57, the mean anomaly 3/ is the arc AM , which is 
equal to AT + TM Xt so that ^ ^ ^ 

Also, if m denotes the longitude of perigee, v e have vj 3 
Hence M = 360° + (l - °>) 
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In the formula (30) we can thus write (l — w) for M on the right- 
hand side. For 1931 the value of w is 281° 45' 14". After some 
reduction, we then obtain 

E = - 97 8 *S sin l - 431 8 -3 cos l + 596 8 -6 sin 2 1 - l 8 -9 cos 21 

+ 4 8 -0 sin 3 1 + 19 9 -3 cos 3 1 - 12 8 -7 sin 4 1 ...(32). 
Up to the order of approximation adopted, this formula gives 
the equation of time in terms of the sun’s mean longitude. 

Let f 0 be the time when the sun’s mean longitude is zero. If 
n is the sun’s mean angular motion, the mean longitude l at any 
time t is given by l = n (t - t 0 ). 

Thus the equation of time can be expressed in terms of the time 
and the constants associated with the sun’s apparent orbit. 

92. The seasons. 

Consider t he apparent path of the sun during the year (Fig. 58). 
The earth E is the centre of the celestial sphere and relative to E 
the sun appears to describe the great circle CTAB on the sphere 
—the ecliptic—which in¬ 
tersects t he celest ial equa¬ 
tor in t he two points T’and 
B, the vernal and autum¬ 
nal equinoxes (sometimes 
called the First Point of 
Aries and the First Point 
of Libra respectively). P 
is the north pole of the 
equator. The sun’s decli¬ 
nation increases from 0° 
at T (about March 21) to 
a maximum of 23° 27' at 
A (about June 21). The Fig. 58. 

point A is called the summer solstice. Similarly, the point C 
where the sun (about December 21) has its greatest southerly 
declination (— 23 27 ) is called the winter solstice. 

Astronomically, the four parts of the year, or seasons, during 
which the sun is successively in the quadrants TA, AB, BC and 
CT are called, spring, summer, autumn and winter respectively. 
As these terms are used rather loosely in ordinary speech, we 
shall consider them only in their astronomical significance. 
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The general characteristics of the seasons at any place depend 
on the relative amounts of heat received from the sun from day 

to day. The two astronomical factors are (a) the ( '“th! 

which the sun is above the horizon on any day, and (6) the 

general sequence of altitudes which the sun a pp 

Lerval. It is convenient to use the sun s altrtude or zemth 

dlS Re°racti t on^ing I neglected S , thTnumber of hours dming winch 

t s os- z&ss: sws.*• 

cos Ii = — tan <j> tan 8 .< 33) '_ 

where <f> is the latitude of th P ^ ^ northcrn latitudes // 

If the declination 8 is positive, is above the 

lies between 6 h and 12»‘ anc tun o xiiis occurs 

horizon for more than 12 hours out^of the 24. ^ ^ f ^ 

between March 21 (approxim )» , - sat j 5 Thus as far 

September 21 (approximately), when March 2 1 

» M is concerned, the days — » -nnthfrc^ + ^ ; 

to June 21 corresponding t negative, then in 

from the latter date a decrease ensue. If 3 » ^ ^ 

northern latitudes the hour g horizon for less than 

6., and consequently the and winter. The 
12 h ; this refers to the two . when the sun 

minimum number of hours o dajhgM ^ ^ ^ the ^ lter 

attains its greatest “ >uth * r ^ casily soe n that the number of 

hours of daylight increases from December 

decreases from June 21 to cll noon on any day is 

The sun’s zenith distance z at appar . (34) 

given bv z == ^ 

B J nrir fi> latitude lies between 

It is clear that at any P ,a ?* "' ith (or pra cticaUy so) twice 
0" and 23” 27', the sun is in the zemt Maroh 2 , and 

during spring and « uin,11 ^’ 0 ‘ 97 ' # t | ie sun is in the zenith 

September 21. lor latitude -3 - q£ laUtudo (23° 27' N) 

only on June 21. Thu northe nding 80 utl. parallel 

is called the Trope of Cone f'-f andfor places between tins 
(23° 27' S) is the 1 rope of Ca, the zenith twice during 

parallel and the equator, the sun 
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the interval between September 21 and March 21. The zone of 
the earth’s surface bounded by the Tropics of Cancer and 
Capricorn is the Torrid Zone. The parallels of latitude 66° 33' N 
and 66° 33' S are called the Arctic Circle and Antarctic Circle 
respect!vety. The zone between the parallels of 23° 27' N and 
66° 33' N is called the North Temperate Zone, and the corre¬ 
sponding zone in the southern hemisphere is the South Temperate 
Zone. 

From (33), it is seen that when <j> = 6C° 33' N and 8 = + 23° 27', 
the hour angle of setting is 12 h ; that is to saj 7 , at the Arctic Circle 
on June 21 the sun is above the horizon during the whole 
24 hours. In latitude 70°, for example, the sun is above the 
horizon continuously—by (33)—during the period for which 
the sun’s declination is between + 20° and + 23° 27', that is to 
say (referring to the almanac for 1931), between May 22 and 
July 24. At the north pole the sun is above the horizon con¬ 
tinuously between March 21 and September 21 and below the 
horizon for the remainder of the year. 

Summarising for the northern hemisphere, we have these 
characteristics of the seasons. During spring, the number of 
hours of daylight increases from 12 hours at March 21 until 
June 21 when the maximum is reached; this maximum can be 
24 hours on particular days for places on or north of the Arctic 
Circle; during spring, the sun’s altitude at noon increases, for 
places north of the Tropic of Cancer, and reaches a maximum 
on June 21; for places between the equator and the parallel of 
23 27 Js, it reaches a maximum of 90° on some date between 
March 21 and June 21. 

During summer, t lie number of hours of daylight decreases 
from the maximum on June 21 to 12 hours on September 21. 

During autumn, the number of hours of daylight decreases 
from 12 hours on September 21 to a minimum on December 21, 

and during this period the sun’s altitude at noon progressively 

decreases. J 

During winter, the number of hours of daylight increases from 

the minimum on December 21 to 12 hours on March 21 and 

during this season the sun’s altitude at noon progressively 
increases. J 

The relation between the seasons and the sun’s declination in 


153 


time 

U, hemisphere «» ...Ur l- “* 

rgzpzs*. ib. r » 

r “S ss?—••st «- 

l = © — 2e sin M 

or, using (31), J = © — 2e sin (l — ro) . 

As l is approximately equal to ®, we can replace l on the right 

of (35) by ® and then 

l = © _ 2e sin (® - o) .* 

n. b, 4, «. -* '• d r“ rrr' t 

at the beginning of spring, . ’ _ 0 therefore 

spectively At the beginning of spnng ® - 0, therelore 

l x = 2e sin ct . 1 

. _ _ on 0 or ™ in radian measure, 

At the beginning of summer, ® - JO oi 2 

hence / = 5— 2 ecostn . 

** 2 

7 _ cin ra .(39)» 

Similarly / 3 = tt - 2e sin id 

_ ??[ + 2e cos to . 

Let q,,, (, and «, denote th! instant, whenthe mean long.tude 
of the sun has the values k > h > l * and ‘ ‘ 

l 2 —l\ — 71 “ ^') . <41 \ 

if 7 _ f is expressed in 

where » is the mean an ^ lar “° j“ = 305-2422 mean solar days, 
mean solar day6,7i — 27r/i , 

Henee by (41)^ ^ ^ mean solar days .(42). 

But (t, - f,) is the number of mean S “ la ^^^"and (42), 
denote tbb interval by /, we have from (37), (3 ) 

/ _! ^ i 77 — 2e (sin + eos ra) ■ , 

~ 2tt (2 ] 

or 91-31 -f(sinw + cosw) .< 43 >' 
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Similarly if / 2 , / 3 and / 4 denote the number of mean solar days 
in summer, autumn and winter respectively, we obtain 

/ g = 91*31 — ~~ (sin td — cos to) .(44), 

L = 91-31 + — (sin w -f cos uj) .(45), 

3 7T 

I. = 91-31 + — (sin m - cos uj) .(46). 

7T 

Putting T = 365*2422, c = 0*01674, zo = 281° 45', we find that, 
for the northern hemisphere, 


Spring contains 

92 days 20*2 hours 

Summer ,, 

93 „ 14*4 „ 

Autumn ,, 

89 „ 18*7 „ 

Winter „ 

89 „ 0*5 „ 


93. Time of the sun's transit over any meridian. 

We shall conclude this chapter by considering two problems 
involving time. An example of the first problem is the following: . 
to calculate, to the nearest second, the. g.c.t. and standard time 
of the transit < >f t lie sun’s centre on 1031J anuary 4, at the Dominion 
Observatory, Victoria, B.C. of which the longitude is 8 b 13 m 40 8 W. 

From the 1031 almanac, we have the following: 

At g.c.t. 0 h , .Tan. 4, the equation of time (e.t.) is — 4 m 30 8 *7. 

„ „ Jan. 5, „ „ „ „ — 4 m 58 s * 1. 

When the sun’s centre is on the meridian of Victoria, the sun’s 
hour angle is 0 h , and therefore the hour angle of the sun at 
Greenwich at this instant is S h 13 m 40 s . Neglecting at first the 
equation of time, t lie approximate time of transit is g.c.t. 20 h 14 m 
January 4, and thus from the data concerning the equation of 


time given above we have, to the nearest minute, E.T. = — 5 m . 
But e.t. at any instant is given by 

E.T. = II.A. © — H.A.M.S. . (47). 

Hence, approximately, we can write 

— 5 ,u = S 11 13 m 40 s — h.a.m.s. (Greenwich), 


which gives h.a.m.s. at Greenwich = 8MS m 40 s . Hence the 
approximate g.c.t. of transit at Victoria is January 4, 20 h *3, 
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This O.C.T. is now sufficiently — -~d 

=is s “'■££•* -■«- — ; 

merically by X 27-4 or 23-2. Thu, at the m °™ 

transit, the E .T is-4.54s (to the nearest second). Insert g 

this value in (47), we obtain: 

H.A.M.S. at Greenwich = IS- 40 «+£* ■ 

Thus the o.c.t. of transit at Vl ® t ° r ‘ a “ ^ closer interpolation 

If we require greater "the o c T Jutt derived. 
for the equation of time wi “Pacific time corrc- 

The standard time kept at V ic < standard time 

spending to the meridian of 8* vest. Hcnc ^ (pacific 

of the sun’s transit at Victoria on January 
time). 

94. Time of the moon's transit over any we shaU and 

This is the second problem and. .M - ; it at victor ia 

the O.C.T. and standard time of the moon 

on 1931 May 24. f trans it as follows. From 

We first find the approximate ti centr0 at 

the almanac, the o.c.t. of transit of the ^ ^ fa 19M .. 3 . 
Greenwich on May 24 is ’ „ 49 , n .4 (mean solar time) 

Thus the transit on May 2 ‘* ^ ' this interval the moon’s 
after the transit on May - • When the moon transits a 

hour angle lias increased bv “ • „ (the longitude 

Victoria^ts hour angle at Gteenw e -s 8 * ^ ^ interval of 

of Victoria) and consequently tins 

24* 1 49 m -4 x gll 13m 408 (expressed in mean solar tu 

24 “ o nU This interval can be written 

transit at Greenwich. Lhisinr 

/ 4<J ' 4 \ x 8 h 13 m 40 8 or (8 h 13 m 40M-lG 

V + 24 x GO ^ ^ ^| )e nl0 on transits at 

or 8 h 30®*6 approximately. Hence " * h 14m . 9 + gh 30®*0), 
Victoria, the corresponding ^ ‘ 25> 

May 24 approximately or - 1 •> * * ( f er i ve d as follows. With 
A more accurate result can n almanac that 

the o.c.t. and date just obtamed, we find 
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the moon's R.A. (correct to 1=) is 10" 38" 55=, and that the 
r.a.m.s. is 4 h 6 m 55 s . Since the hour angle at transit is 0°, we 

have for Victoria 

R.A. moon = H.A.M.S. + R.A.M.S., 

so that h.a.m.s. (Victoria) is (10* 38" 55= - 4" 6" 55=) or 
0h 32 m 0 s . Adding the longitude of Victoria (8* 13 m 4O 0 ) and 12 , 
we find the g.c.t. of transit at Victoria to be ^ 4 ®“ 4 
May 25. Accordingly the standard time of transit is 18 46 

(Pacific time) on May 24. 


= obliquity of the ecliptic.] 


EXERCISES 

[Symbols used: 

<f> = latitude of observer, 
e = eccentricity of earth’s orbit, 

1. For a place within the tropics, prove that the hour angle H of the sun 
(a, 8) when the ecliptic is vertical is given by 

H = sin -1 (sin a cot 8 tan <f>) — a. 

2. A star (a, 8) rises at the same time as the sun at a place in north latitude * 
when the sun’s right ascension is a,. Prove that 

a, - sin-» (sin <q tan $ ton e) - a - sin-> (tan S tan 0). 

3. Prove that at a place on the Arctic Circle the daily displacement of the 
point of sunset is equal to the sun's change in longitude during the same 

lutiTval. 

4. Neglecting the eccentricity of the earth’s orbit, prove that at a place 
within the Arctic Circle the sun will bo above the horizon for 


*£* cos- days. 

~ \ Sill € I 


5. If >' is the sun’s semi-diameter in minutes of arc, show that at a solstice 
the* lime taken by the sun’s disc to cross the prime vertical at a place in 
latitude ^ ( > <) is, in minutes, 

2 o 

15 (sin 2 <£ — sin 3 <)** 

6. Observations of equal altitude of { Persei are taken with a theodolite on 

j January 3, at g.c.t. 18*45" 8 s aud 22*44" 19*. Calculate the longitude of 
t In- observer. [Lond. 1926.] 

7. The longitude of Columbia University, New York, is 4* 55" 50 s west of 
Greenwich. The sidereal time at mean noon at Greenwich on a certain day is 
17 b 23 m 8 s . Show that on the same day when the si-lcrenl time at Columbia 
University is 20 h 8 m 4 s the hour angle of the mean sun ut the same place is 
2"43 m 4l\ 
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8. If 8 is the sun’s declination ,S its semi-diameter ^ ^ of it> upper 

interval in minutes between the dlSi *M >eara , . given approximately by 

limb at sunset for a place in latitude 0, prove that * » P 

4 S 3 [load- 1930.] 

sin 2 0 = cos 2 8 - 225 /* * 

9. Two stars, of equal E.A. and 

altitudes are the same; the siderea intern . h o{ observation , is 

Prove that U, the hour angle of the first star 

given by 2 sin 0 tan <f> sin . ^ _ g') cos £ (5 + 5 ')» 

cos (0 + 1/)- cos 8'sin A ' 


where 


cos 8' cos A ~ cos 8 
cot 0 = cos 8 / sin 


10. The right ascension and decimaUon of the sun n ^ r t ^ in seconds of 

are (90° - 20) and 8 respectively. Prove that « V 

arc is given by ^ ^ cogec [" [tan 2 fl sin 2< — i tan * fl sin 4< + •••]• 

11. Let T and T be the timesis ,hoW “ ^ other, and lot a 

same altitude, first ou one side of the m T T) * the corrcct.on 

12. If the sidereal dock tunes “["nge of dedination 5 of the 

each side of the meridian are 7 and , of t i u . BU n at culmination is a, 

sun in the interval is dS, and the right ascen obtain the , ru e sidereal 

show that the correction to bo applied to dock 

13. From the side of a church running^ue Lto a triangle 

wards forming a rectangular corner in ^ toU ,l amount of shade during 

of shadow on the ground. Show • 1 re3uec t to time) is proportional to 
the day (ground-area integrated witii resj 

2 sin(- 8) _ 

sin 0 l ° g cos 0 «' n (0 - S) ^ M T 10 25 .] 

where 8 is the declination of the Bun. . 

. increases by A« while its longitude increase® 

14. If the sun’s right ascension increase ) 

by a BUiall amount AL, show that 
y Aa » M cos < sec* 8, 

I o tho sun's declination. 

where , is the obliquity of the part ut the equation of time 

Hence find the approximate a c muximullK 

which is known as the reduction to thc equ [W. 1929.] 
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15. If ® is the longitude of the sun and a its right ascension, show that the 
greatest value of (a — ®) occurs when 

tan ® = (see f)- and tan a = (cos «)1. 

16. Prove that, if the eccentricity of the earth’s orbit were zero, the equation 

of time in minutes would be 

720 . (1 —case)tan © 

— tan 1 —- t—> 

77 1 + cos c tan- ® 

where c is the obliquity of the ecliptic and ® the sun’s longitude. 

[M.T. 1912.] 

17. Show that the part of the equation of time due to the orbital eccentricity 
is stationary in value when the sun’s true anomaly is 

cos [_-i-J ’ 

and that the part due to the obliquity is stationary in value when the sun’s 
longitude is , an -i {(sec e) J). 

18. Show that when the equation of time is a maximum or minimum the 
sun’s longitude ® ia given by 

(1- e 2 )?(cos 2 ® + cos 2 e sin 2 ®) = cos « {1 + e cos (© - a?)} 2 , 
where zc is the longitude of perigee. 

19. Show that in latitude 45° the difference between the times from sunrise 
to apparent noon and from apparent noon to sunset is 

tan 5 sec S (sec 25)1 co t (360° T/365J), 

3G;»1 

where /> is the length of the day, S the sun’s declination, and T the number of 
days since the vernal equinox, the earth’s orbit being supposed circular. 

' [Ball.] 

20. Assuming the sun’s semi-diameter at mean distance to be 961", show that 
the time f,expressed in sidereal seconds, required for the semi-diameter to cross 
the meridian is expressed by the relation 

961 cos €_\ 

rcos8 \ r 2 (r-r 1) cos 2 8 ■ * 

where t is the length of the year in mean solar days and r the sun’s distance in 
astronomical units. [Coll. Exam.] 


21. Prove that, for a ship steaming V nautical miles per hour on a course 
S »P W, the interval I between the passage of the sun over the meridian of the 
ship and the moment when the sun’s altitude is a maximum, is given by 


J — 15’-3 (1’ cos 6 + AS) (tan ^ 



tan S) j 1 - -- 


V sin 0 sec<£\ 2 


uuo 


) 
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where * is the ship’s latitude at apparent noon 
(in minutes of arc) of the sun’s declination per 


and AS is the northerly change 

hour at apparent noon. 

[Land. 1926 .] 


22. Given that: . „ ,i„ v , 

the tropical year - 365-2422 mean solar day 

the sidereal year = 365 

the anomalistic year = 305*2596 ” ion of 

determine the amount and sign of annua, process,on 
perihelion. 



CHAPTER Vn 


PLANETARY PHENOMENA AND 
HELIOGRAPHIC CO-ORDINATES 


95. The geocentric motion of a jplanei. 

We shall assume for the present that the orbits of the earth and 
a planet P are circular and in the plane of the ecliptic. In Fig. 59 
let E and P denote the positions of ‘the earth and planet at any 
given moment. The plane of the paper represents the plane of 
the ecliptic. Let ST denote the direction of the vernal equinox 
from the sun S and ET its direction from the earth E. The 



angles EST and PST are accordingly the heliocentric longitudes 
of the earth and planet (denoted by L and l respectively) and 

PET is the geocentric longitude of the planet (denoted by A). 
Let a and b be the radii of the orbits so that SE = a and SP = b ; 
also let the planet’s geocentric distance EP be denoted hy p. Our 
object is to express the changes in the geocentric longitude A 
in terms of the heliocentric longitudes L and l. Draw perpen¬ 
diculars PM1 V, EQ to ST. Then we have at once 


p sin A — /> sin / — a sin L 

and p cos A = b cos / — a cos L 

In these equations p , A, l and L vary with the time, 
tiating, we obtain 


d\ 


. UA . . <lp (ll ((I; 

p cos A jj + sin A ~ = b cos / j f - a cos L ~ 

•ll 


ll 


dL 


dt ' . dt - dt - dt 


\ \ dp , ■ , dl dL 

P sm A dt - cos A s = b sm I ^ - a sm L ^ 


.( 1 ), 

....( 2 ). 

Difleren 


(3) , 

(4) . 
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Multiply (3) by P COS A and (4) by P sin A and add; we obtain 

f t = bp cos (l - A) § - «P cos (t - A) .( 5 >- 

Multiply (1) by sin l and (2) by cos / and add Then 

P cos(l-A) = 6-acos(L-i) . W- 

Multiply (1) by sin L and (2) by cos L and add. Then 

p cos (L — A) = b cos (L—l) — a 

Using (6) and (7) we obtain from (5), ^ 

= (6* - ab cos (L - J» % + l «*'~ ab cos ' l)) Tt 
p dt x * ai .(8). 

. dl . 

Now, since the planet’s orbit is supposed to be c.rcular - 

the mean angular motion a which is related to the rachus y 

n 2 6 3 = o {M + m), 

where M, m are the mass ^^ P in comparison with 

constant of gravitation. \ w0 obtain 

M in this problem and writing G.J I > 

• - a -'* 46 ' 1 . <9) ' 

. (10) - 

Similarly, dt 

, t dl nnd in (8) and there results, 

Insert these values °f ^ a 1 dt 

Also, from the triangle PhS, we obti ( 1 2). 

p 2 = a i +b*- 2 abcos(L-l) . v 

. c/A . _ hv n i) can be expressed completely 

Thus the value of ^ given by (n 1 
in terms of £ and Z. 

The formula (11) can be written a 

P 1 S^‘(“ r ‘ + te M + .(13). 
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Now (6* + a*) a-bl is less than (6$ 4- a$) if atbi < b + a — alb*, 

that is, if (a* — 6*) a > 0, which is evidently always true. Hence 
it is possible to define an angle a betwee’n 0° and 90° such that 

(6* + a$) atbi 


COS Cfr = 


b$ + 


(14). 


The angle a can be calculated from the known values of a and b. 
Hence, from (13), 

p 2 ^ = A [cos a - cos (L - l )] .(15), 


where A is evidently a positive quantity. It is clear from (15) 
that ^ can be positive or negative or zero according to the values 
taken by (L — l). 

When ~ is positive, that is when the geocentric longitude of 
the planet is increasing, the geocentric motion is said to be 
direct ; when is negative, that is when the geocentric longitude 
is decreasing, the geocentric motion is said to be retrograde \ when 

d\ 
dt 


= 0, the planet is said to be stationary. 


For a stationary point, (15) gives cos (L — l) = cos a, whence 
L — l = a or 360° — a. Hence when (L — l) is within the range 
defined by (360° — a) -*-0° -*■ a, cos (L — l) > cos a and the 
geocentric motion is accordingly retrograde. When (L — l) is 
outside the range indicated, the geocentric motion is direct. 

The interval of time during which the planet’s geocentric 
longitude A increases from 0° to 360° is the synodic period 
(p. 131) which we denote by S days. Hence during each synodic 

period the geocentric motion is retrograde for days and 


direct for - .S days, a being expressed in degrees. 


For Jupiter, b = 5*20 a and from (14) it is easily found that 
a = 54i°. As the synodic period of Jupiter is 399 days, it follows 
that the motion of the planet is retrograde for 121 days and 
direct for 278 days. 

In Fig. CO, the geocentric motion of Jupiter against the back- 
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A ^ tViP stars is shown between 1931 January 15 and 1931 
May 15. Between January 15 and March 7 the “otion is retrognue 
and the right ascension of the planet is decreasing between thes 
dates On March 7 the planet is stationary, after whrch the 


+ 23° 20 


C +23°10' 


* 

| 

© 

© 

Q 



APRIL 1 $y / 


♦ 23° 0' 



/ /FEB.1 


MAY 


/ // 

- / / » 

V* ' 



7 h. fOm. 


7 h.Om. 6h.50m. 
Right Ascension 

Fig. GO. 


6h.40m 


motion is direct and 

separation of the t\\ o pa^ ecliptic. The effect of the 

inclination » the detnnination of the stationary points will he 

discussed later in section 97. 

, . A :.u inC t of a planet, when stationary, m 
96/ The heliocentric distance j 

terms of its elongation- , position at a stationary 

t l-tP now denote the planet sposiw 

In Fig. 59, let P no Let E denote the angle 

point so that ESP «. niia tion of the planet from the sun, as 
SEP which is caUcdthod«M/J u ^ | hat the right ascension 

viewed from the earth. t j ie stationary point are ob- 

and declination of the pa gun being taken from the 

served; the co-ordinates 0 ^ ^ be easily effected, 

almanac, the calculation oi u-a 
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from which 


tan. E = 


From the triangle ESP, we have 

a sin E = b sin (E + a), 

6 sin a 
a —6 cos a 

We consider the case when 6 is greater than a. 

From (14), since by definition 0 < a < 90°, we have 

(6 — a) (b 4- a)* 


( 16 ) 


sin a = + 


b% -f 


Hence (16) becomes, after a little reduction, 

b 


tan E = — 


(ab -f a 2 )* 


(17), 


from which it is evident that in the case concerned the value of 
E lies between 90° and 180°. 

As a is the earth’s heliocentric distance and E is supposed 
known, tliis last formula enables the value of 6, the planet’s 
heliocentric distance, to be calculated. We must remember, of 
course, that the orbital eccentricities and the inclination to the 
ecliptic of the planet’s orbital plane have been neglected in 
deriving (17) and consequently, in the general case, this formula 
can be expected to give only an approximate value of the planet’s 
heliocentric distance. The minor planet Pallas was stationary 
soon after its discovery and its approximate heliocentric distance 
was first derived by means of the relation (17), the assumption 
of a circular orbit being made. 

When b is less than a, the procedure is similar. 


97. The stationary jyoints, the inclination bemg taken into account. 

We consider in this section the circumstances in which a 
planet is stationary in longitude when its orbital plane is 
inclined at an angle i to the plane of the ecliptic. We shall 
assume that the orbits of the earth and the planet are circular 
and of radii a and b respectively. 

In Fig. 61, let NP deiine the plane of the planet’s orbit about 
the sun .S', the plane of the ecliptic being defined by NJ ■ the 
angle PNJ = i. Through K, the pole of the ecliptic, draw a great 
circle KPJ. Let NP be denoted by NJ by I and JP by 8 
The projection of the planet's radius vector b on the plane of the 
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ecUptic is b cos j9 which we shall denote by B. From the 

PJN (in which PJN = 90°), we have 

sin ip cos i — cos sin l 
cos «/< = cos ft cos l 


triangle 


(18), 

(19). 


Consider now Fig. 62 in which SQ -^he projection ofth. 

— distance oi 


K 




A 

, i t V'O be denoted by p and NEQ 
the earth E from the node. Let EQ be aen 

by A (EE gives the geocentric direction of the node). We 
also NSQ = l and SQ = B. As in section 95 we nave 

ps mX = B S ml-asm^, 

p cos X = B cos l —a cos </>. 

Now B = b cos /};hence, using (18) and ( 19 ), we have 


p sin X = b cos i sin •A ~ a sin ^ 
p cos X = b cos ifi — a cos 

and differentiating, 

p cos Af + % ™x = b cos i cos * - di -a cost 

P eia X f, - d dt cos X “ b 8i " 'dt ~ ° ^ ‘ 


( 20 ), 


d<f> 
dt ’ 
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Multiplying these equations, in order, by p cos A and p sin A, 
adding and making use of (20), we obtain 

= (6 eos i eos - a cos * f) (6 cos * - a cos *) 

+ {bsinif t -a sin * J)(» cos i sin * - a sin 0 
_ 6* cos i d + + a 2 d f t ~ ab d £ [cos ^.cos 4> cos i + sin * sin 


- ab [cos ip cos + sin«/»sin </> cos <]. 


= ^6"^ and = ^a -. 


. dX n 

If the planet is stationary in longitude we must have ^ 

Also by Kepler’s law 

t=^ b ~' and dt = tL 

We thus have for stationary points 

6* cos i + a- = aft - * [cos «/» cos <j> cos i + sin ip sin </>] 

+ a~- ft [cos ip cos <p 4- sin«/»sin </> cos i] ...(21). 

Writing cos i = cos 2 * - sin"- ‘ , we finally obtain, after mill- 

tiplying throughout by a* ft*, 

a *ft* (a* + ft* cos i) = (a 5 + ft*) cos (0 - <£) cos 2 £ 


— (a* — ft-) cos (•/» + <£) sin 2 ^ ...(22). 

This is the relation sought. It is to be remembered that + and 
denote the angular distances of the planet and of the earth, 
measured in the plane of their respective orbits, from the lme 

of nodes. 


98. The phases of the planets and the moon. 

Wo shall assume the heavenly bodies concerned to be spherical. 
In Fig. 03, let P be the centre of a planet (or the moon) and let 
the straight lines joining P to the earth and the sun cut the 
planet’s surface at E and S. The hemisphere illuminated by the 
sun will be bounded by the great circle BCKD , of which S is the 
pole. The hemisphere towards the earth is bounded by the great 
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circle AGLD of which E is ^^'^“cL^con^ilttog of the 

^ acw is the piane 



To En rth 

Fig. 63. 

« k . pl ».f. *. - *«•>,7“; P "”,S“V:- 

z,°s ssses. - * p"«.« “»- 

the line of sight EP. The projection 
of all points on the semic.rcle CBO 
thus leads to a curve CUD ™ > 

plane of the great circle ACLD,™ 
this curve is an ellipse of which CD 
is the major axis; the »em. ; minor A 
axis is HP, where H is the projectmu 
of B on the plane of the disa The 

planet is seen as shown-in F «' 

The visible area of the planet s disc 
is the area bounded by the 8 
circle GAD and the sero.-croim 
ference CUD of the ellipse. ItJ r a this visible area 

notes the linear radius of the ° 

A is given by A = \ 771-2 2 
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Let d denote the angle SPE ; then d is the elongation of the 
earth from the sun as seen from P. Now PH = PB eos APB 
and since SPB = 90°, it follows that the angle APB =180 - d. 

Hence J _?£(! +cold) .( 23 >- 

The phase is measured by the fraction of the diameter, per- 
pendicular to the line of cusps, lying in the visib'e portmn of the 
disc; the phase is thus AHjlr or (1 + cos rf)/2. From (23) it is 
seen that the phase is also represented by the fraction of tl 
area of the disc illuminated. 

We now consider in greater detail the phases of the moon. In 
Fig. 65, let M denote the moon and E the earth. MS is the 

direction of the sun from 31; SME 
is the angle d. The moon’s phase is 
then given by (23). Now the moon's 
distance from the earth is very 
small compared with the sun’s dis¬ 
tance from the earth, and in Fig. 65 
we may assume ES parallel to 31S 
without any serious loss of accuracy. 

Hence,denoting SE3I by E, we have 
E = 180° - d or d = 180° - E. This 
angle E is the elongation of the 
moon from the sun as viewed from 
the earth. 

At new moon E = 0, for the moon is then directly, or almost 
directly, between the earth and the sun; thus d = 180° and the 
phase is zero. At quadrature, the elongation is 90° and thus 
rf = 90°, so that the phase is A; the moon then presents one-half 
of its illuminated surface towards the earth. \\ hen the moon is 
in opposition, the elongation is 180°, so that d = 0; hence the 
phase is unity, that is, the complete disc of the moon is visible; 
the moon is then “full”. After full moon, the phases are re¬ 
peated in reverse order until the next new moon occurs. When 
more than one-half of the disc is visible, the moon is said to be 

gibbous. 



E (Earth) 


Fig. 65. 
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99. The brightness of the planets. {rom a planet 

The amount of light whic reac! 1 entric distance p of 

depends (i) on the phase, an (u) denotes the 

the planet, varying inversely as p . Thus 

apparent brightness, -anvnte^ .^ 

where c is a constant depending on the surface ihu.ninat.on and 
reflective power. But from Fig. •- V. 

p *+b*-a 2 .(25), 

cos d = 2pb 

where a and 6 are the heliocentric distances of 

the earth and planet. Hence 

B = c [p* + 2 P 6 + 6* - (26) . 

When B is a maximum, the rf ° rl>lt J b 
assumed circular, we must have ^ Fig go. 

or p 2 + 45p + 3 (*>’" “ 2b .(27). 

from which P . 0 . 7 ‘> 3 a and for maximum 

For the planet Venus, we have 25)f thc corresponding 

hrightness (27) gives fro m the sun-the angle 

SEP—is then found to be * • case of the planet Mercury, 

It should be remarked that in large (abollt 0-2), the 

for which the orbital cccen vector in the orbit. The 

symbol b in (26) represents t dpnt on thc planet s position 

brightness of Mercury is . ’entric distance, 
in its orbit as well as on its fc 

100. Heliographic co-ordinates heno „,ena associated 

In studying sun-spots and tl ^ co . or dinates on the 

with them, it is of importance to to ^ ^ mueh the same 

solar surface; these co-ordmate^ ^ gurface c f the earth are 

way as that in which P°‘“‘ 8 , , atitu de. In Fig. 07 , let the 

expressed in terms of longitude an circlo rEN. of which 

sphere represent the solar globe. Tl g o{ tfae eclipt ,c with 

K is the pole, is the intersection of 1 
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the sphere. The straight line from the sun’s centre C , drawn in 
the direction of the vernal equinox, cuts the sphere in T. Since 
the earth is in the ecliptic, the straight line joining C to the 
earth cuts the solar surface in E. Any plane perpendicular to 
EC (which is the line of sight) we can regard as the plane of the 
sun’s disc; for convenience we shall take the shaded plane 
defined by the radii CK and CT to be the plane of the disc (E is 
the pole of the great circle UKT). Any point X on the solar 
surface will be seen on the disc at X lt such that XX t is perpen¬ 
dicular to the plane of the disc and therefore parallel to EC. The 


K 



Fip. 07. 


position of A', can be ascertained, from visual or photographic 
observations, with reference to certain rectangular axes in the 
plane of the disc. The problem is to deduce the solar or helio¬ 
graphic longitude and latitude of X from the observed position 


The sun rotates about an axis, the northern extremity of 
which is i ho point P in Fig. 07, and the plane perpendicular to 
this axis cuts the sun’s surface in the great circle ONJ, which is 
called the .solar equator. The inclination JNT of the solar equator 
lo the ecliptic is usually denoted by 1. The point N is the 
ascending node of the solar equator on the ecliptic and its longi- 



171 


heliographic co-ordinates 

tude TN (measured along the ecliptic from T) is denoted by Q. 
The value of O. is found to be given by 

Q = 73° 40' + 50"*25 (t - 1850-0), 

Where I is expressed in years, so that for 1931-0 the value of O is 
7 ^The ‘heliographic co-oriinates of 

are defin bodTth?rr“no definitely recognisable point on the 
gaseous body, there is c longitudes. A reference 

solar equator from win R noon on 18 54 January 1, 

point 0 is chosen as follo\ . tl 0 j ar surface. 

the node defined a d the equa- 

0wing to the solar rotation this pon 0 . 

tor and at any subsequent time we 

^of or oUh I 0 :.; 

r^r-va: c— - r:: * 

direction ON. In Fig. 07, let PX J be the solar m«idian'thr. L) and 
Then OJ is the heliographic longue of X deno y 
the arc JX is the heliographic latitude of X (deno 

101. Tfce »ap/uc co-ordinates of tke centre of tie J/sc 

ii fi.p no mt A on the solar 
Referring to Fig. 67, we see f Let t h© helio- 

surface will be seen as e c . the spherical 

graphic co-ordinates of E be L 0 and JS 0 . 

triangle PEN we have: 

PN = 90«, P$E = 90° — I, PE = »0°-B„, and 

We require stiU the arc W expressed in = f Inuown quam 

tities. Now rN is the cart as secern the sun's 

equinox and the direct! heUoc entric longitude. If <5 

centre C, so that TE is tne ear 
denotes the geocentric long.tude of the sun, 

TE = © + 1 80 ° . ( 


Also since TN = «, we see that 

EN = Q - ®-l«0° 


(21)) 
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From the triangle PEN we derive the following formulae, using 


D and A in succession, 

tan (L 0 — M) = tan (© — Cl) cos / .(30), 

sin B 0 = sin (® — £2) sin / .(31). 


Assuming that M has been calculated for the time of observa¬ 
tion, these formulae enable the heliographic co-ordinates L 0 and 
B 0 of the centre of the disc to be found; L 0 and B 0 are tabulated 
in the almanacs for every day during the year. 


102. Position angle of the sun's axis of rotation. 

Consider rectangular axes CE, CT and CK (Fig. 67). Let 
KXR be a great circle through K (the pole of the ecliptic) meeting 
the ecliptic in R. The radius of the sphere being taken as unity, 
the co-ordinates of X referred to these axes are (cos ER cos RX, 
sin ER cos RX, sin RX). Now X x is the projection of X on the 
plane KCT —the plane of the disc—and the co-ordinates of X x 
referred to CT and CK as axes are therefore (sin ER cos RX, 
sin RX) or, since KR = 90°, (sin ER sin KX, cos KX). Let if/ 
denote the angle between CX x and CK. Then we have 

tan if/ = sin ER tan KX .(32). 

Suppose that X now represents the point on the solar surface 
intersected by the radius drawn parallel to the earth's axis of 
rotation. The projection CX x on the disc defines the north direc¬ 
tion, from which the position angle of any point on the disc is 
measured in practice. Now KX is the angle between the pole of 
the ecliptic and the pole of the earth’s equator; hence KX = e, 
where t is the obliquity of the ecliptic. Also the vernal equinox 
is 90° from both K and X. Hence it is 90° from the great circle 
KXR ; hence TR = 90°. But by (2S), TE = 180°-f ®; hence 
ER = 90° - (180° + ®) or 


ER = 270° - © .(33). 

Denoting the angle X x CK by .r, we have from (32), writing x 

for tan x = - cos ® tan e .(34). 

Again, the projection of CP on the plane KCT will make an 
angle, say, y with CK. Hence, by (32), 


tan y = sin EF tan KP 
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where F is the point on the ecliptic cut by the great circle KP 
Now since K is the pole of ^ P ^cc ihV^OO 0 . But 

hence EF = 180° + ®-(Q- 90°) or 

EF = 270° +(®-^) . 

Also iCP is the inclination I. Hence (35) becomes, using (36), 

tan y = — cos (© — fi) tan / ......(3-). 

For convenience, we shah ass^that^osrbfthTrldiu'fin 
photograph of the solar disc. Let Oiv (i i e . o , 

the plane of the disc correspond- . 

ing to the projection of the 
solar radius parallel to the SotnrAxie 

earth’s axis. This radius CN can 
be inferred from the diurnal rao^ 
tion of the sun across the sky; if 
the telescope is at rest, the image 
of the sun will move along a 
parallel of declination, that is, 
perpendicular to CN\ hence by 
suitable means the radius CN can 

be drawn on the photograph. 

The position angle of any mark¬ 
ing such as Y on the disc is 


Worth point 
of Disc 



Fig. 08. 


ing such as Y on the * towards the left as we 

angle of Y is the angle NCY and 

; Z <360° -NdX). NOW if CA is the projection on the d.sc 

of the sun’s axis = x and KCA - !/> 

, „ ru\ and (37). Thus the position 
where * and y are given by (34andl (3 J 

angle P of the sun’s axis CA is given by . (3g) 

Th us P can be calculated it is ‘"^^"arhing 

4.- x ”""" 

NCX = 360 ° - e, that x = P + • ie0 " U 01 

X-P-0 


(39). 
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As 9 and P may be supposed known, the former by means of the 
photograph and the latter by means of the almanac, the angle 

X can be found. 

103. The heliographic co-ordinates of a sun-spot. 

Let R and d denote in linear measure the radius of the sun 
and the distance of the earth from the sun respectively. If S is 
the angular semi-diameter of the sun—this can be found for the 
day of observation from the almanac—we have sin S = R/d or, 
since S is about 16', we can write with sufficient accuracy 

S = -y cosec 1* .(40), 

d 

in which S is expressed in minutes of arc. Let r 0 and r denote the 
measures of the radius of the disc and of the distance of the 
spot X from the centre C of the disc (Fig. 68); r 0 and r can be 
measured in any convenient unit on the photograph. If Pi (m 
minutes of arc) is the angle between the direction of the sun’s 
centre and the direction of the spot, both viewed from the earth, 
we have, with sufficient accuracy 


Pi_f 
S r 0 


(41), 


from which p x can be determined. 

In Fig. 69, let S be the position of the spot on the solar surface 



and let SCE be denoted by p, E being the earth. Then 
ESC = 1S()° — (p -f pj). But from the plane triangle ESC, 

sin ESC = £ sin p x 
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or, since is small (less than 16') and is expressed in minutes of 


arc, 


d 


sin (p+ pi) = £Pi sm 1 


.(42). 


§ 1 

or, using (40), sin ( P +Pi) = s 

, . i v mpans of (41), this last formula (42) 

Since Pl can be found b> means on j, 

enables p to be calculated. on t he solar sur- 

. 70 in "l 11 ‘I the sun’s centre C, 


iaue, -- 

and P is the north pole of 
the sun’s axis. The great 
circle arc ES is thus the 
angle p given by (42). 
Denote the heliographic 
longitude and latitude of S 
by L and B\ the corre¬ 
sponding co-ordinates of E 

are L 0 and B 0 . In JjJ)® 
spherical triangle r 
we hare: PS = 90°-B, 
PE = 90° — B 0 , ES = p and 

EPS = L — L 0 . Also, since 
the point E is seen as the 
centre C of the disc and 



Fig. 70. 


centre C of the disc am ^ ject into the straight lines 

the angle PPS is equal to the angle 
CA and G A ot ig = p _ 0, where d is the position 

»r “ "“ nel " 

have the formulae, using A and B, 

sin B - Bin B. cos , + cos B„ s,n p cos (P - 6) ... (« . 
sin (L - A,) - Bin P ^n (A ' ^ tQ ^ own , tU e 

kn<T (44) determine the heliographic latitude and 
longitude of the spot. 
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EXERCISES 

1. Two planets P x and P 2 revolve in circular orbits at distances b lt b 3 from 
the sun. Prove that when they appear stationary to one another, 

£ = \ tan | tan 0, 

where tan 0 = 2 cot E, E being the elongation of P 2 as seen from P x . 

2. If 0 is the angle subtended at the earth by the sun and a stationary point 
of a planet’s orbit, and <f> is the maximum elongation of the planet, prove that 

2 cot 9 = sec £<£ + cosec i<f>. 

3. Show that, if the earth and a planet be supposed to describe coplanar, 
circular orbits, and the difference in longitude of the sun and the planet be 0, 
the rate of change of 9 is, numerically, 

2n ( . a a \ 

s(>- ; cos V• 

where S is the synodic period of the planet, a the radius of the earth’s orbit, 
and p the distance of the planet from tho earth at the moment. 

[Coll. Exam.] 

4 . If the line joining two planets to one another subtends an angle of 60° at 
the sun when the planets appear to each other to be stationary, show that 
a - 4 b- = lab, where a, b are the distances of the planets from the sun. 

[J/.T.J 

5 . If it and r are the velocities of two planets in circular and coplanar orbits, 

show that the period of direct motion is to the period of retrograde motion ns 
(ISO 3 — 0): 0, where cos 0 = uvftu 2 - uv + V s ). [Coll. Exam.] 

6 . If a and b are t lie radii of the orbits (assumed to bo circular and coplanar) 

of the earth E and a superior planet P, and u and t> are their respective linear 
velocit ies, prove t hat the square of the velocity of P relative to E at a stationary 
point is (u-- v 2 ) (bu - av) 

bu + av 

7. One planet whose mean distance from the sun is a appears to have a 
phase to another planet whose mean distance from the sun is b, and the latter 
appears to have a phase 1'. Prove that, if the inclinations of the orbits to each 
other and their eccentricities be neglected, 

IflV (1- V) = a-E(\- E). 

If the distance of Venus from the sun is 0-72 astronomical units, find what 
part of the earth’s surface appears illuminated as seen from Venus. 

8 . The heliocentric distance of an inferior planet P, moving in a circular orbit 
in the ecliptic, is b astronomical units: the orbit of the earth (E) is also assumed 
circular. If the heliocentric co-ordinates of P and E arc (b cos /0, b sin fd) and 
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(cos 0, Sin 0) respectively, 0 being measured from inferior conjunction, 
that for a stationary point \+fb‘ 

cos</-i)«-in+7)’ 

9. Prove that when a of motion and that 

S“ y “^tr,he line of node, and that its projection on 
p,ane of the ecliptic in also stat,unary. * the ecU ptic, 

10. Neglecting the iuchnafonof theP laDe o ! infl . rior planet at sunrise or 

prove that, in latitude *(> «). the alt,tune_ 

sunset never exceeds s i„-t (sin E cos * - <1, . r able 

where , is the maximum 

u...«- , 925;J 

,1. If the orbit of an outer planet is an 

appear direct U u, in astronomical ,m,t, 

‘ 7 Ilti-.-aa s= mzsss 

S “ w:“ *—-.—"" ‘:-i 

conjunction. earth Scribe circular orbits in the 

13. Assuming that Venus an htc#t at elongation 0 given >y 

.Uptie, show that Venus w^appe.r 3+ h ai)! _ a)i 

where a is the heliocentric distance of Venus in astro [Aomf. l«2tl.] 

14 ghow that the ■'correct,on for ^ m^ 

apparent width in arc of U- “*“‘£‘^1. of the earth and Mars hemg 

iw iiov- VI'• Bcnu-<^ ftllie * cr ' , 

(Lunar parallax - • * and Venus to he negligible, show 

16. Assuming the diameter, of the “r ^ earth at the begmmng or 

that i, the behocentnc eiongatmn V m 

end of a transit, is given v It-lb* + r 2 ) - b l r l = 0, 

b'r 3 cos 2 <A - 2brJl ' COS * f VellU8 U nd the earth from 

where if is the sun’s radius, and 6, r the dances . [M J 

the sun’e centre. 
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CHAPTER Vin 


ABERRATION 
104. The law of aberration. 

The phenomenon of aberration was discovered in 1728 by 
Bradley, later Astronomer Royal, as a result of a series of meri¬ 
dian observations of the second magnitude star y Draconis. In 
1675, the Danish astronomer Roemer had established that light 
travelled with a finite velocity and Bradley’s observations were 
interpreted by recognising that a star’s position in the sky could 
be displaced by an amount depending on the ratio of the earth’s 
orbital velocity to the velocity of light, and on the position of 
the particular star concerned. The earth’s average orbital speed 
is about 18\ miles per second and the velocity of light is 186, 324 
miles per second; thus the ratio just mentioned is small but not 
negligible. 

In Fig. 71, let C represent the centre of a telescope’s object- 
glass and E the eye-piece at the moment when a ray from a star 
A' arrives at C. Let EF be 
parallel, at this moment, to the 
direction in which the earth is 
moving around the sun. Let r be 
the time required by the ray to 
pass through the telescope; in 
this interval the earth has moved 
through a distance EE 1 or Vr, 
where V is the earth’s velocity. 

Denote by c the velocity of light. 

Then when the ray from the 
star reaches the eye-piece, the 
latter is at E l and we have CE y = cr. If t he earth had no velocity, 
the direction in which the telescope would be pointed is along 
E x C, which we describe as the true direction of t he star. Actually, 
owing to the earth’s motion, the telescope has to be pointed in 
the direction EC. Complete the parallelogram EE X C X C. Then 
E l C\ is parallel to EC and thus E 1 C x is the apparent direction of 
the star at the moment of observation. Let 0, 6 1 denote CE l F, 
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W respectively. Then the ^ar di^ontfl-^^ 

^r" ^ectJ towards the direction « of 

the earth’s motion and in the plane XE 1 • 

In the triangle CE l C l , 

sin CE i C 1 __ 
smCC i E l CE X ' 

But CC t = B, = Vr and CE t = er. Hence we derive 

sin(0-0,) = 7 sin9 i' 

NOW VIC is small and consequently » 

write with all needful accuracy (6 - B x being expre, 

oi arc ) q i= Y sin 9 X cosec 1" 


or 


0 _ 0 X = k sin 

F 


K = — cosec 1 

c 


// 


( 1 ). 
■ (2). 


in which „ 

k is defined to be the constant o^rration The 

be calculated from the va ue id ed later in greater 

definition and value of « exceed 20"-5 we can 

detail. It is clear that as u 

write (1) with sufficient accuracy m the 

0 _ 0, = k sin V . v ’ 

The law of aberration is contained in formula (1) or (3). 

- r* - 61 

at the centre, and that ^ its direction of 

(Fig . ,2) is the posrimn Jthc ear^ ^ ^ ^ ^ ^ bo the 

motion is along L b t u en j>ES is the geocentric 

direction of the verna eq ’ The geocentric longitude of 

longitude of the sun (denoted byO M b echptic, 

F £ thus <® - 90°). Accordingly ^ ^ ^ 

towards which the earth s “ with reference to the earth 

position of the sun on the echpt.m ™ p evidently makes a 
as centre of the celestial sphere, the point f 
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complete circuit of the ecliptic in a year; the aberration in this 
instance is called annual aberration , and the displacements to 
which it gives rise are repeated in yearly cycles. 

In Fig. 73, F defines the direction of the earth’s motion and 
TF = ® — 90°. Let A be the true position of a star (it defines 
the direction in which the star is viewed from the sun). Then as 
the aberrational displacement takes place in the plane XEF, the 
star will appear to be displaced along the great circle XF and 



Fig. 72. Fig. 73. 


will be seen at X,. With the notation of the previous section, 
XF = 0, X,F = 6 1 and therefore XX t is given by (3), so that 

A A, = k sin 6 .( 4 ). 

Join KX and KX, by great circles, K being the pole of the 
ecliptic, and draw the small circle XY parallel to the ecliptic. 
If A. /3 are the longitude and latitude of A' and A 1} fa are the 

corresponding co-ordinates of A',, then A, - A = XKY and 

since X Y = XKY sin KX, we have XY = (A, - A) cos 8 Also 
= A,y. Write 

AA = Aj - A and A 8 = <S, - /J. 

Then AT = A A cos /9 and A,)’ = — A/9 .( 5 ). 


In the infinitesimal plane triangle XX x Y t let <{> denote YXX . 
J hen A’ Y = XX, cos and A,}' - A A, sin 6. 
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Hence from (4) and (5) 

AA = * sin 0 cos sec £ . 

A/3= - k sin 6 sin (f> . 0 

Now in the spherical triangle KXF, KX = 90 - P, FF ® 0 ’ 
XF-e K&F = 90° + t and XKF is the difference of longitude 

J/andX,sothatX/^=(®-«0°)-A. 

By the sine-formula B, 

sin XF sin KXF = sin KF sin XKF, 
and consequently s [ n 0 cos <f> ~ — cos (© — A) .^ ^ 

By formula C sin KF cos KX cos XKF, 

sin XF cos KXF = cos KF sm KX sin nr 

and thus sin 8 sin <f> = sin ft sin (© — A) * ■ • ^ 

From (6)...(9), we obtain the formulae 

AA = -/csec(3cos(®-A) . “• 

AS = — k sin ^ sin (© — A) .' 

, , ,,oi and (11)—give the displacements in 

106. The aberrational ional displacement 

Referring to Fig. 73 we see hatthe ** u from X to Y 

i/ respectively. ^ ’ en 

from which, by eliminating (®-A), we obtain 

x 2 2/ a __ = 1 .( 14 )- 

K a + K 2 sin 2 /3 

Q bnmvn as the aberrational 
This is the equation of an d p , ^ ^ appears to describe 
ellipse. During the course °f y re ^ elHps0 centre being the 
this curve on the celes P r axis is K , parallel to the 

star’s true position. 1 he all Btar s; the semi-minor 

ecliptic, and is therefore c ■ 8em i. ma jor axis. The aberra- 

axis is « sin />, perpendicular to the sen = ± ^ ^ is _ from (, o) 
tional displacement is great that we know the value 
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of A for a particular star, we can thus obtain the two values of ® 
(the geocentric longitude of the sun) corresponding to maximum 
displacement and thus derive the date, by reference to the 
Nautical Almanac, when this occurs. Thus, if A = 0°, the aberra¬ 
tional displacement is a maximum when ® = 0° or 180°, that is, 
at the spring or autumn equinox. 

For a star on the ecliptic (/3 = 0°), the aberrational ellipse 
degenerates into a straight line (an element of the ecliptic) and 
for a star at the pole of the ecliptic, it becomes a circle. 

107. Aberration in right ascension and declination. 

As before, let X be the true position of the star and X x its 
apparent position (Fig. 74). Let a, 8 be the right ascension and 



declination of X, and rr,, 8, the corresponding co-ordinates of X x . 
Draw a small circle A’ Y parallel to the equator. Then 

XPY = a i -a and XY = XpY sin PX. 

Let Art = aj — a and AS = 8, — S. 

Then Act = X Y cosec PX = X Y sec 8. 

From the figure, A ,Y = - A8. Denote Y&X x by 0. Then 

A r Y = XX 1 cos 0 and X 1 Y = XX 1 sin 0. 
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Hence by (3), since XX, . * - in the notation of section 104, 

Aa = k sin 0 cos 0 sec 8 . 

AS = — * sin 0 sin«/» .( 16 ^ 

T f , n j pnote the right ascension and declination of P (the 

•« V* r"i t ; 

directed). Inthesphenca tnanglePX^weha^ 

pp = 90° - D, ^ ^ and nvr 

By formula^, ^ ^ pxp = sin sin XPP, 

from which sin 0 cos * - cos D sin ( A - a) .(17). 

V.Tf TpXP - cos PP sin PX - sin PP cos PX cos XPP, 

fr0m _ltsin^sinPcosS-cosPsin3cos(,-^ 

We thus derive from (15). ..(18), 

Ao = k sec 8 cos/> sin (X - «) . 

AS = * sin D cos 8 - k cos D sin 8 cos (X - a) .(- ■ 

., , the triangle FTG in which PPG is the mcndian 
Now consider the g . _ t (the obliquity of 

through P. We have^ ^ = ^ By formulae 

the echptic), 7Cr - a, * ^ 

A, B and C, we derive ^ @ _ CQ3 A c03 D 

_ cos © sin € = sin D 
- cos © cos € = sin 4 cos D 

,io " - ■< - ~ w 

“ ,h ?( ™- 1 * 1 i[■“ * ”■ •" ■ + jti. 

s - ‘TT-,z: 

Ao=o i ° __ K cos a sin 8 sin © ...{to)- 

, in seconds of arc, the formula for Aa or 
(ai A I ^v^to quantity also in seconds of arc. It is of course 


( 21 ). 
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usual to express right ascension in time-measure and we must 
then suppose the right of (22) to be divided by 15. 


Let 

C = — k cos e cos ©, D = — k sin © 

c = yL cos a sec 8, c' = tan e cos 8 - sin a sin 8 .(24) 

d = T ’ s sin a sec 8, d' — cos a sin 8 ! 

Then we have from (22), (23) and (24), 

a l = a 4 Cc -f Dd (25), 

8, = 5 +Cc' + D<¥ (26). 


fn these equations, C and D depend on the sun’s longitude and 
consequently on the time of the year to which they refer; the 
values of log C and log D (Bessel's day numbers or the Besselian 
star numbers) are tabulated in the almanacs for every day of the 
year. The quantities c, c', d, d' depend only on the co-ordinates of 
the star and the obliquity of the ecliptic, and can therefore be 
calculated once for all. 

It is to be remarked that (25) and (26) give only the effect of 
aberration on the star’s co-ordinates. 

Another method of simplifying the computations is as follows. 

h cos II = — k sin © ; h sin H = — k cos e cos ©; 

i = — k sin e cos © . 

Then when a, and « are expressed in time-measure, equations 


(22) and (23) become 

a, = a -f sin (//-fa) sec 8 .(27), 

and Sj = 8 + i cos 8 -f // cos (II -f a) sin 8 .(28). 


The values of II, h and i (the independent day numbers or star 
numbers) and the quantities log h and log i are tabulated in the 
almanacs for every day of the year. 

108. The elliptic motion of the earth and aberration. 

So far, we have assumed that the earth moves with constant 
sliced in a circular orbit. We consider now the problem in its 
general aspect. It has been shown in section 66 that the velocity 
along AT (the tangent at E) in an elliptic orbit (Fig. 75) is 
equivalent to a constant velocity hfp along EF perpendicular 
to the radius vector SE, together with a constant velocity ehjp 
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along jf/at right ^ 

l c Se te : r iTH-tVZ «.«- «*.«— 

h = *” a . .(29). 

The total displacement in any co^o^rdmate, of 

due to aberration can be ie g a velocity hip at right angles 

ments, the first due toJ> due t0 the constant velocity 

etyp perpendicular to the major axis. We consider these in turn. 



Fig. 75. 

KnulAr to SE the geocentric longitude of 
Since EF of’the sun less 90° or (0 - 90° h 

F is the geocentric true long ^ condition 8 as are represented 

We thus have the same g corresponding displacements in 

in Fig. 73. Weby AA l and Aft. 
longitude and latitude. H these that 

they are given drreetlyby ^ ( ^ _ A) .(SO), 

Afl. = — *sin/3sin (© - A) . 

„.... -a. .< ■"> - •*“' ,h - ol 

formula (2) by _h eoseciT 


/t cose c 1^ 

K = ~ • r ’ 

27ia cosec 1" 


or, using (29), by * ' cT ( i _ «*)i 

This is the precise definition of the ^nation constant k 


( 32 ). 







186 


ABERRATION 

We now consider the aberrational displacements AX,, A/? 2 
arising from the constant velocity eh/p perpendicular to the 
major° axis. In Fig. 75 let ST be the direction of the vernal 

equinox; then TSA is id, the longitude of perihelion. Draw EA X 
parallel to SA ; then the p 

geocentric longitude of A x 
is to. Also Ef is perpen¬ 
dicular to EA X \ therefore 
the geocentric longitude of 
/ is to + 90°. In Fig. 73, 
where TF is © — 90°, we 
derive the aberrational dis¬ 
placements AAj, A/jj, cor¬ 
responding to the velocity 
hip. It is now seen from 
Fig. 76, in which Tf is 
to + 90°, that the formulae 
for AA 2) A/3 2 corresponding 
to the constant velocity 
eh/p can be written down 
from (30) and (31) bj r substituting to + 90° for © — 90°, that 
is, 180° -f- to for ®, and by writing eh Ip for hfp or e/c for k. We 

thus derive AA 2 = + e* sec /3 cos (to — A) .(33), 

A/> 2 = + etc sin /3 sin (to — A) .(34). 

Hence the total aberrational displacements resulting from the 
motion of the earth in its elliptic orbit are given by 

AA = AA X + AA, = — k sec /3 cos (© — A ) + ck sec /3 cos (to — A) 

.(35), 

A/3 = A/3j + A/3., = — k sin f$ sin (© — A) + e/c sin ft sin (to — A) 

.(36). 

It is to be noted that the expressions for AA 2 and A/3 2 in (33) and 
(34) are independent of the sun’s longitude and are therefore the 
same for any given star throughout the year. As the value of 
the eccentricity e is about 1/60, the value of €k is about 0"*3. 
Although to, e, A, /3 are slowly varying quantities, the changes in 
AA 2 , A/3 2 are so minute that for several hundred years at least 
the values of AA,, A/3, can be regarded strictly as constants, 
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Since AA = A 2 — A, we have 

Aj = A + AA, + AA.,, 

with a similar equation in /}. Instead of applying the value of 
AA. in this equation, it is more convenient to regard (A +; A-h) ■» 
the true longitude of the star; simUarly for the true latitude. 

In the same way we can derive the aberrat.onal effects, taknig 
into account the effipticity of the earth’s orbit on the eq»atOT 
co-ordinates a and 8. Again we suppose that the quantities 
AOj, A8 2 , depending on the velocity eh/p perpendicular to the 
major axis, are incoiporatod in the true co-ordinates o and 8. 

Thus the effective formulae for giving the aberrational d.s 
placements are, in ecliptic and equatorial co-ordinates, 

= A - k sec 0 cos (® - A) .( 3 )* 

R =R — k sinsin (® — A) .(^ 8 )» 

and «, = « + + Dd .[JJ!’ 

8j = 8 + Cc' + Dd' . (40)> 

where C, c, c', D, d and d' are defined by (24). 

109. TU measurement of the constant of aberration. 

The accurate determination of k is a practical problem 

Jt appears at first sight to he comparatively simpl^and 

straightforward. In order to reduce the 
which, even under the best conditions, may 

the certainty essential in tbb ffio^ltl 

minating very near to the zenith a littlo south of the 

Ut t he the declinatior.of a star shall ueglect the 

Tcte “ n ST nutation, Shich — 

later chapter. The apparent declination 8, whmh wfiTinctede the 
aberration displacement will be given by (23), which wc 
in the form = 8 + kx . 

where x is the coefficient of k on t he right of / ( j enote( j 

T -I^ nn 1 4. w Vvo the observed zenith distance (denoted 

In Fig. 77 let AX be tne ou&ei v , r _ nrpspnt t i ie 

by ,) of a star on the meridnu. and e ^ _ g( P _ ^ ^ 

refraction r. Then AX — z \ . , 

PZ = 90° - <f>, where <f> is the latitude, so that 

zx = </> - 8 i = 4> - 8 “ KX - 
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z + r = <f) — 8 — kx 

(f) = $-{-Z-\-T-\- KX . (42). 

Suppose that another star culminates at Y' y a little north of 
the zenith, and let Z denote its observed zenith distance and R 
the refraction. Then ZY = Z 4- R. Also if D is its true declina- 



Fig. 77. 

tion and A its apparent declination (as affected by aberration), 
then by (23) D X = D+ kX, 

where A r is the value for this star of the coefficient of k on the 
right of (23). Now PY = 90° - A and PZ = 90° - <f>. Hence 
ZY = D x — </>, and we have 

Z -f- R = D + k\ — cf> 

or <f> = D—Z — R+ kX .(43). 

Hence from (42) and (43), 

2 <f>={B + D) + {z-Z)+(r-R) + K(x + X) ...(44). 

In this equation we assume (8 + D) to be known and (z — Z) is 
the difference of the measured zenith distances. As the stars 
culminate close to the zenith, the telescope can remain unaltered 
in position for the observations of the two stars, the interval 
between the transits—if the stars have been carefully chosen— 
being at most a few minutes. Although the meridian circle has 
been used in this problem it has been superseded by the photo¬ 
graphic zenith telescope which records, on a photographic plate, 
the trails of the stars as they pass across the meridian. The 
measurement of the distance between the trails of the two stars 
we are considering gives the value of (z — Z) very accurately. 
The difference (r — R) of the refractions may be assumed known 
with the necessary accuracy. The quantity ( x + X) can be easily 
calculated. 

About six months later, the observations are repeated. We 
have, as before, a subscript referring to the new observations, 

2<^) = (8 + D) -r (~i — A) “ A — R x ) + k (x x -f A) ...(45). 
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For simplicity we shall assume thaUhemtervM ^-ch^haUhe 

sun’s longitude has increased y ^ b equa i to 

(23) we see that the values of a* and wiU _ now 4. 

- , and - X respectively, so that we can wr te (45 as 

2^ = (8 + Z>) + (Zi - a.) + (r ; -*,)-«(*+ *> -< 46) - 
Subtracting (44) and (46) we obtam 

2k ( , + Z) + (, - a) - h - a,) + (' - B >- <'* - *■> 74?), 


from which k can be derived. 
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This procedure—of eliminating the latitude in (44) and (46) 
—is however, unjustified when the object of the investigation 
is the precise determination of k. It was discovered by Kiistner 
that the earth’s axis of rotation is not quite fixed relatively to 
the crust, and as the latitude <f> is defined with reference to the 
axis of rotation, the value of <f> undergoes minute changes of the 
order of a few tenths of a second of arc. Thus the values of (f> in 
(44) and (4G) must not be presumed to be identical. The deter¬ 
mination of the aberrational constant is consequently bound up 
intricately with the problem of the variation of latitude . We shall 
not prolong the discussion further, but merely indicate some 
recent results. From a long series of observations with the 
Cookson photographic zenith telescope at Greenwich during the 
years 1919-27, the deduced value of the constant of aberra¬ 
tion is 20"-445. Fig. 78 shows the changes in the latitude of 
Greenwich during the years 1922—3 and 1926-7. 


110. The theoretical value of the aberration constant. 


From (32), /c is given by 

27ra cosec 1" 

K= cT(T^e 2 )* 


(48), 


in which a is the semi-major axis of the earth’s orbit, c is the 
velocity of light, T is the sidereal year expressed in mean solar 
seconds and e is the eccentricity of the earth’s orbit. The 
accepted values of these quantities are: 

a = 149,500,000 kilometres, 
c = 299,774 kilometres per second, 

T = 31,558,149 seconds, 


e = 0-01674, 


from which, by calculation, k is found to be 20"-47. It is to be 
noted that the value of a which we have used for the above 
calculation is itself a quantity derived from astronomical ob¬ 
servations and is, in consequence, subject to error. The same 
remark applies to the other quantities c, T and e, but for these 
the possible errors are believed to be too small to influence the 
result. The uncertain quantity is a. We shall refer again later 
(Chapter ix, p. 213) to the value of the aberration constant and 
the associated quantity a. 
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111. Diurnal aberration. j 

In addition to the yearly motion of the 

sun, there is also the dady " t ^ ius of the earth and 
earth about its axis. Let p describes in the course 

* the latitude of an obs “!f t " 0 "’ , J one the circumference of the 
of a sidereal day, due to ro . ’ . g cos As there are 

email parallel of latitude w 05 , da y the speed concerned 

86,164 mean solar seconds in a. * 

2tt£ cos 4> ki i ometreg per second, where we suppose „ to 
86164 _ . . „ n to be (* )3 78 kilometres, the 

ttXZZZ b “ cos * “ tres per sec0Dd - 

Define k (in seconds of arc) by 

t f* A . . / 1 II 1 


k = cos </> cosee 1 


(49), 


r l ’CS 0.jvS"«0 1 .** ~ »*» e—*. 

we find k = 0"-32 cos <f,. uer p en dicular to the plane of 

JSSJKS2 SSSSU. » I, - - - 



Fig. “U- 
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the true position of a star at a given moment on the celestial 
sphere. Owing to diurnal aberration it will be displaced to X, 
towards the east point E. Denote XE by 9 and X,E by 9 ,. Then 
by the law of aberration [formula (3)] we have 

XX, = 6 — 9 l = k sin d .(50). 

Draw a parallel of declination X Y. Since hour angle is measured 
westward from the observer’s meridian, the hour angle of X, is 
less than that of A, so that if H and H, are the respective hour 
angles, U - H,= XPY. Let Atf = H, — H. Now 

XY = XPY sin PX = XPY cos 8, 
where 8 is the true declination of the star. 

Hence X Y = — A H cos 8. 

Denote by the declination of X ,. Then X, Y = 8 — 8j = — A8. 
If Y&X, = 0, we have 

X Y = XX, cos tfj) X,Y = XX, sin «/r, 

that is, using (50), 

— A Ii cos 8 = k sin 6 cos ifr, — A8 = k sin 9 sin tfj ...(51). 

In the spherical triangle PXE, PX = 90° — 8, PE = 90°, 
XE = 9, PXE = 90° + «/» and XPE = H - 270°. By formulae 
B and G we have 

sin XE sin PXE = sin XPE sin PE , 
and 

sin XE cos PXE = cos PE sin PX — sin PE cos PX cos XPE. 
These become, on inserting the values of PX, etc., 

sin 0cos0 = cos H, 

and sin 9 sin t/» = — sin 8 sin H. 

Hence from (51) and putting k = 0"-32 cos <f>, we obtain 

A II = H, — H = — 0"*32 cos 6 cos // sec 8.(52), 

and A8 = 8, — 8 = 0''-32 cos </> sin II sin 8 .(53). 

These equations—(52) and (53)—give the effect of diurnal 
aberration on the hour angle and declination of a star. 

When the star is on the meridian it is seen from (53) that the 
effect on declination is zero. 

The displacements due to diurnal aberration are so small that 
they are generally neglected. An exception occurs in the obser- 
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vation of stars with the meridian circle. It is seen from Fig. 79 
or from formula (52), that diurnal aberration displaces the star 
eastwards of its true position ; the star will therefore Irans'tUt 
than it would if the diurnal aberration were ineffectual. Tiom 

(52) the transit is delayed by 

0-32 


15 


cos <f> sec 8 (seconds of time) 


oi rt: 

precisely the form due to the 

rXl ‘tTi — only the effect of diurnal 

aberration) is t — 0 8 -021 cos </> sec 8 . (•> )• 

The second term in (54) is the correction mentioned in section 46 
and inserted in formula (9) of Chapter iv. 

112. Planetary aberration. 

T . t ho the instant at which the sun or moon or a planet or 
comet is observed. kistant at 

is not the position of the p instant when the ray left 

■it is the position corresponding to the mstam. _ t lf we 

the planet, that is to say, it is the P osl * time of ob- 
know the planet’s distance from the -rlh^th ^ ^ ^ 

servation, we can calcula^ ^ ^ ^ ^ position at the 

velocity of Ug i , wish to obtain, for example, the right 

definite, time (f r). we require to add to the right 

ascension and declination attune^ t J titie8 T . A „ and 

ascension and declimm^ ^ ^ ^ the rates of change per 
lecondTthe right ascension a and of the declination 8. 


13 


8 A 
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EXERCISES 


1. Find the positions of stars which (i) are unaffected by aberration, (ii) are 
affected only in latitude. 

2. The angular distance between two stars which have the same latitude jS 
is 0 and the mean of their longitudes is A; show that the increase in 0 due to 

aberration is 2k tan £0 sin (A — ©) (cos* p - sin* £0)*. [if.T.] 


3. Prove that the angular distance between two stars whose ecliptic co¬ 
ordinates are (A, P) and (A,, ft) is unaltered when the sun’s longitude ® is 

given by cos 0sin (© — A) + cos ft sin (© — Aj) = 0. [Ball.] 

4. Show that, in latitude <f>, a star of declination 8 will, owing to diurnal 

aberration, appear to move in an ellipse whose semi-axes are m cos 6 and 
//i cos $ sin 8, where m is the ratio of the earth’s circumference to the distance 
described by light in one day. [Coll. Exam.] 


5. Prove that, when the aberration in declination has its greatest numerical 
value, the arcs on the celestial sphere joining the star to the sun and to the pole 
of the equator are at right angles. [Ball.] 


6. If k is the constant of aberration, c the velocity of light, 0 the constant of 
gravitation, M the mass of the sun, and l the semi-latus rectum of the earth’s 
orbit, show that QM a ^ [Jf.T. 1922.] 


7. Show that at any place and at any time there is a position of a star such 
that the aberrational effect is equal and opposite to that of refraction. 

Show also that at midnight on tho shortest day the zenith distance of this star 
is given by an equation of the form 

sin 2 z + A sin z = 1, 

the correction for refraction being assumed proportional to the tangent of the 
zenith distance, and the earth’s orbit to be circular. [M.T. 1900.] 

8. If two planets revolve about the sun in circular orbits of radii a and b, 
show that the aberration of one as seen from tho other is greater at opposition 
than at conjunction by an amount equal to 

Va — x'b 
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ri.«~ 

■S»d“S Z'^M P>™ *»*">'' 0~ “* 

survey of the solar system, m e s joining two widely 

base-line to be defined by 1 h ® & s ^J| ce< j t is thus necessary to 
separated points on the cart ‘ • ns and figure of the 

consider more particular y e * ^ in this way is not 

earth. The maximum base-toe " a “ e h “ d ‘ ameter ^ a9 this 

rrar^scsis--—- 


“i.’SCi— up a- 

for astronomical purposes it is sufficient to consider P 



Fig. 80. 
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of revolution, its minor axis being coincident with the diameter 
joining the north and south poles. A terrestrial meridian, such 
as POBQ in Fig. SO, is then an ellipse, the major axis CB being 
in the plane of the equator. If a denotes CB, the earth’s equator 
is a circle of radius a. Denote the minor axis PC by b and the 
eccentricity of a meridian section by e. Then 

62 = a 2(1— e 2 ) . (1). 

Referring the ellipse POBQ to axes CX and CY, we have its 
equation in the well-known form 


o o 

i 

a- ^ 6 2 



115. Astronomical and geocentric latitude. 

Consider an observer at O (Fig. 80). If we neglect any local 
gravitational irregularities, in the neighbourhood of O, which 
affect slightly the direction given by a plumb-line, the direction 
of the observer’s zenith is defined to be perpendicular to the 
surface of the geoid at 0\ that is to say, it is in the direction 
DOZ, this line being the normal at 0 to the ellipse POBQ. Z is 
said to be the astronomical zenith of the observer; it is from this 
zenith that zenith distances are measured, for example, with the 
meridian circle. The angle which DOZ makes with the equatorial 
radius CB is the astronomical latitude of the observer; in Fig. 80, 
it is the angle ODB, denoted by 0 . Join C and 0 and produce 
CO to Z '; then Z' is said to be the observer’s geocentric zenith 
and the angle OCB , denoted by <f>', is called the geocentric latitude 
of O. The angle ZOZ' between the directions of the astronomical 
and geocentric zeniths Z and Z is called the angle of the vertical, 
usually denoted by v. W e now investigate the relationship 
between v and <£. 

If x, y are the rectangular co-ordinates of 0 with respect to 
the axes CX and CY, we have yfx = tan <f>’. Also tan <j> is the 
slope of the normal DOZ, and it is given by a well-known formula 


tan 6 = 

i 


u a 2 
x b 2 - 


V , b 2 

-=tan<£' = „ tan 6 
x a- 


llence 


(3). 
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On substituting in (2) the value of y, given by (3) in terms of 
x and (f>, we obtain 

X 1 + x 2 -.tan 2 <f> = 1. 
a 2 a 4 

a 4 cos 2 <f> (4), 

from which x ~ = a 2^os 2 </> + b' 1 sin' 2 

or, replacing 6 2 by a 2 (1 - e “)> 

a 2 cos 2 (/> (5). 

= rn*iin 2 ^ 

a 2 ( 1 — e 2 )-sin 2 «/> (6). 

Similarly J/“ = 1 — e 2 sin 2 <{> 

Let p denote the radius vector CO ; then , 

x = p cos cf >'; y = p sm ( p • 

Hence, by (5) and (6), , fl cos £. .( 7 ), 

»=pCOsf = (l _ e2gin a^)J 

a (i — e 2 ) sin (f> .(8), 

y=psin(f) ^_ e 2 si n 2 </>)* 

a 2 [l _ ( 2e 2 - e 4 ) sin^f] .(9), 

from which p 2 = " e 2 sin 2 <f> 

an equation which gives ^^d'^ ^0— 
equatorial radius a, the eccentricity 

latitude <f>. d (8) by CO s and subtract; then, 

Multiply (7) by sin 4 > and 

since <f> — <f>' = v * wc °^ ) ^ ain , 1 

Y Y ac^sin $ cos 9 .(io). 

p sin v = _ e 2 yin 2 </>)- 

. , /si bv sin <f> and add. Then 
- Again, multiply (7) by cos <f> and (8) by + . 

pcosv = a(l-e 2 sm*<l>)* V 

Hence, from (10) and (11), g o gin 2 «/, 

tan v = 2 ( l ^e 2 sin 2 </») 

e 2 sin 2t/». . 

* 2 - e 2 + e 2 cos 2 (f> 


(12). 












198 


PARALLAX 


(13). 


Denoting e 2 /(2 — e 2 ) by m , formula (12) becomes 

m sin 2<f) 

tan v = 

1 + m cos 2(f> 

Now e is about 0-08, so that m is about 0-003. We can, in con¬ 
sequence, obtain a rapidly converging series for v in the following 
manner. From (13) we obtain, i denoting the square root of — 1, 

1 + i tan v 1 + in (cos 2<f> -f- i sin 2 <f>) 


or 


1 — i tan v 1 +m (cos 2<f> — i sin 2 <j>) ’ 

1 + me™ 


e 2«t> _ 


1+ me~™ ’ 

whence 2 iv = log (1 + me™) — log (1+ me~™). 
Using the logarithmic expansion, we have 


m 


2 


2iv = m (e™ - e~™) - ~ ( e™ - e~™) + ..., 

inf 

from which v = m sin 2(f >—— sin 4<f> -f .... 

z 

Expressing v in seconds of arc, we obtain 

, ,, sin 2d) 1 m 2 sin 4<f> lm 3 sin 6(f) 

^ T sin 1 2 sin 1 3 sin 1 


(14). 


When <f) is given and e (or m) is known, this formula enables the 
calculation of the angle of the vertical, and hence of the geo¬ 
centric latitude </»', to be made simply and easily. 


116. Dimensions and compression of the geoid. 

In geodesy it is usual to deal with the compression or ellip- 
ticity (denoted by c) of the terrestrial meridian; it is related to 
the eccentricity by 

C = “T = l-(l-e 2 )* .(15). 

The dimensions of the geoid, according to Hayford (1909), are: 

a = 6378-39 kms. = 3963-35 miles, 
b = 6356-91 kms. = 3950-01 miles 
and c= 1/297, 

whence e = 0-08199 and e 2 = 0-006722 

and in = 0-003373, 


i5TF= 695 65 and ^-1-17. 
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Keeping only the first two terms in (14), which alone are of 

practical importance, we have 

v = <t> - <t>' = 695"-65 sin 2 <f> - ^ sin H ...(16). 

By means rf this formula we can calculate.the geocentnc 
latitude when the astronom.cal la itude g q 

example, the value of for Greenw.ch is 51 28 A 

$ = 677"-93 + 0"-51, 

whence f = 51 ° 17 ' 19 "' 8 - 

‘a JrrKTt r * - 

ZZSStS&S&t SI <*,— 



sin ]) = - B * n 3 


P 

r 


.(18). 


m.....,.. -« “fZ&VS 7.™ 

SX -r~ “ — 
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point. If V can be determined from observations, the distance r 
of the body can then be derived from (18), in which p may be 
presumed to be known and z' derived from zenith observations. 
The greater the value of r, the smaller is the angle of parallax p. 
As z' is greater than z, the effect of parallax is to increase the 
zenith distance of the body as observed at 0 , and this displace¬ 
ment takes place in the plane defined by CZ and CM. 

When z' is 90°, the parallax p' is given by sin p = p/r. In 
this case, p' is called the horizontal parallax for the observer at 0. 
If the observer is on the equator and M is on the horizon, its 
parallax P 0 will then be given by 

sinP 0 = ^ .(1®)* 


P n is called the equatorial horizontal parallax. 

Owing to the effect of elliptic motion, the geocentric distance 
r of the moon or sun will vary during the orbital period, and if 
r 0 denotes the mean geocentric distance, we obtain from (19) the 
mean equatorial horizontal parallax P given by 


sin P = 


a 


Writing (18) in the form 


sin 


P CL /*n • / 

Sill z , 

1 a r n r 


( 20 ). 


we have 


sin p = { ( r ) sin P sin z' 


( 21 ), 


in which it will be sufficient to regard p/a and r 0 /r as known, the 
former by formula (9) and the latter from the circumstances of 
the orbital motion. 


118. The jxirallax of the moon. 

We shall now indicate how the distance of the moon can be 
accurately determined. Let us suppose that there are two 
observatories 0 and O x (Fig. S2) on the same terrestrial meridian, 
one in high northern latitude and the other in high southern 
latitude. This choice is made to ensure that the base-line deter¬ 
mined by 0 and 0, is as large as possible. Let us assume that 
the meridian zenith distances of the moon’s centre are measured 
on the same day with meridian circles at O and O x . These zenith 
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distances are of course — 

nomical zeniths 7 j and x have been made, we shall 

After the corrections for refractum{ and Z&* - l.- 

denote these results by E and Ei ■ tjcal at 0 and 0, and 

i! - *■ - 

geocentric zeniths at 0 and 0,), we have 
& . _ a -»' = r. — Vi. 



Fig. 82. 

, f „„rallax for 0 and 0, by p and p, and 
Denoting of P 2 and »„ we have 

the angles OCM and ^ ^ ^ ^ _ z ,, 

and therefore __ „ . - ( v + v») - ( 2 + z »> . (22) ' 

P + Vl nnn 2 O CB where CB is the equatorial 
But z + Zi = °£°i ~ 0C f Q . u ‘ d q But OCB and 0 X CB are 
radius in the meridian of d of 0 and 0 lt which we 

respectively ; the geocentncjatitu 

denote by <j> and <f>i • _ .* + 

, , t hc + a^tronomical latitudes of 0 and 0,. 

Also if 4> and </>, are ‘b Hence (22) becomes 

.«■ 
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The quantities on the right are now all known and we shall 


"'rite V+Vl = e .(24). 

Now sin p = £ sin (£ — v) .(25), 

and sin p x = ^ sin (£ x - 1 \) .(26). 


By means of (24), the equation (26) can be written 

sin Ocosp = cos 6 sin p -j- & sin (£j — Vj), 
or, using (25), 

sin 6 cos p = ^ cos 6 sin (£ — v) + ^ sin (£i — v x ) (27). 

Dividing (25) by (27), we eliminate r and obtain 

p sin 9 sin (£ — v) 

tan ________——- -—rs -x ...Leo). 

' p cos 0 sin (£ — v) + p\ sin (^ — Vj) 

All the quantities on the right of (28) are known and this 
equation thus determines p. 

We now write (25) in the form 

Bin p = (£) (£) sin P sin ({ — v) .(29), 

in which p, p/a, rjr, £ - v are all presumed to be known. We 
thus determine from (20) the mean equatorial horizontal 
parallax P of the moon. 

It lias been assumed that the observations at 0 and Oj refer 
to the moon’s centre. In practice, however, it is the zenith 
distance of the moon’s upper or lower limb, or of a small crater 
or mountain peak that is measured. The adjustments to the 
procedure outlined above are, however, slight and the details 
need not be more fully described here. Also it lias been assumed 
that 0 and 0, are on the same meridian and clearly it is unlikely 
that two fixed observatories can be found to satisfy this assump¬ 
tion exactly. The Royal Observatories at Greenwich and the 
('ape of Good Hope have collaborated in the past in the in¬ 
vestigation of the moon’s parallax, and as they diHer in longitude 
by l 11 13 m 55 9 , the efleet of the change in the moon’s declination 
during the interval between the meridian transits at these two 
observatories has to be taken into account. The rate of change 
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of declination is, obslr^ed 

the necessary accuracy an zenith distance winch 

determined from theoretica co va i ue 0 f tliis constant, 

aervations of the moon s motro . 3 422"-7, The mean 

according to Professor • ' is ’ 3 84,400 kins, or 238,900 

distance of the moon from the earth is 

miles. 

119. Semi-diameter. p miles and 

In Fig. 81, let the linear radius o q{ the moon ' s 

let r, r' denote the distances t ■ subtended by the 

centre from C and 0.^.denote 0 . ^ we have 

Z°l and\fn . = */✓■ T* first can he written 

R Of 

sin S 0 = — • ^ ’ 

where . is the earth's equatorial radius. Since a/r - sin ft. 

have sin.<?„ = l sin ft . (30) ' 

14 nt C bv the moon’s radius 

If S denotes the angle * „ ce „ have 
when the moon is at its mean 

sinS -f sin P .< 31 > ; 

• rl in. meter of the moon. 

S is called the mean seim-diamet^ ^ ^ 

Also sin «=-, = -• S in z ’ 

. c sin .(32). 

or sin s = sin S 0 - n 2 

< can be measured, and as z and z can be assumed to be kn ^ b 

equation (32) determines S 0 . From (30) and (3 

and assuming ft and P -^lounTto bo 1738 kms. or 

the moon’s radius It is ’ 
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1080 miles. Thus the moon’s radius is about one-quarter that of 
the earth. The value of S is 16'32''-6. The semi-diameters of the 
sun and planets are defined in a similar manner. 

120. Parallax in right ascension and declination. 

We now investigate the effect of parallax on the right 
ascension and declination of the moon with respect to an observer 
at 0. We shall develop rigorous formulae wliich are only necessary 
in the case of the moon, owing to the large value of P for this 
body. As regards the sun,P is 8"-80, a small angle compared 
with the corresponding value for the moon, and consequently 
the general formulae can be greatly modified and simplified in 

tins case. 



Consider, in Fig. 83, the celestial sphere centred at C (the 
earth’s centre) ; P is the north pole, Z' is the observer’s geo¬ 
centric zenith and PZ' = 90° - <£'. Let M be the position of the 
bodv on the celestial sphere as viewed from C; then Z'M = z. 
Produce the great circle arc Z'M to M' so that Z'M' = z', 
z being the zenith distance of M with respect to the observer 
at O. Then, since z’ = z + p, we have MM' = p, the angle 
of parallax corresponding to the observation made at 0. Let 
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- 8 be the right ascension and declination of the point M on the 

celestial sphere and a '***J%£*° J t the hour angle s of 

xs; : sf 

Sir ».*- s 

then Ao = - m'm and therefore AH - - A«. w 

t.3-«-*» S.Tf g 

tnr and S' in terms of a (or H) ana d. 

"StTA -'*■ -=— -• „ 

sin # cos = cos f cot. - sin A . cot H (3d), 

and from the triangle PZ'M', 

sin <j>' cos .d, = cos <f>' cot z — sin A x cot H .(34). 

Subtracting (33) from (34), we obtain 

cos <t>' (cot z — cot z') = sin A t (cot H — cot H 

or, since z'-z = p, and H' - H = AH, 

cos </>' sin V = SU1 • 

sin 2 sin z sin II sin II 

p oin and bv the sine-formula B, 

But by (18), sinp= - sin 2 ana ’ y 

sin A l sin 2 = sin II cos 8. 


Hence 


cos 8 sin A II 

, COJ ^A(B + AH)’ 


from wliich we obtain ^ 

tan A// = - tan Aa = 


cos 8 “ cos II cos </>' 


(35). 


1 1 • 1, enables us to calculate A// or 

This is a rigorous formula whicl ' when p j ft f and 

A a (the effect of parallax on fc known. We then obtain 

the geocentric co-ordinates an however, when p/r 

£T or a'. It is only in the case of them 00 n^ ^ ^ 

is about 1/00, that this rigorous effect of 

We now find the general formula to give a 

parallax on declination (A8 
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By the cosine-formula A, from the triangles PZ'M and PZ'M', 
sin 8 = sin <f>' cosz + cos</>' sin z cos 
sin S' = sin <f>' cos z' + cos </>' sin z' cos A lt 

whence, eliminating cos A lt we obtain 

sin 8 sin z! - sin S' sin z = sin <f>' sin p 


= - sin <f>' sin z' by (18), 

r T 


which can be written 


sin 8'^, = sinS-£sin<£' 

sm z r 


(36). 


Again, by C, we have 

cos 8 cos H = cos <f>' cos z - sin $ sin z cos A 1 , 
cos 8' cos H' = cos «/>' cos z' - sin <£' sin z' cos A x , 
and, by eliminating cos A 1 from these equations and usmg (18), 


cos 8 cos H sin z' - cos 8' cos H' sin z = p - cos </>' sin z\ 


whence cos S' cos H' = cos S cos H - ^ cos f 

Dividing (3G) by (37), we have 

sin 8 — - sin <f>' 

tan 8 r _ 


(37). 


cos ir 


cos 8 cos H — ^ cos (f>' 
Writing S' = 8 + AS and T = tan A8, we obtain 


g + T cosH'(sinS-^sinf) 


tan 
I — T tan 8 


cos 8 cos H — ^ cos 6' 

r 


(38). 


cos H' occurs on the right of (38), and since #' = // + AH and 
A H is given by (35), we can then calculate T from (38). We thus 
obtain AS or S' - 8, and hence 8' is deduced. 


121. Parallax in zenith distance and azimuth. 

We now consider briefly the effect of parallax on the zenith 
distance and azimuth of the moon or the sun when the body 
concerned is not on the meridian. In Fig. 84, let Z and Z' be the 
astronomical and geocentric zeniths of an observer at 0 , the 
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f A 1 * * » -- 

centre of the celestial sphere ^mg the eax ^ the celestial 
before, let if and M be the pos^ons of £ ^. ** . , 

zV = = » + p. Now f^if. Tthe ^ astronomical zenith Z 

azimuth are made with re ere :n observed quantities, 

and so we can regard ZM ana 

Denote these by £ and A re- *«-«-»• 

spectively. Now ZZ' is the 
angle of the vertical v, which 
we assume to be known, an 

Z'ZM' = 180° - A. / 

A then enables us to express z 

in terms of i>, A and l Also 

sin p=(p/r) sin z', from which 

pand then z{&z'~P) be 

derived if p/r is known. Thus 
z can be expressed in terms ot 

*■ iiZUL » «•— -rS, T ."• 

« - - - - 

derived by an analogous process.^ ^ _ A) which can 

The actual formulae giving (* J) 1 not of very 

be derived from the ^-J^ i sufficent here to draw 

great practical importance, and it 

StentFon to the principles involved. 

122. The solar parallax. hc dete rmination 

The method which we have < escnb ufficie nt accuracy 

of the moon's parallax -nnot be apphcd - ^ ^ principle 

to the direct measurement of tb l ^ ^ distan cc is 

of the fundamental metho f ® 0 f an exterior planet 

MCTSS 2--s 

sun’s mass, 4** 0 ’= G (3/+ m), 
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and if a x , T x , refer to Mars or Eros, 

-ijrr = G( M + m i). 

We can safely neglect m and in comparison with M and con¬ 
sequently we have fl 3 . a ^3 _ rpz . 

Now the periods of orbital revolution are known very accurately; 
consequently the ratio a : can be determined very accurately. 
This can be expressed more generally by the statement that the 
relative dimensions of the planetary orbits are known with high 
precision. If the distance (say, in miles) of a planet from the 
earth can be accurately measured at a particular time, the scale 
of the planetary system can then be deduced; in particular, the 
sun’s distance from the earth can then be found in miles or in 
terms of the earth’s equatorial radius as the unit. 

Consider the earth’s orbit and the highly elliptical orbit of the 
minor planet Eros (Fig. 85). If the 
taneously at E and M respectively 
(the planet is then in opposition), it 
is clear that conditions are favour¬ 
able for measuring the distance EM, 
for then the planets are at their 
minimum distance apart. The op¬ 
position shown by the configuration 
is evidently the most un¬ 
satisfactory. At the most favourable 
opposition, when Eros makes its 
closest approach to the earth, the 
distance between the two bodies is 
about 14 million miles, a very much 
smaller distance to be measured 
than the distance of the earth from 
the sun, which is about 03 million miles. A favourable oppor¬ 
tunity of measuring the distance of Eros occurred in 1000-1 and 
in 1030-1 the circumstances were again favourable. 

In section 120, we obtained general formulae for the effect of 
parallax on the co-ordinates of a heavenly body. It is only 
necessary to use such rigorous formulae in connection with the 
moon for which, as we have seen, the horizontal parallax P is 


earth and Eros are simul- 
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p/r in the formulae mentioned. In t-ius . . 

for example, to the form 

[± a — — £ sin Ii cos <j>' sec 5. 

of the planet on the celestial 
sphere as viewed from the 
earth’s centre C and M the 
position as seen by an observer 
at 0 whose geocentric zenith is 
Z'. Let v denote the displace¬ 
ment MM' due to parallax. 

Let a, 8 and 8' be the equa¬ 
torial co-ordinates of M and M 
respectively, and II, II ^he 

corresponding hour angles. Let 

JXLbe a .mall circle arc panJM ^ as p is very small 

to the equator. Denote PM . V 

we have, from the sensibly plane tnmtfo LXM . 

LM = V sin r, and LM - P COb n- 

Now from (18) we have, writing P for sin p, 



Fig. 8G. 


P = Z. s in 2 


(39). 


Put AH = II' - H and AS = S' «• 

We have then ^ = (// , _ []) cos g = AH cos 8. 

Hence A// cos 8 = ^ sin y sin *’• 

But by B, sill y sin z' = cos </- sin 

TT a// = P sin If cos,// set'S 

enCe / ? 4 i rit/ht of (40) without sensible loss 

We can write // for H onthe = __ (// , __//) = — A//, we 

of accuracy and, since « « . / 4 i\ 

obtain 0 -_ 03 A« = -^ 08 f Se c 88 .nH . 


(40). 
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Again, M'L = 8 - 8 ' = - A 8 , and therefore 

AS = — p cos 77 , 

so that by (39), AS = - £ sin z' cos 77 , 
and, by applying formula G, we obtain 

A 8 = — ^ (sin <f>' cos 8 ' — cos <j>' sin 8 ' cos H'). 

Replacing 8 ', II' by 8 and H on the right of this equation we have 

8 ' - 8 = AS = - - (sin <f>' cos 8 - cos <f>' sin 8 cos H) 

.( 42 ), 

which gives the displacement in declination due to parallax. 

As in the case of the moon, the observation of the planet’s 
zenith distance at two widely separated observatories on the 
same (or nearly the same) meridian will lead to the determina¬ 
tion of pi'r. Thus the distance r of the planet can be found at the 
time of observation and, the scale of the planetary system being 
now known, the mean distance of the earth from the sun can be 
deduced. The base-line in this instance is the straight line joining 
the two observatories. 

123. The solar parallax (diurnal method). 

The practical method now favoured is called the diurnal 
method. The principle is as follows. The planet is observed 
several hours before meridian passage and again several hours 
after meridian passage, at the same observatory. In the interval 
between observations the observer’s position, with reference to 
the earth’s centre and the planet, has been changed owing to the 
rotation of the earth, and the distance between the two positions 
constitutes essentially the base-line appropriate for the measure¬ 
ment. of the planet’s parallax. 

Consider now a star whose position in the sky is near that 
of the planet. The parallax observations consist, in effect, of 
measuring the difference between the apparent right ascension 
a' of the planet and the right ascension 0 ^ of the star, or the 
corresponding difference in declination. For simplicity we shall 
consider the former only. This difference in right ascension can 
be measured by means of the meridian circle or filar micrometer 
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or, more accurately, by making a photograph of the region of 
the sky in which the planet is situated. The distance between 
the image of the planet and the image of a ncghbourmgstar 
can be accurately determined and, by the principles which we 
shall describe in Chapter xn, the difference o - a* can b 

derived with great precision. . ,. 

As the planet is in or near opposition when a para lax invest - 

gation is undertaken, the planet will be on or near the mendran 

at midnight. Our two sets of observations are then made a.few 

hours before midnight and a few hours after midnight, We shall 

refer to these as the evening and morning observations. Con 

aider first an evening observation when the difference m, in. ng h 

ascension of the planet and of the star is measured. We have 

m 1 = a — do- 

Now the displacement due to parallax is a' - a, that is, 
(a' - Oo)+ («o - «)• Hence by (41), 

i, + a,, - o = - ^ cos sec 8 sin H, 

or if we denote the values of a, r, 8, H at the time of the evening 
observation by iq, r i , 8j, Hi we b ave 

m, + o. - «. - - £ c09 * sec sin H ' . (43) - 

Durinir the interval between the evening and morning ob- 
Uuring tne uu ascens ion, declination and distance of 

servations the true right asce . . . time 0 f t j, e 

the planet from the earth's centre are altering, at the t me o e 

• UorxvxratJnn lot these quantities be a 2 , d a> r 2 ana ict tne 
morning observation let tl.es q have an equation 

planet’s hour angle be 11 2 . men 
similar to (43); it is 


m 




, — a. = — P cos <f>' sec S 2 sin // 2 .(44). 

+ On “2 r. 


Subtracting (43, from (44, we eliminate the star's right ascension 

“o and obtain g 2 8 i n // 2 _ sec sin II x 

ra 2 — m l = («2 — a i) ~ P cos ^ { r 2 r i 

<* - *, is the increase in 

between the observations due to^dic red ^tion^ ^ ex ample, 

the earth and planet. bo ( i educe d. Also we 

meridian observations, this quantity iu y 
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may write without loss of accuracy the mean values 8 and r of 
8i, 8, and r x , r 2 respectively. Hence 



P 

r 


cos <f)' sec 8 (sin Ho — sin Hf) 

.(45). 


As (nio — ?»j) is given by the measures and ( a 2 — «j), p, 4>', 8, H lt 
Ho are all supposed known, we can determine r by (45). Thus the 
scale of the planetary system is found and the value of the solar 
parallax deduced. 

It is to be noted that sin // 2 is negative (planet east of the 
meridian); for example, if the observations are made when the 
planet is 0 hours east and again when 0 hours west of the meridian, 
sin IJ l = — 1 and sin Ho = + 1, so that (sin Ho — sin H x ) is 2. 
This i.> the maximum value of this quantity. The determination 
of r will lead to the most favourable results if (in 2 — mf) is as 
large as possible and, omitting the effect of the variation of the 
planet’s right ascension, this condition will be best attained if 
cos <// and (sin H z — sin H x ) are both as large as possible. For 
the most reliable results a station near the equator is therefore 
desirable, and the evening and morning observations should be 
made so that IJ 2 and (24 h — II x ) are as near G hours as circum¬ 
stances allow. 

We have assumed that the difference in right ascension of the 
planet and a single star is measured; in practice, this procedure 
is, in effect, applied to several stars. 

The value of the solar parallax derived from observations 
made at several observatories at the opposition of Eros in 1930-1 


is S"-790, giving the mean distance of the earth from the sun to 


be 93,003,000 miles. This is 
distance. 


known as the astronomical unit of 


124. The solar parallax (other methods). 

(a) Transit of I outs. For a description of this method, which 

is now mainly oj historical interest, see Ball’s Spherical Astro¬ 
nomy, p. 312. 

{ f i) i, ntational mithods. These depend on comparing certain 
observed perturbations in the motion of the moon with the 
theoretical expressions derived from celestial mechanics, which 
involve the semi-major axis a of the earth's orbit. 
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(c) The constant of aberration. We have seen in Chapter vm 
that the constant of aberration * is given by 

2?r« cosec 1'' 

cT (l~—"~e 2 j- 

Denote the mean equatorial parallax of the sun by P and the 
earth’s equatorial radius by Po . Then sin P = />„/« or > expressing 
P in seconds of arc, p = p ?cosecl „_ 


K = 


a 


Hence, combining these two formulae, we obtain 

_ 2a-p„cosec 2 V ....(40). 

Herep„=6378-4kms.,c = 299,771 kms. per second, T-31,558,149 
seconds and e = 0-01674. We thus obtain 

*P = 180-21 . 

K and P being both expressed in seconds of arc. The constant of 
aberration cfn be defer,nined from observations « we have 
shown in section 109, and therefore the solar parallax P 

de H we f acce!, 4 t 7) 20''-45 as the observed value of a, we find 
P = 8"-812, which is somewhat higher than the mean va ue 

r *— 

'TK2S2—SW.. 

one of the achievements of spectroscopic astronomy, namely 
meHent* of the velocity of approach, or of recess,on, of any 
^Tto or from the earth. This velocity (called the radial velocity) 

is obtained directly in Ime"j whose 

kU0 “ e ‘ r “ ^tirStie and assume fo/ a moment that the 
position is in I itg or bital velocity is constant. 

earth s orbit » a cuclc a the earth's orbital velocity 

At some definite time duru fc y star will bc moving 

is directed towards the star, in g ’ , t denote 

the'c’omponent 6 of tlm'sfar's Velocity,"directed towards the sun, 

* .1 ,«.<•!rrtfH'oilic principle!* ami methods, see Agronomical 

* For au account of the Bpectroscopi I I 

Phytic* by F. J. M. Stratton (Methuen, U-u). 
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by Y. The spectroscopic method determines the star’s velocity 
relative to and directed towards the earth. This is V plus the 
earth’s orbital velocity. Six months later, the earth’s velocity 
is directed away from the star and the spectroscopist then 
measures V minus the earth’s orbital velocity. By subtraction 
V is eliminated and the earth’s orbital velocity is determined; 
it is usually expressed in kilometres per second. The period of 
revolution in the earth’s orbit being known, the circumference 
in kilometres is then deduced, from which the radius of the earth’s 
orbit is finally found in kilometres. Thus the astronomical unit 
of distance is determined and from it the solar parallax. We now 
consider the general problem. 

In Fig. 87, let A and be the longitude and latitude of a 
star X. The earth’s orbital velocity, as we have soen on p. 185, 
can be resolved into two 
parts: (i), h/p directed to a 
point F on the ecliptic, 90° 
behind the sun in longitude 
(the longitude of F is thus 
® — 90°, where ® is the 
sun’s true longitude), and 
(ii), eh/p directed to a point 
/ on the ecliptic, 90° ahead 
of the point *4, which is 

such that EA is parallel to 
the direction of perihelion 
as viewed from the sun. 

Consider first the velocity 
hjp and its component re¬ 
solved in the direction of 

the star A'. This component is ^ cos XF. Now 

FKX = A - (® - 90°), KF = 90° and KX = 90° - 
Hence by the cosine-formula A, 

cos XF = cos sin (® — A), 

and consequently the component of the velocity hjp in the 
direction of the star is 



h 

V 


cos ft sin (® — A). 
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Consider now the component ehjp of the earth s 
directed towards the point/. The component of eh/p along EX 

is - eos Xf. Now the longitude of perihelion is m and therefore 

tto longitude of / is * + 90° Hence the angle fKX is 
X - ( ra + 90°). Using the cosine-formula we find that 

cos Xf = - cos 0 sin (uj -A), 

and the corresponding component of radial velocity is 

_ — cos£sin(ra-A). 

For any given star this ^th/" ch we may regard 
as at“th vetodfy F. the velocity of approach of the star 
to the earth is 

v + h cos P sin (® - A) - - v cos fi sin <■ - A). 

, i -a... which we shall denote by — R (the 
This is the radial veto J, J ^ taken tQ bo positive/ 

^Consider now"t o radial velocity determinations made several 
months apart. We shall then have 


_ Ri= V + £ cos (3 {sin (®, - A) - esin (ra - A)} 
_ B> = v + - cos 0 (sin (©, - A) - « sin (<» - A)} 


...(48), 


in which «, and •, are the sun's true longitudes at the two dates 
concerned. Then by subtraction 

Ri _ Rl = h eos/3 (sin (®, - A) - sin (®, - A)} .-(49). 

*.- *• i9 n ' ,m “ i ® a “y 0 f C 2 7r ‘ It'foTlows^that the best'^T- 
®i _ a = - (®, 7 A) investigation of this kind are obtained 

ditions for carrying out an in g ccU ptic, (ii) the two 

when (i) the star observed u im « ^ q[ six months> 

sets of observations are difference between the 

**“ “ 8 °” M 2 ™°- 

h __ 2vo_ 

2’ (1— e 2 ) 4 ’ 


Now we have 
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in which a is the semi-major axis of the earth’s orbit. Hence 
from (49), 

Bo - R,= -. cos 8 {sin (®i - A) - sin (® 2 — A)} 

. ( 50). 

In this equation, R, - /?, is given by the spectroscopic observa¬ 
tions in kilometres per second, T is the orbital period in seconds, 
c , ®j, ®„ and A are known. Hence a is determined in kilometres 
and thus the solar parallax is found. 

From the spectroscopic observations of nineteen stars made 
at the Cape Observatory, the solar parallax was recently (1927) 
found to be 8"-803. 

In deriving the value of a in (50) from the radial velocity 
measures, we omitted one consideration. Unless the star is on 
the meridian at the time of observation, the linear velocity of 
the observatory due to the diurnal motion will have a component 
in the direction of the star, 
and this component will be 
included in the observed 
radial velocity. It is clear 
that this effect must first be 
removed before formula (50) 
can be applied. Consider 
theobservorOonthe earth’s 
surface (Fig. S8). Due to 
the earth’s rotation he is 
moving along OT (tangen¬ 
tial to the parallel of lati¬ 
tude through 0 ) with the 

linear velocity “^cos^> 

kms. per second, where p is 
the radius of the earth in kilometres and r is the length of the 
sidereal day in mean seconds (r is 86164). Let X denote the 
point on the earth’s surface at which the star is vertically 
overhead at the time of observation. Let E be the east point of 
the horizon. Then CE is parallel to OT. Hence the component 
of the observer's velocity along CX is 

2 — p 

—- cos 6 cos XE. 

— / 



T 
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But if H is the hour angle of the star, XPO = H and 
XPE = H + 90°. Hence by the cosine-formula A, 

cos XE = - cos 8 sin H. 

Let * denote the radial velocity of the “ “ 

a velocity of recession) due to the diurn. 

.(ol). 


jp = + ~ 7T ^ > cos (f> cos 8 sin II 


i 

i 7/ ;. nh nr 1The maximum 
It is seen that R is zero whe " " second The value of R just 

rtj-.——- 

" .?*J3 .ii“ — a 

125. Stellar-parallax. mcthod 0 f determining 

,i s." s ss.«»~ 

regard as circular; S is the sun - v 

and a is the orbital radius. Let 
X denote the position of a star 
at a distance d from the sun. and 
we shall here assume simply that 
the star is stationary with respect 
to the sun. On a given date let 
the earth be at E and six months 
later at £,. The distance EE, 

constitutes the base-hne-it is 
about 186 million miles-by 
means of which the star's distance 
from the sun can eventually be 

-trirA. «■- 

wo have . n \ _ ® dn 0. .(^2)- 



Fig. 80. 


sin (0 - 0,) = a sin0 i 


Define fl by 


Bin I I - \ 


(53). 
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Then II is called the star’s parallax (it is sometimes referred to 
as the annual parallax). It is the angle subtended at the star by 
the radius of the earth’s orbit. For the nearest star, II is 0"-76 
and it is evident that we can write (52) with the help of (53) in 
the simple and sufficiently accurate form 

8 - 8 X = n sin 8 .(54), 

in which (8 — 8 X ) and II are expressed in the same unit and 8 is 
written for 8 X . 

In Fig. 89, SX is the direction of the star as seen from the sun 
and EX is the direction as seen from the earth on the date in 
question; we refer to these as the heliocentric and geocentric 
directions respectively. If the star were at an infinite distance 
it would be seen from the earth in the direction E Y, which has 
been drawn parallel to SX. The angle 8 is the angle between the 
heliocentric direction EY and the direction ES of the sun from 
the earth. Fig. 89 shows that the geocentric direction EX is 
displaced from the heliocentric direction E Y towards the direction 
ES of the sun, and that this displacement takes place in the 
plane ESX. 

Consider now Fig. 90, which represents the celestial sphere 
centred at E. Let X denote the position of the star corresponding 
to its heliocentric direction. S is the sun’s position on the 

P 
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. if Y is the star’s position on the 
ecliptic at the date concerned., If £ ntric dire ction, then 

celestial sphere corresponding t f f x is 0 n the great 

Xl is in the plane of X, S and^ and th ^ ^ g shaU refe r 
to Z rd xf ^ the h V eUoeentric and geocentric positrons of t e 
star respectively. 

m. ■»,- 

Let A and £ denote the star s^i ^ X)> and let A* and ft 
tude (these quantities ref«er P de (these refer to X,). 

UX = AAcos£ = AA x cos<p, 
rrv - _ Afi = XXi sin <f>. 

and 1 o () vv =0-0! and XS = 

Now with the notation of Fig. > 

Hence using (54), ^ ^ ^ = n sin 0 cos <f> . ’ 

= _ II sin0sin</> .h 

and P ^ - A where © is the sun’s true 

In the triangle KXS X .S ^. = 9 ’ 0 _ p and XX 'S = 90°+ 0- 

longitude TS; also XS = 90. 

Hence by the sine-formula B, 

sin 0 cos </> = 9m l® 

. a R i nt h = + sin /3 cos (® - A). 

and by C, sm< 9 “?* now become 

The formulae (55) and (■ ) (57), 

. (58) - 

These equations ^ ^ P09,t,0 " , 

due to parallax, in long 

127. The parallactic ellipse . parallel to the ecliptic and 

Let * denote the dUplaeement^ fay (57) and (58), 

v the displacement UX, m 
y a; = n sin (© — A), 

n sin ft cos (© -*)» 
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whence, eliminating ®, we derive 


g* , if 
IP + n 2 sin 2 /? 


1 



the equation of an ellipse, known as the parallactic ellipse. This 
curve is the locus of the geocentric position X 1 throughout the 
year. The major axis is parallel to the ecliptic and the minor axis 
perpendicular to the ecliptic. Whatever the star observed, the 
semi-major axis is independent of the star’s latitude and is equal 
to n. For a star on the ecliptic the semi-minor axis vanishes and 
the parallactic displacement takes place wholly in the ecliptic. 


128. The effect of stellar parallax on right ascension and declination. 

In Fig. 91 let A, D be the right ascension and declination of 
the sun S. Let a, 8 be the right ascension and declination of X 
and <q, 8 X the corresponding quantities for X 1 . Denote a 1 - a 


P 



Fig. 91. 


bv A a and — S by AS. Let UX be the parallel of declination 
i lirough X. Denote UXX 1 by i/». Then in the small plane triangle 
° XX y , UX = Aa cos 8 = XX x cos if), 

UX l = — A8 =XX x Binih. 
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.(84). 


parallax 

. , , v o _ „ , nd \ r X = 0 - »i- Tlius ' usiu g (34) ' 

As before A6 = V ana i 

A« cos 8 = n sin 0 cos iff . ’ 

A& = — FI sin 6 sin«/» . (0,) ' 

. • i p v m P V = *)0° — 8, = 90° — D, 

Now in the spherical triangle P. , 

XJ-S _ 4 - a, XS = 0 and P-YS = 90 + 

By formulae B and G, (C2), 

ojn Q cos — cos D sin (d /r*>\ 

« ) sin D cos 8 - cos Z> sin 8 cos (J - «) —1«»)- 

- sin Os\nip= sin ^ c ° ° a __ , 

• r^rrin T in which T& — ®> ' 

Now from the triangle 7% , ^ = 9 „o and ys = A 

obliquity of the ecliptic), T1 * > 
we have, by A, B and C successively, 

cos © - cos D cos 

siii © sin e = sin D 
sin © cos € = cos D sin A 
r /m\ i(\9\ ;Liid (64) we have 

T. S - n 

Similarly. I™» (•■>• (»1 “ J '« « 

AS = II (cos 8 sin e sin © — cos « sin 8 cos O . (66) . 

Formulae (65) and (66) win Fig. 91, where 

rectangular equatorial axe, ^ co . orcUnat es of the sun. 

TB is 90 . Let X, y and 4^ ^ ^ orbit (wh ich we 

expressed in terms ag th e unit of distance. '1 hen 

have assumed to be eueu ^ ~ ^ £ . cos PA 

V = cos ®, y = sUl ® 003 e ’ z = sin ® 8111 £ ' 

Making the substitutions i ) .(65 a), 

Aa cos 8 = H (L cos a — X sin a) g 

and A8 =n( Z eos8-Xeosas,nS-rsinas,nJ) 6a) 

^ v ,„l Z arc tabulated in tho almanacs for 

The values .° f jf ’ ear an d thus the coefficients of n in (65 a) 
every day in tne . , i 

and (06 a) can be readily ca umi ^ ^ ^ (fl( . o) giv6 the dis - 

placemente, 1 due to parallax, in right ascension and declination. 









222 


PARALLAX 


P 

129. The measurement of stellar ‘parallax. 

We shall consider only the application of formula (65). We 
write it in the form 

A« cos 8 = (% — a) cos 8 = jPTI .(67), 

where F = cos a cos c sin © — sin a cos ® .(68), 

or F = 7 cos a — Xsina .(68 a). 

F is called the parallax factor in right ascension and its value for 
any given star varies with the sun’s true longitude. As we have 
seen, its value can be readily calculated. 

Suppose there is a faint star B, presumably at a very great 
distance, near the star A whose distance is to be measured. Let 
u Q be the right ascension of B. Suppose on a given date the 
difference between the geocentrid right ascension a x of A and the 
right ascension of B is measured. Let — Oq. Then 

«q = ( Cl _ a ) + (a - a 0 ), where a is the heliocentric right ascension 
of A . If B be regarded as at an infinite distance, oq will be simply 
the heliocentric right ascension of B and the quantity (a — a 0 ) 
will remain constant throughout the year. Using (67), we have 

m l =(<*,- a) + (a -af) = F l n sec 8+ {a-of) ...(69), 

where F 1 is the parallax factor at the date in question. Suppose 
1 he observation is repeated some months later. We shall then 

have wi t -jP i nsec8+(o-ab) .(70), 

and by eliminating (a - «o) between (69) and (70) we obtain 

inn — wq = (F t — Ff) n sec 8 

, , n ( m 2~ W*i)C0S8 

and hence n =- -p-—« . (71). 

If there is an error e in the measured quantity (;?q - wq), the 
parallax 11 will be determined with an error e cos S/(F 2 — Fj). 
The error in 0 will then be least when F t — F x is greatest. This 
condition leads us to the consideration of the most favourable 
circumstances under which parallax determinations can be 
carried out. 

Let cos a cos e = g cos h (72), 

and sin a =gsinh (73). 

Then we can write F from (68) in the form 

F = g sin (© - h) .(74). 
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Clearly the greatest numerical value of F is g - and this occurs 
when ® - /( = 90° or 270°. Now by (72) and (73), 

g 2 = cos 2 a cos 2 e -\- sin 2 a, 
or g = ( 1 -sin 2 e cos 2 a)*, 

a formula which gives the maximum numerical value of F. Also 
h is given by tan h = tan a sec e, 

so that, for the maximum value of F, the sun's longitude is 
given by @ = tan" 1 (tan a sec e) + 90° (or 2/0 ). 

Thus the dates can be caj-datcd when 

- * - -—*— b >- 
(m 2 - w,)cos8 


11 = 


2 F, 


, • c measurement of stellar parallax 

-2S 

measured (caUed the “parallax star >,‘1 ^Xme^urement of 

-r - ,*r r 

a plate leads, in lTc , several coin- 

(«i - «b>. which we have denated^ ^ ^ taken about 

parison stars concernc • « entities (a., - « 0 ) or w a to 

six months later will enable- the shall 

derived. The general oim 1J^ ^ me thod more fully in 
discuss the details o of plates, each with three 

.Chapter xil. As a rule < appropriate epochs are 

SS - 

be measured with fan- accuracy. 

130. The var.ee and light-year ^ , „ is cal|ed apam c. 

The distance corresponding to a J o = x 10 . miles and 

If d is this distance, sin 1 / > ec . uiva lent to 2062G5 astro- 
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A star whose parallax is 0"-010 is at a distance of 100 parsecs 
and generally, if the parallax is tj/ 1000 seconds of arc, the corre¬ 
sponding distance is 1000/n parsecs. In popular books on 
astronomy, the light-year is generally adopted as the unit of 
stellar distance—it is the distance traversed by light in one year. 
From the known value of the velocity of light, it is easily found 
that 1 light-year = 5*88 x 10 18 miles. Thus 1 parsec = 3-26 light- 

years. 


EXERCISES 


1. If a nnd h are the equatorial and polar radii of the earth (assumed 
spheroidal), show that the greatest value of the angle of the vertical is 

[Ball.] 


tan *—v--. 


2 ah 


2. Show that, if two bodies have declinations and hour angles 8, H and 
- 8, H, respectively, and equal horizontal parallaxes, their parallaxes in right 
ascension are equal. 

3. Show that the parallax in declination of a planet observed from a place in 

latitude 4 vanishes if ton ^ „ tan S cos H, 

b and //being the planet’s declination and hour angle, respectively, and the earth 
being assumed spherical. 

4. Show that, if the horizontal parallax P of a body is small so that sin 2 P 
may be neglected, the apparent daily path of the body as seen from a place in 
latitude 4 is a small circle of radius 90° - 8 + P sin 6 cos 8, described about a 
point depressed P cos 4 sin 8 below the pole. 

5. Assuming the sun's horizontal parallax to be 8"-S0, show that the time 

during which the sun is below the horizon at either pole is increased owing to 
parallax by an amount equal to 7 cosec < minutes, < being the obliquity of the 
ecliptic. ' [M.T. 1903.] 


6. Assuming the earth to be spherical, show that parallax increases the 

apparent semi-diameter of the moon in the ratio sin z' : sin — ifi ), where z is 
the apparent zenith distance of the moon’s centre and 4 is the angle subtended 
at the moon bv the observer and the earth’s centre. [ita//.] 

7. The apparent position of a point S (a, 8) on the celestial sphere is dis¬ 

placed a small distance SS' along the great circle towards a point Q («<„ 8 0 ) so 
that SS' = k sin SQ, k bring small. Show that the increments in r.a. and de¬ 
clination are . . , . . 

Act - /. mu (u 0 — a) cos 8 0 see 8, 

A8 — k !e. is 8 sin 5 0 — sin 8 cos 8 0 cos (a 0 — a)}. 

Apply these to obtain formulae for the changes in the co-ordinates of a 
star due to parallax and aberration. [Af.T. 19°9.] 
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8 Prove that the cosine of the angle between the directions in whichi a star 
is displaced on the celestial sphere by annual aberration and by annual parallax 

U sin 2 (® - A) cos* 014 sin* 0 + cos' 0 sin* 2 (® - A)]-*. 

where A A, ® are the latitude and longitude of the star and thelongi^deof 

the sun, respectively. 

9 The satellite Phobos revolves in the plane of the equator of Mats m a 
peLl of 7» 40", the radius of its orbit being 2-79 times the radius o Mara- 
The station period of Mam is 24 - 40». Show that allowing for^pamUax the 

the formula . sin (8 — y) • o 

SID O = . /o \ 3111 9 

sin (8 - y) 

where y is defined by the relation 

tan y = C03 i (a' - a) tan *' sec {0 - } (« + « )>. 

»*•■- - “ S' rr:- 

where Q cos y = (P x + P *) 8in t wo pUneti^ * [M.T. 1928.] 

being the horizontal parallaxes of the tw o plant». 

12. A star is observed at ^.kW, t Utltudo^ » ^“1— 

its longitude is obsorved to “ , (hc rilo t | lc maxima and minima 

oHatitude'and^ongitude occur! What is its distance? l»-1 ■ 11120 1 

13. If * be the right 

jsZfzszfXsTr :: * —, -»«* * - 

e< l uation “ . „ A COS /* — cos S' sin (a' — a), 

p cos 0 =* sin 8 , j.v 

H , / n \ A sin/I = z>co.s(0 4 5), 

o sin 0 «= cos 8 cos (a - a), r 

P ordinates show that the parallax corrections 

where (a, &') are the sun s - ’ ; tion angle and distance, in order to 

necessary to be applied to the obscr ved P» • °‘ 8 ^ Bi „ ( + ,,, 

obtain their heliocentric values are II.A cos <1 \ ) 

respectively, if wo assume the earth s orbit to bo a circle. L 
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PRECESSION AND NUTATION 

131. In trodvctory. 

The phenomenon of precession was discovered by Hipparchus 
in the second century b.c. By comparing contemporary observa¬ 
tions with observations made about a century and a half earlier, 
he was led to the conclusion that the longitudes of the stars 
appeared to be increasing at the rate of 36" per annum (the 
modern value is about 50") while, as far as he could detect, their 
latitudes showed no definite changes. There are two possible 
explanations; either all the stars examined had real and identical 
motions in longitude—an improbable hypothesis—or the funda¬ 
mental reference point, the vernal equinox T from which 
longitudes are measured along the ecliptic, could no longer be 
regarded as a fixed point on the ecliptic. Now T is defined to be 
one of the two points of intersection of the ecliptic and the 
equator on the celestial sphere; the observations showed no 
changes in the latitudes of the stars and therefore it was legiti¬ 
mate to conclude that the ecliptic was a fixed plane. According 
to the second hypothesis (which was adopted by Hipparchus), it 
was necessary to assume that the equator and, in consequence, 
the vernal equinox moved in such a way that the longitudes of 
the stars increased uniformly by an amount in accordance with 
the observations. 

In Fig. 92 let LTM denote the fixed ecliptic, TTR the celestial 
equator at time t and TT 1 R the celestial equator one year later. 
In one year the vernal equinox has moved from T to T x and thus 
the longitude of a star S has increased from TD to T X D, that is, 
by about 50". The uniform backward movement of V along the 
ecliptic is called the precession of the equinox. Now Hipparchus 
satisfied himself that the obliquity e of the ecliptic had suffered 
no appreciable change and it therefore followed that the motion 
of the equator must be such that the pole P moved from P to P x 
around K in a small circle. KP or KP X being the obliquity £. As 
KP is perpendicular to the great circle joining K and T, and 
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KP> is perpendiciJar to^^fetoo^m^emen® dKSti* 

equal to the arc TT y . , „ describes the small circle 

SBK i "the pole * a P^° d of about 26,000 years. 



ror rect dynamical explanation of pre- 
Newton first * amiliar phenomenon of an ordinary top 
cession. Consider a xis OC inclined at an angle , 

(Fig. 93) spinning rapwhy _ - 

to the vertical OD, and with g > 

its point 0 on a rough horn .- 

zontal table. If 0 is the centre 
of gravity of the top, its weight 

acting vertically downwar d 
along OE has a moment about 

0 which at first sight would W^Jr\ 

appear to result in increamng gW ®) 

in bringing the surface o i ]/ 

top almost immediately > > 1^ YE 

contact with the tabtoJWJ _- X. 

owing to the rapid rig . 93 

about OC, the motion is very 


15*2 
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much different, for the axis OC is seen to move uniformly around 
the vertical, so that any point B on the axis describes a circle 
about a point D on the vertical OD , and the axis OC sweeps out 
a conical surface. Instead of falling towards the table, the axis 
OC is at any moment moving at right angles to the plane con¬ 
taining OC and OD. This motion of the axis is called 'precession. 
Consider now the earth spinning rapidly about its polar axis under 
the forces of attraction exerted by the sun and moon. If the earth 
were a sphere, the density of its matter at any point depending 
only on the distance from the centre, the direction of the solar and 
lunar attraction would pass through the centre and there would 
be no cause operating to change the direction of the rotational 
axis. But the earth is actually a spheroid, with the equator as 
principal plane, and as the sun and moon are not situated in the 
equatorial plane—except on two occasions during their respective 
orbital periods when their declinations are zero—the direction 
of the gravitational attractions of the sun and moon do not pass 
through the earth’s centre and, .accordingly, the attractive forces 
have moments about the centre. Consider the sun only. Then 
the moment of the solar attraction would appear to have the 
effect of making the earth’s equatorial plane move towards the 
ecliptic, just as in the case of the top (Fig. 93), the moment of 
the top’s weight about the point O would appear to cause the 
axis OC to approach the table. The actual dynamical result as 
regards the earth is similar to that in the example of the top; 
the earth’s axis, at any instant, moves at right angles to the 
plane containing the axis and the sun and, accordingly, it has 
a conical motion about the direction given bj' the pole of the 
ecliptic; in other words, the pole of the equator describes uni¬ 
formly a small circle around the pole of the ecliptic K (Fig. 92) 
and the vernal equinox T moves backward along the ecliptic in 
the direction TT 1 . The principal action of the moon on the 
direction of the earth's axis is of a similar nature. The combined 
retrograde movement of t he equinox V along the ecliptic in the 
direction TT X is called the luni-solar precession , about two-thirds 
of the effect being due to the moon and the remainder to the sun. 
Certain effects of a periodic character are excluded in the 

definil ion of luni-solar precession; reference will be made to these 
later (section 134). 
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, nn the riaht a-scension and declina- 

132. The effect of 'precession on the nj 

£ ™ sr.sss 

have seen, the latitude of astar .s un ^ p . g 92 , et rA 

increases at the rate of 9 or o P , )e co . ordinat es of 

or PKPi represent 9. If(«, ) a ”‘ ' s ttR and TT ,K respectively, 
the star S, referred to the equators Tr« and i , P 

W e shad have: 

>■ * "r s “" 

draw the small circle arc P,QV P iW equa i t0 P X S; hence 
e as a small quant '^ aml Q sha U write it, AS. Now 

QS _ 90° - 8 , and PQ = *. ** «■ . _ 90 » + « we have 

PP is perpendicular to KP and as K/ Q - 9° + 

that P,AJ— H-; sPQ = pPiCOsa . ID- 

Now PltP> s m = 0 and 

pp x = p£P, sin € = ^ sin € .V i 

Hence, from (1) and (2), . 

§ _ 8 = AS = 0 sin ^ cos ff v ’ 

This equation gives'the yearly change in declination due to the 
limi-solar precession 0. ascension. We shall denote 

^Tby e r W From Sangle KPS, by the cosine-formula 
A, we have s in p = cos c sin 8 - sin e cos 8 sin a 

and from the ^ „ .,5). 

Bin / 8 + AS a , = « + A« and expand; keeping 

In ( 6 ) we write »i - * + £ ’ 1 8 haU have 

only first order terms in A« and u>, 

6 in 8 X = sin 8 + A 8 cos 8 , 

cos 81 = cos 8 - A 8 sin 8 , 

sin a x = sin a + Au cos a, 
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so that (5) becomes 

sin p = cos c (sin S -f AS cos 8) 

- sin e (cos 8 - A8 sin 8) (sin a + A« cos a) .(6). 

Subtracting (4) from (6) and neglecting the term in Aa.AS we 
obtain 

sin e cos a cos 8 A« = (cos e cos 8 + sin e sin a sin 8) A8. 

But from (3), A8 = 9 sin c cos a. 

Hence cq — a = An = 0 (cos e + sin € sin a tan 8) . (7). 

This last equation enables us to compute the yearly change in 
right ascension due to the luni-solar precession 0. 

133. The effect of precession on right ascension and declination 
{alternative method). 

Owing to precession, the spherical triangle defined by the star 
and the poles of the equator and ecliptic, that is KPS, is 
changed after an interval of one year to the triangle KPiS 
(Fig. 92). We can thus suppose that the latter triangle is ob¬ 
tained by applying infinitesimal changes AA, A a and A8 to the 
values of A, a and 8, which occur in the elements of the triangle 
KPS. The elements e and 90° - p remain constant. From the 
triangle KPS, by formula A, 

sin 8 = cos e si n p sin e cos p sin A 


whence, by differentiation, 

cos 8 A8 = sin e cos p cos AAA .(8). 

But by formula B, 

cos a cos 8 = cos p cos A .(9). 

Hence, from (S) and (9) 

AS = AA sin e cos a .(10). 


If AA is the change in A due to luni-solar precession in one year, 
AA = 0 and we obtain the. formula (3) which gives the annual 
change in declination. 

From (9), by differentiation, 

sin a cos 8A^r -I- cos a sin SA8 = cos p sin AAA 

and by means of (10) this becomes 

sin « cos 8 A« = AA [cos p sin A — sin e cos- a sin o].(H). 
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But, by formula C, 

cos /3 sin A = sin 8 sin e + cos S cos e sin a. 

Hence (11) becomes, after a little simplification, 

Aa = AA [cos e + sin e sin a tan 8] 
winch, on writing 8 for AA, gives formula (7) of the previous 

section. 

gressive mere**° f J°,f on and declination given by (7) ami (3), 

L wTh * L a constant quantity with a value of about 50 per 

annum. . „ n pUi T )tic orbit relative 

Let us first consider the sun mon gun , g distance f ro m 

to the earth. During the or 1 a pe , consequently the 

the earth undergoes a cycle of changean ^ ^ ^ ^ 

:ex - - 

the displacement TT X can )t exp 

Uit + l sin 2® . v 

(small terms being omitted,>. which ® is |bc 

and a,, 1 are constants who*.values ^ uniform motion 

theory. The term a x t in « { fchig c | iara ctcr are generally 

of T along the ecliptic and particular problem under 

referred to as secular terms, an< represents the part of 

discussion as ^recessional Urnurm 

the precession in t years due character; it is zero when the 
The term l sin 2 ® Ls P® no * c If r% represents the equinox 
sun’s longitude is 0 , . >• • •• ‘ uinox as defined by (12), 

as defined by the term a y t an a i oscillates between 

it is clear that the distance between T ^ in t h e 

the values + l and , an i n 2® is called a periodic 

value of r 2 r 3 is six months, liie teiui 

term. 
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In a similar way the elliptical character of the moon s orbit 
will lead to principal terras of the form 

a 2 t + m sin 2(£ .(13)i 

where <£ denotes the moon’s longitude. 

Thus combining the effects of the sun and moon the motion 
of the equinox can be described, so far as the preceding argument 
is concerned, by the formula (principal terms only) 

at + l sin 2® + m sin 2£ .(14), 

where a is written for + a 2 . j 

We have assumed in the foregoing that the plane of the moon s 

orbit is coincident with the ecliptic. Actually the moon’s orbital 

plane is inclined at an angle (denoted by i) of 5 11 to the 

ecliptic and we have now to examine the effects of this inclination 

on the motion of the equinox T. 

In Fig. 94 let the dotted circle intersecting the ecliptic at N j 
and N represent the intersection of the moon’s orbital plane at 



a given time with the celestial sphere. The pole of the moon’s 
orbital plane will be at L where the arc KL is the inclination i 
or 6° IT. If the pole Lis regarded for the moment as a fixed 
point on the celestial sphere, the effect of the moon’s attraction 
on the spheroidal earth would be to cause the pole P to move 
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from observation, it is known 

pole L deeeribe. J * t . 

the moon is concerned, the backward lue t0 t } ie 

T along the ecliptic will consist of L e J its orbit 

aetion of ^“^“^^J^Kending on .lie position of the 

ssaSK? *^33 **“•& 

on the position of the polo L \\ >• inclination i The second 

5fS «H?WS« — 

terms of the mathematical expression are of 

6 sinO + c sin 2f2 . (U) ’ 

eCllPtl °a( + b sin Q + csin 2Q + 1 sin 2 ® + m sin 2(C •••"■< 

The first term, at, gives the '“"“■^"^^r-gi'vcThe nutation 
the remaining terms-all penodie in "ter °g^ ^ 

»» latitude. The " uta ^"“ th °"f ect i on only the more important 
In the statements made in been mentioned; we 

terms for the nutation in longitude nave 
shall refer more fully to these later. 

135. Nutation in the obliquity. 

We have already indicated in thejrecedmg ^ ^ co ^ cide 

much as the pole of the mo obliquity will not remain 

with the pole of the p / riodic , the changes 

constant. As the motion of L arounu /v t 
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in the obliquity are also periodic. If Ae denotes the change in 
the obliquity, the principal terms are found to be of the form 
(we include one small term due to the sun): 

Ae = b x cos + Cl cos 2Q + l x cos 2© + m x cos 2£ .(17). 

These terms, being periodic, give the nutation in the obliquity. 

We now investigate the changes in the right ascension and 
declination of a star due only to the change Ae in the obliquity, 
the ecliptic being regarded as fixed. In Fig. 95, let P be the pole 



Fip. 05. 


of the equator LVM, say, at 1900-0 and P, the pole of the 
equator TTU at time 1900 + t. Then the arc PP, on the great 
circle KP is Ae. Let (a, 5) and (cq, S x ) be the co-ordinates of a 
star S referred to the equators LVM and TTU respectively. 
Then PS = 90° - 8, P X S = 90° - 8,, KP = e, KP X = e + Ae, 

K PS = 9(>° -T- a, K l\ S - 90° -i a x , PKS = 90° - A and A’«S = 90°- /3. 
From P, draw a small circle arc P X R perpendicular to PS. As 
Ae is a small quantity. P X S and PS are sensibly equal and 
therefore PR = 8 t — o which we shall denote by AS. Also 
P, PR = 90° - a. Thi-n 

PR PPjeosPjPP, 

< »r — 8 = AS = Ae sin a 


(IS). 
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i . • VPV bv the sine-formula B, 

From the triangle Kl b, oy v 

cos a cos 8 = cos A cos p 

and from the triangle KP^S, snniluily, ( 2 0). 

A ztzI's 

jk: ^rind ; 8 ,~. T * 

^ _pos (i — zAct sin ftj 

COS d\ = ( - (J> w 

„ * _ ,. n c 8 — AS sin 8. 
cos 8, = COS ° . . . c; 

Hence from (20), neglectmg U.e^oduct,tenn m ^ ^ § 

cos A cos /5 = COS a cos 8 

and using ( 19 ) we have in s .(21). 

Aa sin a cos o ' a0 

But AS is given by (18); hence .(22). 

A “ “ ' -f “ in the declination and 
Formulae (18) and (22)I g ,v ® ' on , t0 the nutation Ae in the 
right ascension of a stai 

°^They may also be derived simply as follows. From the triangle 
KPS, we have by formula A, ^ £ Bin 

sin 8 _ sin P c “ € + tho nutation in obliquity does 
Regarding A and fi as consta , ^ by diflerentiation 

not affect these co-orfmate ^ ^ ^ , si „ A) . 

BUtby _ C ;osSsin 0 = sin P sin £ -cos^cosesinA. 

Hence A8 = Ae si, ‘ 

•*■ r !‘,i tri—a* ; .. <"'■* 

which is the same as (~ l ) 
derived as before. 

>“• u >1. * 

,.2 ; “ “. r «—• • tod 
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plane”. Consider the celestial sphere with the sun as centre. 
Now if we are given any two points on the sphere, not dia¬ 
metrically opposite, one and only one great circle can be drawn 
through them and accordingly we may specify the great circle 
in terms of the two points. Let us suppose that the two points 
on the sphere are given by two stars which, for simplicity, will 
be assumed at an infinite distance. The assumptions made wiU 
dispose of any necessity to consider aberration, parallax and 
proper motion. Then we can say that the plane containing the 
sun and the two stars is a fixed plane relative to the sun. In this 

sense, the ecliptic is not quite a fixed plane. 

Consider the ecliptic ATB (Fig. 96) at 1900-0, which we shall 
assume to be coincident with a fixed plane as just defined. We 
shall thus consider the ecliptic ATB to be a fixed plane of 
reference, and we shall refer to it as the “fixed ecliptic . We 


P 



Fig. 90. 


shall suppose that one year later the ecliptic is NCD, inter¬ 
secting the fixed ecliptic in X. This change in the position of the 
ecliptic is produced by the mutual gravitational attraction of the 
planets, giving rise to secular variations in the inclination, and 
in the longitude of the node A’ of the earth’s orbital plane, with 
reference to the fixed plane uf reference. Due to this cause alone. 
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the equinox moves in one year from T to C ; this motion of the 
equinox is called planetary precession, which we shall denote by l. 
The value of l is about 0"13 per annum. It is evident from 
Fig. 96 that the effect of planetary precession is to decrease the 
right ascensions of all stars by the same yearly amount .namely 
l, without altering their declinations. It is also clear fron „■ 
that a minute change in the obliquity results which, due to.this 

a “rsaaas: ar 

“it.■ »• ~«— 

" - "i a u» ha-- !*« 

precessions. In ^ ^ fimdamental planes are 

< NCD °<and ET T 2 TT y is the luni-solar precession in one year. 
AsTthe changes in the fundamental p.ane^msmaU we shall 
have, with sufficient accuracy, that T^-TV. ^ ^ 

jsra - 

high “curacy. bee n uged Then the general 

for which hig. 9b has aire y or the 

' nrfwssion in longitude is 1 ... 

iZIZ precession minus the planetary precession long.- 

tU t we have seen, planetary precession produces a slight 

0 wTn“or g ive liq the y numerical expressions for the genera, 
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precession x the obliquity at a time t years after 1900; the 

first is x= 50"-2564 + 0"-000222J per annum, 

and the second is 

e = 23° 27' 8"-26 - 0"-4684f. 

137. The mean equator and the mean co-ordinates of a star. 

In Fig. 96, ATB and RTT are respectively the ecliptic and 
equator at the beginning of 1900 (this is usually written 1900*0); 
these are regarded as fixed planes of reference. After one year 
the 1 uni-solar and planetary precessions produce changes in the 
ecliptic and equator so that for 1901-0 these planes are now 
NT, D and ET 2 F. NT,D and ET 2 F are defined to be the mean 
ecliptic and mean equator for 1901-0. Also the equinox T 2 is the 
mean equinox for 1901-0. 

In this chapter we shall omit the general consideration of the 
proper motion of a star and we shall now define provisionally the 
mean position of a star. The mean position of a star at any time 
is its position on the celestial sphere centred at the sun, and 
referred to the mean equator and equinox at that time. In 
practice we consider only the mean position with reference to 
the equinox at the beginning of a year. It is to be noted that in 
our definition no cognisance is taken of nutation, aberration, 
annual parallax and (provisionally) of the star’s proper motion. 

We now investigate the problem: to derive the mean position 
of a star for 19010, given the mean position for 1900-0. Let 
(a, 8) be the co-ordinates referred to the mean equator and 
equinox for 1900-0, and (cq, referred to the mean equator and 
equinox for 1901-0. Due to luni-solar precession, the star’s 
longitude has increased in one year by 0. Formulae (7) and (3) 
are immediately applicable to give the changes in right ascension 
and declination due to this cause. We have, rewriting these 


formulae, 

oq — a =6 (cos c -f sin e sin a tan S) .(23), 

8j — S = 6 sin e cos a .(24). 


But planetary precession decreases the right ascension in one 
year by l (Y X Y 2 in Fig. 96); hence the complete expression for 

cq — a is cq — a = (0 cos e — /) + Q sin e sin a tan S ...(25). 
The declination is unaltered by planetary precession, and hence 
(24) is the complete equation for the change in declination. 
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a on**-l- n = 6 sin e .( 26 )- 

Put m = 6co»e 

„ _ m + n sin a tan 8 .v '* 

Then a i _ a - m + 

g _ 8 = n cos a . 

both in time and angular measures). 

Table: values of m and n. 

m n n 

i 20"*0554 

] R00 1 a-33674 20"O51 i 

£ sss i-ss 2o " o42tt 

Taking the year as the unit and writing % and " for the rates 

of change of the co-ordinates « and » due to pre.esston, we 

rewrite (27) and (28). 

da = m + n sin a tan 8 . 

dt 

( ft • .(30). 

zz = n cos « 

i w flip mean right ascension of a Ononis 

‘ ,11 “ f ; r 1! ’7 " C0 - 0,dlnates 

« “=:ir:! P ::::-hyformu,a (2a) . 

^“h^e.Tr 19000, 

m = 38.0723, » = i 8 -33«»o. 
log « = 0* 12;>97 
log sin a = 9-99956 
\na tan 8 = 9-11284 

9-23837 

„ n sin a tan 8 = 98-1731 

Hence 71 m = 3 b. 0 723 

Also . ' 

" a = 3 s -2454 

Therefore dl _ 

. Kowcomb: Spherical Agronomy. V <°0- 
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The annual precession in right ascension for this star is thus 
-f 3 s -2454, and in two years the change in the right ascension 
due to precession is + 6*-491. Hence the mean right ascension 
referred to the mean equinox of 1902-0 is obtained by adding 
6 8 -491 to the mean right ascension for 1900-0, and the result is: 

Mean right ascension (1902-0) = 5 b 49 m 51 8 -972. 

In a similar way, the mean declination for 1902-0 is found to be 
+ 7° 23' 20"-20. 


138. The secular variation. 

The procedure adopted in the example just given is correct 
only when the interval of time concerned is a small number of 
years. It is to be noticed that on the right-hand sides of (29) and 
(30) the values of a and 8 are varying quantities as well as m 
and 7 i, and this fact must be taken into account when the interval 

of time exceeds, say, 5 to 10 years. The rate of change of per 

century is defined to be the secular variation in right ascension. 
Now a is a function of t (in years, measured say from 1900-0) 

and if « 0 , and denote the values of the right ascension, 

of ~ and of V? at / = 0, that is for 1900 - 0 , then a can be written 
dt dt'- 


da 0 t 2 d 2 a 0 

« _ Oo f- < dt + 2 (lt 2 


(31). 


d 2 a 

If s denotes the secular variation in right ascension, is the 

. x r da o n x • ^ 2 «o 

rate of change (per annum) of -r , that is, 


from (31), 

Now, in general, 

5 d-a d 

= = ,u 


a — «o = t 


dt 
da 0 

dt 


dt 3 100 


Hence 


st \ 
+ 200 / 


(32). 


100 dt 


dt 
dm 

dt 


n sin n: tan S) 


, dn - da 

+ sin a tan o + n cos a tan 5 -r. 

dt dt 


-f- n sin a sec -5 


dB 

dt 


(33). 
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Now from the values of m it U found that, for 1900 0, the 
annual rate of change of m is given by 

dm 

It 

dri 


= + 0-0000186, 


and, similarly, 


dt 


= _ 0"-0000853. 


Also da and j- in (33) are given by (29) and (30). Hence the 
dt dt 


Ulf — 

value of s can be computed. 

The formula in declination corresponding to (3-) is. 

I 


8 - 8 0 = < 


r/8 


dt 


o , 

^ 200 / 


(34), 


where * is the secular variation 

In the principal aretabulated for 

— - SUension, for example, 

i. the value of the annua, precession £ (for the appropriate 

1950-0, given that the mean co-ordinates(«..*>' 

22 h 8 m 49-30 and - 80 56 14 /. 

srS “ ctively 

+ 6-9931 and + 17"-099. 

and the secular variations s, «i are 

3 = _ o s *5920 and s, = + 0 ’ 4() * 

Then, by (32), a being the mean right ascension for 1950-0, 

a _ „ o = 50 (6-9931 - x 0-o920) 

= 50(6-9931 - 0-1481) 

_ 5 m 42-25. 

Hence the mean right ascension for 1950-0 is 

(**8-49-30 + 5- 42-25) or 22 - 14- 31 -55. ^ 
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Also by (34), 

§ _ g 0 = 50 (17"-699 4- x 0"-46S) 

= + 14' 50"-S. 

Hence the mean declination for 1950-0 is 

(- 80° 56' 14"-7 + 14' 50"*8) or - 80° 41' 23"-9. 

139. The true equator and the true co-ordinates of a star. 

To fix our ideas we shall consider a particular time and date, 
say, o.c.t. 15 h , 1931 March 9. The true equator , true ecliptic and 
the* true equinox are the actual equator, ecliptic and equinox 
respectively, at this instant, and their respective positions with 
reference to a fixed ecliptic, say, at 1900-0 are dependent on the 
amount of precession and nutation computed for the interval 
between 1900-0 and the instant in question. We define the true 
place of a star at this instant as its position on the celestial 
sphere, centred at the sun, referred to the true equinox and 
equator of the date. 

Let us denote the mean co-ordinates of a star for 1900-0 by 
(«o, 8 0 ), the mean co-ordinates for 1931-0 by (a, 8) and the true 
co-ordinates for o.c.t. 15“, 1931 March 9 by {a lt 8 r ). Also let 
r denote the fraction of the year between the beginning of the 
year and the date in question. Then, considering the change in 
the right ascension of the star due to precession and nutation, 

we have 

«i - «o = precession in r.a. for (31 4- r) years 

4 - the effect of nutation on the r.a. 

We write <q — « 0 = (« — « 0 ) + («i — «)• 

Now a, — a = the difference between the true r.a. of the star, 
referred to the true equinox of date, and the mean r.a. referred 
to the mean equinox of the beginning of the year (1931-0); it is 
made up of 

(i) precession in r.a. for the interval r, 

(ii) the effect of nutation in r.a. for the date in question. 

Also a — (to is the difference of the mean co-ordinates for 1931-0 
and 1900-0. We thus have the general rule: 

To derive the true co-ordinates of the star at (1931 4 - r), the 
mean co-ordinates for 1900-0 (say) being given, firstly compute 
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the mean co-ordinates for 

on p. 241) and, “ C “* d effect Tnutetion. Denote by Aa„ An, 
interval r, and (n) the e respectively. 

Xt — " g ives change in R.A. 

due to precession-we have for the interval r, 

A«. = r (m + » sin a tan 6 ). 

4 . we have seen, nutation changes 

Consider now nutatio . obUquity 0 f the ecliptic. For 

the longitude of aster and 1 ^ J utation in longitude 

the date concerned, let A«/», consists of the periodic 

and in the obliquity respcc w-Y- change in the 

terms given in (16) and Ae is given by (17). 

right ascension due to A0 is given from (7) b 

A 0 (cos e + sin € sm a tan d), 

i • n . ,iup to Ae is given from (22) by 

and the change in R.A. due to at b 

— Ae cos a tan o. 

Hence the total change Ac, in right ascension due to nutation is 
giV6n b L = Ai/| (cos . + Bin . Sin «tan 8 ) - Ar cos a tan 8 . 

^ a+ & “ u8 - 

Can W f a-(mr + A0 cos .) + sin a tan 8 (nr + f sin .) 

a ,_ a _tmT- 1 * v _Ae cos a tan 6 .(3. r >). 

But from (26), » and a are defined in tmms of the luni-solar 

precession B and the = B sin * .(36). 

Substituting in (35^ Uie expression for cos . and sin . given by 

(36), we obtain ... 

t A df\ • f H n ^ + — — Ae cos a tan 8 

„ _ a = (r + ( w + n 810 a 1 } + 0 

** a V 0 / .(37). 

i i »,,i ore expressed in seconds of 
In (37) we suppose that m , 

time and l, A0, B, Ae in seconds of arc. 




# = - Ae; E = 


?A0 

150 


1 


a = m + « sin cc tan 8; 6 = * cos « tan 8 


I 


...( 38 ). 


i6-a 
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oq — a = Aa + Bb + E .(39), 

in which the right-hand side is expressed uniformly in seconds 
of time. 

In (39), the quantities A, B and E are computed from the 
known interval r, the nutations Aip, Ac corresponding to the date 
concerned, and the limi-solar and planetary precessions 6 and l ; 
they are independent of the position of the star. They are known 
as Bessel’s day numbers (or star numbers) and are tabulated in 
the almanacs for every day in the year. 

The quantities a and b depend on the values of m and n and 
on the co-ordinates of the star; they change slowly with the 
time, but over considerable intervals they may be regarded as 
constants associated with the particular star concerned. 

In a similar way, we have the analogous formula in declina¬ 


tion: 


i .-8 = ( 


A il)\ 

r H-- ) n cos a + Ae sin a 

0 ) 


(40), 


in which n and Ac are supposed expressed in seconds of arc. 


L a' = ?iCOsa; b' = — sin a .(41). 

Then, using the values of A and B in (38), we have 

Sj — S = Aa' -f Bb' .(42). 


Equations (39) and (42) enable us to calculate the true 
co-ordinates (a lt 8,) at any date when the mean co-ordinates 
(a, 8) at the beginning of the year are given. 

The same equations enable the complementary problem to be 
solved, namely, the calculation of the mean co-ordinates for the 
beginning of the year from the true co-ordinates of date. 

It is to be remembered that, in this discussion, we have omitted 
the effects of the star’s proper motion on the co-ordinates. 

The calculations may also be carried out in another manner. 
From (38) and (39), we can write 


a x - a - inA + E + v nA sin « tan 8 - J. Ae cos a tan 8 

.(43), 

in which mA + E is expressed in seconds of time and n and Ae 
in seconds of arc. The last two terms of (43) have the divisor 15 
to reduce the terms to seconds of time. Also from (38) and (40) 

— 0 ~ /f A cos a -J- Ae sin a .(44). 
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Let/, g, G be defined by 

f^'mA + E; < 7 sinG = - Ae; gcosG = nA .(45). 

Then «,-«=/ + *g sin (0 + a) tan 8 .(46), 

Sj - 8 = g cos (G + a) .( 4 ?)- 

In these formulae, g is given in seconds of arc and/in seconds of 

The quantities /, g and G are known as independent dag 
numbers (or star numbers) and are tabulated for every day in 

the almanacs. 

140. The apparent place of a star. 

We have seen that the true place of a star at any instant is 
its position on the celestial sphere, centred at he with 

reference to the true equinox and equator at that instant. The 
true place is thus independent of the effects of aberration and 
annual parallax. The apparent place at any instant o as tar or 
other heavenly body is defined to be its position on the celestial 
Sere whose^entre is the earth's centre , with "e to tlm 
true equinox and true equator at that instant. \\e thus have. 

Apparent place = true place plus the corrections due to 
aberration and annual parallax. 

The formulae (25) and (26) of Chapter vm give the corrections 

We then write: 

Apparent B.A. = True R.A , + Cc + Dd . (48), 

Apparent Dec. = True Dec. + Cc' + Dd’ .(40). 

141. Reduction from mean place to apparent place (or vice versa). 

\ are the mean co-ordinates ot a 
We shall suppose that K, W * determine 

star for sonic such epoch as 1900 o n 1 
the apparent co-ordinates («,»). tor exam] , 

19 Thffirst sip is to compute the mean co-ordinates («, 8 ) for 
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the mean equinox of 1931*0 by the principles of section 138. 


Using (39), (42) and (48), (49) we shall have 

a — a = Aa -f Bb -f Cc + Dd + E .(50), 

S'-8 = Aa' + Bb’ -f- Cc' + Dd' .(51). 


These formulae give the differences between the apparent co¬ 
ordinates at the date concerned and the mean co-ordinates for 
the beginning of the year. The quantities in capital letters are 
Bessel's day numbers and the quantities in small letters {star- 
constants) are functions of the star’s co-ordinates. The star- 
constants a, b, etc., can be rapidly obtained from R. Schorr’s 
Prazessions-Tajeln (Bergedorf, 1927). 

We may also carry out the computations by means of (46) and 
(47) of section 139 and (27) and (2S) of Chapter viii in terms of 
the independent day numbers as follows: 

a — « = / + tV ;0 sin ( 0 + a) tan S + T ^h sin (H + a) sec 8 

.(52), 

5 — 5 — g cos {G 4- a) + h cos (// -f a) sin 8 + i cos 8 

.(53). 

I lie formulae can also be used in deriving the mean co-ordinates 
for the beginning of the year when the apparent co-ordinates at 
the date are known. 


142. Cataloguing the stars. 

Let us suppose that a star is observed with the meridian circle 
at g.c.t. 15 h on 1931 March 9. After the instrumental and 
refraction corrections have been applied, we obtain the apparent 
light ascension a and the apparent declination S' corresponding 
to the true equinox of date. By applying the formulae (50) and 
(51) or (52) and (53)—we obtain the star's mean co-ordinates 
a and 8 referred to the beginning of the year 1931. For the 
purposes of a catalogue it is convenient to refer the positions to 
the mean equinox of a common epoch, say, 1900 0 . The mean 
co-ordinates (« 0 , 8 0 ) referred to this common epoch are then 
obtained according to the procedure in section 138. 

143. The nu merical values of the nutation in longitude and in the 
obliquity oj the ecliptic. 

In (16)I wo have indicated the nature of the principal terms of 
the nutation m lonytude. A^-tliey are the periodic terms in 
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( 16 )_and in (17) the principal terms of the nutation in the 

obliquity, A*. The coefficients b and 6, are not quite constant 
varying slowly with the time. If T denotes the time interval 
expressed in centuries and reckoned from 1000 0 the expressions 
(16)—nutation only-and (17) take the following numerical 

forms: 

M = - (17"*234 + 0"-017T 1 )sin Q + 0"-209sin 2Q 
T — l”-272 sin 2L - 0"-204 sin 2(£ .(54), 

A € = (9"-210 + 0"-00097’) cosQ - 0"-090 cos 2L1 

-f- 0"*551 cos 2 L + 0"-088 cos 2(T .( o5 )» 

in which we have written the sun’s mean longitude L in place 

nf thp sun’s true longitude ©. , . A , 

In calculating Bessel’s day numbers and the independent day 

numbers, several other terms which "‘.f^^^nin 
(55) are used. The complete expressions for Af Ae are „ 

th The“ S cient of cosQ in (55) for any epoch is called the 
constant of nutation. 


EXERCISES 

1. If />, If are the poles of the equator and ecliptic, and X is a alar such that 
PXK is 90°, show that A' has no precession in right ascension. 

. *• ♦ nf ilif niesent declination and right ascension of 

2. Make a rough estimate of I AricS ]20 n.c., the 

the point of the celestial sphere whie » w as » \M.T. 1921.] 

date when the precession was discovered. 

decUnation and longitude respectively, prove tin. 

4a cot a cos’ S = AS cot 8 - 5A cot A. \CM. hmm .J 

, „ simultaneously to the horizon of a place 
4. At a certain date tw time . A t a later date, when the pieces- 

in latitude cot (n 3 suii «) simultaneously to the 

sion had amounted to 60°, show th. the amc a t sidereal 

horizon of another place, whose latitude + 

time 6 b , * being the obliquity of the ecliptic. 

, el rn of -ir of declination - 8 and right ascension a must 

.-. 

Bin 8 cos t + cos 8 sin c sin a < cos {* - «), 
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where e is the obliquity of the ecliptic. Obtain formulae for calculating the 
date at which it ceased (or will cease) to be visible. [31.T. 1926.] 

6. Show that, owing to precession, the position angle 6 of a non-polar 

double star alters at a rate given by = +1*4 sin a sec 8 sin e degrees per 
century. 

The approximate position of the double star 22 Cygni is (19 h 22 m ; + 27° 30')- 
The observed position angles (increasing) for the mean epochs 1830-0 and 
1905-0 are respectively 256°-0 and 311°-8. What is the real change in position 
angle? [Lond. 1926.] 

7. Owing to precession the interval between two consecutive transits of a 
star across a given meridian differs from a mean sidereal day. If /3 + c > 90°, 
show that this difference vanishes if the star’s longitude A is given by 

sin A = cot fi cot c, 

where /? is the star’s latitude and t is the obliquity of the ecliptic. 

8. The co-ordinates of a star for 1900-0 are: 16 h 56 m 12 s ; S = 4- 82° 12'. 
Show that the annual precession in r.a. for 1900-0 is — 6®-30. 



CHAPTER XI 


THE PROPER MOTIONS OF THE STARS 

144. Definition of proper motion. 

In 1718 it was discovered by Halley that the positions of 
certain bright stars had altered appreciably since the time of 
Hipparchus, in relation to the general stellar background 
Suppose for the moment that all stars with the exception of 
Arcturus are at an infinite distance from the sun so that they 
form a definite system of fixed reference points. The comparison 
of the observations of Arcturus, made in the days of Hipparchus 
and of Hallev showed conclusively that this star had moved in 
the interval oi about twenty centuries through the considerable 

angle of about one degree, 
with reference to the stars 
in its immediate neigh¬ 
bourhood on the celestial 
sphere. This suggested that 
Arcturus had a definite 
space-velocity relative to 
the sun, and that its dis¬ 
tance was finite. 

Consider Fig. 97. Let S 
bo the sun and suppose 
that a star with a space- 
velocity relative to the sun ^ 
moves in the course of a ^ 5 un) 
yearfrom A toB. Thestai .s Fig. 97. 

track in space can be as- observations during so 

ZTanlntlrvto centuries live suggested that the path 
long an interval measurable amount from a straight 

tf," n. i «»■ "«'* j, “ 

per annum. 




250 


THE PROPER MOTIONS OF THE STARS 


145. Relation between proper motion, tangential velocity and 
parallax. 

In Fig. 97 let BC and DA be drawn perpendicularly to $x4. 
Let (l denote the distance SB (in kilometres) of the star from the 
sun and 0 the angle between its direction of motion AB and the 
direction SA. Let T 7 denote the star’s linear velocity from A to 
B, expressed in kilometres per second, so that, if n is the number 
of seconds in one year, we have 

AB = n V kms. .(1). 


Let v denote the component of the linear velocity at right angles 
to the direction SA (the line of sight); v is called the tangential 
velocity or cross-velocity, and it is expressed in kilometres per 
second. For the star with the largest proper motion the value 
of /x is about 10" per annum, and in every instance we can assume 

A 

that ASB is a very small angle so that, in Fig. 97, AD and CB 
may be taken to be equal; also AD or CB is the distance 
described in one year perpendicularly to SA, so that 


AD = CB = nv kms. .(2). 

Now CB = d sin p, or since p is small, we can write 

CB = dp sin 1" .(3). 


Let n denote the star’s annual parallax and a the radius of the 
earth’s orbit in kilometres; then the distance d and the parallax 
II are related (Chapter ix) by the formula 

sin II = ajd 


or, since II is small, by 



a 


11 sin 1 


/ / 



where II is expressed in seconds of are. 
(4) we have 


v = 


pa 

n\\ 


Hence from (2), (3) and 

.(5). 


We now insert the values of a and n in (5); a = 149-5 x 10° kms. 
and n = 31-50 x 10° (the number of seconds in a year). Hence 
we derive 



4-74 


b 

II 



a relation which gives the cross-velocity v in kilometres per 
second when the values of p and II are known. 
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For example, the annual proper motion /x of Capell s ' 
(the methods of measuring proper motion will be desenbed lat ) 
and its parallax n is 0"-075. Inserting these values in (0), 
find that the tangential velocity y is 27-7 kins, per second. 

146. Radial velocity. 

In one year (Fig. 97), the distance of the star .‘^that 
from BA to SB or, with sufficient accuracy from 8A to SC that 
is by the distance AC. The rate at which the star s distance 
from the sun is changing owing to its linear velocity m space i, 
called the radial velocity with respect to the sun. If , denotes 
the radial velocity in kilometres per second, we have 

AC = np = A B cos 0. 

But by (1), AB = nV\ hence 

p= V cos 0 .. '• 

distance is diminislung, the radi.il vc out) m 0 
Now BC = AB sin 0\ hence, from (1) and (-), 

v = V sin 0 . (S)> 

If „ is determined from (6) and P is known from 
observations, we then have the two equatmn 7) an ( ), 

which the star's linear space-velocity F and Hie ^ ^ 

determined. For Capella, asii 1 ne) second. Hence 

second and p is found to be + 30 2kms. per 

V sin 0 = 27-7 and I cos d - aO 

lloZ (S 

and 0 is 42£°. 

,«• r* ”To”fJ ZZouotZ that the component of 

- t0 ^ motlo “ 
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is the tangential velocity in the direction AD or CB\ the radial 
velocity by itself does not affect the direction in which the star 
is seen. Now A, D and S 
are coplanar; hence on the 
celestial sphere with the 
sun as centre, the star will 
appear to move along a 
great circle. In Fig. 98 let 
S be the position of the star, 
say, at 1930-0 and T its 
position one year later. The 
great circle arc ST is thus 
the annual proper motion 
p. Let («, 8) and (a lt 8j) be 
the co-ordinates of S and T 
respectively, referred to the 
same equinox and equator— 
say the mean equinox and 



Fig. 98. 


equator of 1930-0. Then the differences (cj — a) and (8j — 8) are 
due to the annual proper motion. We shall write: 

«i - a = p t ; S x — 8 = p s .(9). 

Then p* and /x 5 are the components of the proper motion in 
right ascension and declination respectively. We shall call p the 
total proper motion,- which is always expressed in seconds of arc 
per annum. 

Draw the small circle arc UT parallel to the equator. Then 

UT = UPT sin PT ; also UT = ST sin where <f> is the position 
angle PST. <$> is measured from the meridian joining the star to 
the north pole P from 0° to 300°, in the direction shown by the 

arrow in Fig. 98. But UPT = p a , PT = 90° - Sj and ST = p. 

Hence p a cos 8j = p sin 4> 

or. writing 8 for 8, since p is small, we have 

p a = p sin <f> sec 8 .(10). 

As p is supposed to be expressed in seconds of arc per annum, 
p n is also given by (10) in terms of the same units. Similarlv > 


SU = 8i — 5 = /x 5 , so that 


Pi — p cos <f) 


(U), 






253 


THE PROPER MOTIONS OF THE STARS 

u, being expressed in seconds of arc per annum. If P.. f*« 
known the formulae (10) and (11) are sufficient to enable the 

values of p and $ to be calculated. 

The values of p. and p s for the brighter stars (down te.about 
the ninth magnitude) are obtained from mendran observations 
senarated by . long interval of time. We shaU illustrate the 
procedure by means of an example. In the A.G. Catalogue the 
mean co-ordinates of Arcturus for 187o-0 are 

14 b 9 m 57 s.03; + 19° 50' 2"-6. 

These mean co-ordinates are derived from several meridian 
observations of the star, which, for simplicity we**^suppose 
to have been made round about the beginning of the year Uwa 
After the instrumental and refraction correc 
annlied each meridian observation yields the apparent co 
ordinates referred to the true equinox of date; after tlie apphc 

^ °f ^ 

the several observations, the resu.Its already quoted^ are he 
mean eo-ordinates of the star for the beginning of 187a reterrecl 

round about the beginning of 

1925 give the mean co-ordinates of the star at the 

1925 referred to the mean J observations is 

tions the interval betwe^ ^ ^ motion, the mean 

years. o' ought to be the mean co-ordinates for 

1875-0 plus the amount of Ascension and declina- 

actual amount of proper mot fe , beu i nn i ng u f 1875 

tion, we first derive the star s po» b involves the 

referred to the mean equator of 1925 ^ 

Tl'o.Callgue we extract the following for 

Arcturus: K>A< Dec. 

. + 2 b -8132; - 10"-915 

Annual Precession 

[Chapter x: formulae (29), (30)] 

Secular variation (a and a,) + »‘° 003 ; + 0 ' 2 - 8 
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Using formulae (32) and (34) of Chapter x we have, for t — 50, 

s x t 


st 


= + 0 B -0001; 


= + 0'-057; 


200 1 ’ 200 

which, added to the annual precessions above, give respectively 
+ 2 S -8133 and — 16"*858. Hence the total changes in the 
co-ordinates due to precession are respectively 

+ 140 S -GG; - 842"-9, 

or + 2 nl 20 s -66; - 14'2"-9. 

Applying these to the mean co-ordinates for 1875-0, we obtain 
the mean co-ordinates of Arcturus, as observed at the beginning of 
1875, referred to the mean equator of 1925-0; the results are 

14 h 12™ 18 8 -29; + 19° 35' 59"-7 .(12). 

We now consider the second set of observations made at the 
beginning of 1925. The mean co-ordinates of Arcturus, as ob¬ 
served in 1925 and referred to the mean equator of 1925-0, are 
given as follows: 

l 4 b 12 m 14 8 -39; + 19° 34' 19"*9 .(13). 

The co-ordinates given by (12) and (13) are all referred to the 
same co-ordinate system, namely, the mean equator and equinox 
of 1925-0. The differences between the two right ascensions and 
the two declinations in (12) and (13) are thus due to the proper 
motion of the star in 50 years. The r.a. has decreased by 3 8 -90 
in 50 years and the declination has decreased by 1' 39"*8. We 
then have ^ = _ 0 »-07&; p, = - 2"-00. 

These are the components of the proper motion of Arcturus, 
with reference to the mean equator and equinox of 1925-0. 

For methods of combining a large number of such determina¬ 
tions and tor a discussion oi the systematic errors of the various 
catalogues, the reader is referred to Newcomb’s Spherical 
Astronomy. 

For stars fainter than the ninth magnitude the determination 
of proper motions is undertaken wit h the photographic telescope; 
the method is described later in Chapter xh. 

148. The components of proper motion at different epochs referred 
to the same equatorial system. 

Let, 6’ (Fig. 99) denote the mean position of a star in 1850, say, 
referred to the mean equator and equinox of 1850-0. To avoid 
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confusion, we shall at first express /x in circular measure. Owing 
to proper motion the star will move along the great circle SAC 

at the rate of /z radians per 
annum. We shall assume 
that /x is constant—any 
changes in /x are, even in 
the most likely instances, 
so small as to be wholly 
negligible for very many 
years to come. After an 
interval of t years let the 
star’s position on the celes¬ 
tial sphere be A . 

Let us write /x,, /x 3 for the 
components of proper mo¬ 
tion when the star is at S, 
that is, in 1850. Then by 
(10) and (11), /x, and ^ 
being expressed in radians per annum, we have 

tx a = /x sin 4') sec 8; /x A = /z cos </> .(I-1), 

the co-ordinates of S being («, 8) and </> the angle PSA. 

Let us write p.\ p,' for the components ofproper motion 

when the star is atX, that is, in 1850 + 1.1 hen ,t <«. . « ) »« * 
co-ordinates of A (referred to the mean equatoi of 18o0 0) 

# is the angle PAC, we liave similarly 

p.’ = ft sin f sec 8'; = p cos f .< 13 )- 

In these formulae we neglect the influence of radial velocity- 
for the latter’s effect see Exercise 7 below. It is thus clear fro 
(14) and (15) that the components of proper motion alter wit 
regard to the epoch for which they are defined, even although 
the fundamental plane of reference (the mean equator of lSuO 0) 
is the same and the total proper motion p is constant. 

Through A draw the small circle arc AB pimallel to tl„ 

equator. In the triangle PSA, PS - JO 8, 

SPA PSA = PAS = 180° - f and SA = ,A. By 

the sine-formula B we have 

sin <// cos 8' = sin <f> cos 8. 
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Writing (f> -f A (f> for <f>' and 8 -f AS for S' we obtain (regarding 
A (f>, AS as small angles, for SA {= fit) is small even for consider¬ 
able intervals of time) 

(sin (f> + A</> cos <j>) (cos 8 — AS sin 8) = sin <f> cos 8, 

from which, neglecting infinitesimals of the second order, we 

* iave A</» cos $ cos S = AS sin <f> sin 8 .(16). 

This equation gives the variation of <f> with 8. 

In the infinitesimal triangle SAB, SB == 8' — 8 = AS, and 

therefore AS . 

Ao = fit cos <p .(17). 

Hence from (16) and (17), 

A<£ = fit sin <f> tan 8 .(18). 

From (15) we have 

, _ fi (sin (f> + A(f> cos (f) ) 
cos 8 — AS sin 8 

= p sec 8 (sin <f> + A</> cos <j>) (1 -f A8 tan 8), 
or 


fij = fi sin (f> sec 8 -f fi A<£ cos </> sec 8 + fi AS sin <f> sec 8 tan 8, 

again neglecting small quantities of the second order. Hence 
using (14), (17) and (18) we obtain 


and by (14) 


Ha' — fi* — 2p 2 < s i n cos <f> sec 8 tan 8, 
Ha - Ha = 2Jp.p 5 tan 8 



This equation has been derived on the supposition that p, p a , 
Ha and p 5 are all expressed in circular measure. Express p a , p„' 
in seconds of time and p^ in seconds of arc; then (19) is written 

Ha — H«~ - f H*Hs fan 8 sin 1" .(20). 

In a similar way, we have from (15), the proper motions being 
expressed in circular measure, 


or 


H> = h (cos (f>- &<j> sin (f>), 
Hi ~ H*> = ~ H sin 


= — p 2 /sin 2 c6tanS 
= — tHa 2 sin 8 cos 8 

Expressing p«, (p.' — p-) in seconds of time and arc 

we obtain , 4 . . „ 

Pi — Pi = — t (lop a )- sin 8 cos 8 sin 1" 


[by ( 18 )] 

[by (14)]. 
respectively, 

.(21). 
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Equations (20) and (21) thus give the components of proper 
motion at the epoch (1850 + t) when the components for epoch 
1850-0 are known- and vice versa. It is only, howevei, when 
components ofTroper motion are large that the quantit.es on 

the right of (20) and (21) need be taken into account. 

simple The mean co-ordinates of the star Groombndge 
IsfoTrlOOO O are 11> 47- 13-0, + 38“ 26' 10", and the com- 
ponents of the proper motion for 1900 are 

» = + 0 8 *3405, Hi = - 5"-801. 

To find the components of proper motion p/, pf for'this star in 

the year 2000, referred to the mean equator « f . 1000 0 

Apply (20) in which t = 100, tanS = 0-793 and sin 1 = 1/200205. 

Then ^ - /x., = - 0 S -0016, 

so that p.' is + 0'-» _ 0 "-006 or - 5"-807. 

Similarly from (21),/x 4 - •> 

149. The components of proper motion referral to the mean 
equators of two different epochs. 

” a * v r-'fzi: o”;»” r, 

r 



17 
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small circle arc around K, the pole of the ecliptic. The angle PKQ 
is the luni-solar precession 9t in t years, the value of 9 as we have 
seen in Chapter x being about 50£". As in the previous section 
we shall at first express 9 and the proper motions in circular 
measure. We regard PKQ as a small angle, so that the great 
circle arc joining P and Q will be indistinguishable from the 
small circle arc along which the precessional motion of the pole 
takes place. Let (a, S) be the co-ordinates of S referred to the 
mean equator and equinox of 1900-0 and (c^, 8 t ) the co-ordinates 
of S referred to the mean equator and equinox of 1900 + t. Then 
PS = 90 0 - 8 and QS = 90° - S x . Also KPS = 90° -I- a, so that 
QPS = a. 

Let the proper motion /x of the star be directed along the great 
circle ST. Then if fi a , /x 3 are the components of proper motion of 
S in 1900 referred to the mean equator of 1900-0 we have, by 

(10) and (11), fi a = [x sin <j> sec 8; /x 5 = n cos <f> .(22), 

where </> is the angle PST. 

Let /x*", [Ms" denote the components of proper motion of the 
star, also in 1900, referred to the mean equator and pole Q for 

1900 4- 1. 1 hen /i>a " _ ^ s in ^aec 8 X ; /x 3 " = /x cos fa .(23), 

where fa is the angle QST. We shall write fa = <f> - f A<£, so that 

A 

PSQ = A0. Then by formula B we have, from the triangle PQS, 


sin A (f> = sin PQ sin a sec 8,, 

or, since PQ and A</> are supposed to be small and PQ = Of sin c, 

A</> = 9t sin a sec 8 sin e .(24), 


in which we have written 8 for 8 X without sensible loss of accuracy. 

Draw the small circle arc QK perpendicular to QS. Then we 
have, very nearly, PR = — 8. Writing A8 for 8, — 8, we 

obtain from the infinitesimal triangle PQR, 

S x — 8 = AS = Ot cos a sin e .(25). 

From the first of (23), we have 

„ /X sin (<£_+ Afa 

^ cos (8 4 A8) 

/x (sin (f> + A cf> cos </>) 
cos 8 (1 — AS tan 8) 

= /x sec 8 (sin (f> + A<£ cos fa (1 + A8 tan 8), 
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or, neglecting small quantities of the second order, 

^ sec 8 sin (/> + /xA8 sec 8 sin </> tan 8 + p&<f> see 6 cos < f>, 

or, using (22), (24) and (2o), 

pj' sin e sec 8 (cos a tan 8 sin </> + sin a sec 8 cos <f>). 

But /x a = /x sin (f> sec 8 and /xj = /x cos <f>. 

Hence ^ -#*.-« sin « (/x. cos a tan 8 + sin a sec"-8) (26). 

Similarly, /x«" = /* (cos </> - sin </>) 

= fi cos <f> - fidt sme sin a sec 8 sin <f>, 

so that Ms" - M« = - sin « 9il1 £ - . 

In the derivation of the formulae (26) and (27), M., 8 are 

aU supposed to be expressed in circular measure Ex P‘ ess ^ j 
M." in seconds of time and p„ and 6 m seconds ot aie, and 

these equations become 

M." - m. = * s ‘n « </*• * tan 8 + Sm “ SeC ^ S .' (28) , 

" _ - 158/M- 1 ein a sin e sin 1 . 

^Example To find the value of p." for the motion of the star 
Azampic. to referred to the mean equator of 

Groombndge 830 in 1900 reI g". 80 l (referred to 

1930-0, given that p. = + 0 540a, M< ^ 

the mea? equator for ^ g ‘j ^ 

see 2 8 - 1-63, 8 - 50| , sin « = 0-398. Hence, from (.8), 

p." - M- = - ° 50009 ' 

,x " = + 08-3396. 

“The computation for the value of mi" can be performed in a 
similar manner by means of (29b ^ ding section 

150. Mean and apparent co-ordinates. , , 

In the chapter on I*— and ™“^o™ ^ 

rn“m n til P TuLig prope'r motion into account. Suppose 
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we start with the mean co-ordinates (oq, 8 0 ) of a star for 1900*0. 
The mean co-ordinates {a, 8) for 1900 + t are then given by 
applying the precession for t years with the secular variation, 
together with the proper motion for t years. The annual pre¬ 
cession plus the annual proper motion is called the annual 
variation, and this quantity is generally tabulated in the cata¬ 
logues for each star. The mean r.a. and declination for 1900 + t 
are then obtained by means of formulae (32) and (34) of Chapter x, 


in which 


da Q 

dt 


and 


d 5 0 
dt 


are now taken to mean the annual variation 


in right ascension and declination respectively. 

The apparent place of a star, say, on 1931 March 9, is its 
position on this date on the celestial sphere (with the earth as 
centre) and referred to the actual equator and equinox of date, 
The apparent place on the date is obtained from the mean place 
at the beginning of the year by applying precession, nutation, aber¬ 
ration (by means of the Besselian or independent day numbers) 
and the proper motion for the fraction of the year in question. 


151. The solar motion and parallactic motion. 

We have seen that the proper motion of a star is its rate of 
change of direction as viewed from the sun. It has been con¬ 
venient to describe the cause of the star’s proper motion as the 
star’s linear space-velocity relative 
to the sun, but the question might 
well be asked: “ Ts it not possible 
that all the stars are 4 fixed in space ’ 
and that their proper motions are 
the results of the sun’s motion in 
some definite direction?” In this 
section we examine the problem 
thus suggested. j[j 

In Fig. 101 consider a star S at 
rest with respect to certain hypo- ^ 
thetieal axes in space. Suppose the 
sun moves with respect to these ^ (Sun) 
axes along the straight line LA. Fip. tot. 



traversing the distance LM in one year. If U is its velocity (in 
Kilometres per second) and n the number of seconds in one year, 
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then the distance LM— which we denote by b— is given in 

kilometres by 6 = nU .(30)- 

Let A denote the angle ALS —it is the angle between the direction 
of the solar motion and the direction m which the star is seen 
fromL. Let X x denote the angle AMS. Further let A x A fi x , 

BO that MSL = Ml ■ Then is the change m the direotaiof 
the star, as seen from the sun, in one year. This appears the 

observations as proper motion. 

If d is the distance MS in kilometres, we have 

sin ny _ b 
sin A d ’ 

or, since /x x is a very small angle, we can write 

f) • \ ^ i // 

2 sin A cosec 1 

in which is expressed in seconds of arc. 

We can transform (31) by introducing the annual parallax 
of the star by means of 


(31), 


n = % coscc 1" 
d 


(32), 


(33). 


where a is the radius of the earth’s orbit around the sun in 
kilometres. From (30), (31) and (32) we derive 

u. = - nt/sinA. 

ri a 

But n = 31*56 x 10 6 and a = 141)-7 x 10 6 kms., hence 

\\U sinA 
IH= 4 . 74 - 

It is to be noted that formula (33) provides a method of deriving 
the annual parallax T1 of a star, provided that the solar speed U 
and its direction are known and provided also that the assmnp 

tion regarding the “fixity” of the stars still holds 

The proper motion p, which arises from the solar motion is 
called the parallactic motion of the star ft vanes direct y as the 
parallax H and, consequently, by (32) it vanes inversely as the 

distance of the star from the sun. . 

The point on the celestial sphere towards which the solar 
motion is directed is called the solar apex. 
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In Fig. 102 let A be the solar apex and S a star. We shall show 
later how the position of A is determined; meanwhile we shall 
assume that its co-ordinates are known. The great circle arc AS 
defines the angle between the direction in which the sun is 
moving and the direction 
of the star. Thus is A. 

Also, referring to Fig. 101, 
we see that the change in 
direction, or p lt takes place 
in the plane ALS , so that 
the star appears to move 
on the celest ial sphere along 
the great circle AST (Fig. 

102). As A t is greater than 
A, the star appears to move 
away from A, that is, in 
the direction ST. 

Denote by x the position 
angle PST\ x is measured 
from 0° to 360° in the di¬ 
rection of the arrow. Then since the parallactic motion is 
along ST we have, applying (10) and (11) and denoting the 
components of the parallactic motion in r.a. and declination 
by P a , Pi respectively, 

P a = Hi sin x sec 8; P 4 = cos x .(34). 

Inserting the expression for p. x given by (33), we obtain 




sin A sin y sec 8 



and 



sin A cos x 


(36). 


These formulae are of importance when it is desired to find the 
components of the parallactic motion of a star, or of a group of 
stars, when the quantities on the right of (35) and (36) are known. 


152. Secular parallax. 

It is evident that if the distance LM (Fig. 101) through which 
the sun moves in one year is known, then this line forms a 
convenient base-line for the measurement of stellar distances. 
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By analogy with the annual parallax 11 the secular parallax H, 
as it is called, is defined by 


sinH = d’ 


or, since H is small, by 


H = cosec 1". 
d 


Also, from (30), 6 = nU, so that 


H =J.^- cosec 1" 
a 


(37), 


in Which // is expressed in seconds of arc. Hence, from (32) 

and (37), _ \W .(38). 

11 ~ 4-74 

The measurement of V wiU Thus^'obtain 

between the annua, parallax 0 and the 

secular parallax H in the form: 

n = 0-243 // . 

, r 1 titi\ and (36) take on a simpler 
By means of (38) the formulae (ia) and 

form: they become ..(40), 

p =//sin A sin x scc s ** ' 

“ (41). 

P h =U sin A cos x . 

153. The solar motion and radial velocity. Nqw 

In Fig. 101 let MK be we nia/considcr 

LM is very small in comparis moves from L to 

MS and SK equal. Thus m to US, that is, by 

M, the distance of the star 0 f a negative 

the distance LK. This is eq-valenMoU^ ^ ^ 

radial velocity Pl (u> kilomc ■ I Also r K = b cos \ 

where »is the number of seconds m one y 

and, since b = nU by (30), we obtain 

- - U cos A . v 

• rn has been inserted, since the radial 
in which the minus sign ■ the radial velocity of 

velocity is negative. Form da Wv* 
the star arising from the solar motion. 
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154. The solar motion in the general case. 

In section 151 we started from the hypothesis that the stars 
are “fixed in space” and that only the sun was in motion with 
respect to fixed axes. This assumption can be examined by 
means of the observed proper motions. Referring to (35) and 
(36) or (40) and (41), we see that there are two points on the 
celestial sphere—the solar apex and the diametrically opposite 
point, the ant-apex —where the parallactic motion vanishes, for 
then A is 0° or 180°, so that both P„ and P & vanish. Thus there 
ought to be two regions of the sky in which the observed proper 
motions of all the stars concerned should be zero. This is contrary 
to the facts. More generally, if the hypothesis is correct, the 
total proper motion of any star ought to be in a great circle 
passing through a definite points (Fig. 102)—the solar apex— 
so that bv considering only two stars in different parts of the sky 
it should be possible to determine the apex as one of the two 
points of intersection of the respective great circles. Actually it 
is found from the proper motions that the points of intersection 
derived from one pair of stars differ widely from the points of 
intersection derived from any other pair of stars. The conclusion 
is that the stars have individual motions of their own in addition 
to the parallactic motion due to the sun’s velocity. 

Under these conditions the solar motion must be given a more 
precise interpretation. We have no longer fixed points in space 
to which the motion of the sun can be referred, for all the stars 
as well as the sun are in motion. If we are considering the proper 
motions of 10,000 stars scattered over the sky, the solar motion 
is defined with reference to all these stars regarded as a group or, 
more precisely, as the velocity relative to the mean centre of the 


group. 

Consider Fig. 103, in which S is a star and A is the solar apex 
whose position we shall assume to be known. Let the proper 


motion p of the star be along the great circle SU, and let PSU be 
denoted by 6. Both p and can be calculated from the observed 
values of p u and p 4 by means of (10) and (11). The parallactic 
motion p, is along the great circle AST, from S towards T\ the 
angle PST is y- Lot («, 3) be the co-ordinates of S and (A, D) 
the co-ordinates of the apex A. Then, in the triangle PAS, 


PS = 90° - 3, PA = 90- - D, APS 


= « - A, PSA = 180° - y, 
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AS = A. The values of A and x can be easily found as follows 
By the cosine-formula A, 

cos A = sin D sin 8 + cos D cos 8 cos (a - A) ...(43), 

from which A can be computed, and by formula G, 

- sin A cos x = sin D cos 8 - cos D sin 8 cos (a - A ). • • (44), 

from which y can be obtained. 

A is the angular distance of the star from the apex The 

direction ST is the direction of the ant-apex iromS and the 
angle x between the meridian SP and the great circle SI is called 



the position angle of t U ant-op^ Z°-Z 

A. the angular < .stance of he star fron ^ ^ sufflcicnt 

These angles, (1»0 ) . * ared charts,* thus saving 

- *- the 

g-at circle ST and along the 

* w. M. Smart: Charts published by the_Koyal Astrononucal Sonoty and*, 

icribcd in Monthly Notice*, vol. L * xx " 1 ; P Victoria, B.C., vol. iv. No. 4; J. M. 

ion* of the Dominion Astrophystcal Ob»en, Society a „d dcscr.hcd in 


B9HU6U ui - ' • i rvaurTM . I ir lut it*, ---- - • . 

of lhe Dominion A f tr ^ yst ^ Koya | Astronomical Society and described m 
Baldwin: Chart published by the Rojal 
Monthly Notice*, vol. lxxxix, p. 
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great circle SR drawn at right angles to AST. Let v and t 
denote these components. Then, since TSU = (f> — x> 

v= /xcos (<j>- x)> 
and r = p. sin (<f> - x)• 

Since, by (10) and (11), /x a = p sin <f> sec 8 and p& = p cos <f), 
we can write the formulae for v and r as follows: 


v = n a cos 8 sin x + /Ai cos x .( 45 )> 

t = //„ cos 8 cos x - /^o sin x .( 46 )- 


Assuming the co-ordinates of the solar apex to be known, we 
can obtain the value of x by formula (44) or from charts, and thus 
we can calculate the values of v and r, the values of and p s 
being supposed known. 

Let us write v = p x + v x .(47), 

where p x is the parallactic motion along ST. Then v x is the 
portion of the observed proper motion in the direction ST due 
to the star’s individual motion, being due to the solar motion. 
The component r is evidently due entirely to the star’s individual 
motion. 


155. Statistical parallaxes. 

The determination of the annual parallax of even a single star 
involves a large amount of observational and computational 
work. In many investigations it is of great importance to know 
the mean parallax of a particular class of stars, say stars between 
the tenth and eleventh magnitudes in a particular region of the 
sky, and this mean parallax can be determined from the v and 


t components of proper motion. We shall consider the v com¬ 
ponents of N stars close together in the sky, the stars belonging, 
for example, to some definite magnitude class. 

We shall define ^ to be positive when it is in the direction 
ST. and negative when it is in the opposite direction SA 


(1‘ig. 103). If the A stars have haphazard individual motions, 
the expectation will be that there will be as hiany stars with 
positive values of u, as with negative values, so that the algebraic 
sum of all the u, s (denoted by Suj) will either vanish or be very 
small compared with . Adding the N equations of the type 
f47), we have v v , v 

- 1 ' = + Lt-j, 
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and, neglecting Se, as the result of the previous remark, we are 


left with 


-Mi = 


(48). 


For a given star, „ is supposed to be known-rt is calculated by 
means of (45) from known data. Hence for all the stars 8 * " 
Xv will be easily found. Now for a star whose annual parallax 

is n, Ml is given by (33), namely, 

n U sin A 
Mi = — 4-74 ' 


= c L sin A sn. 

•^Mi - 4.74 


Hence 

If n 0 denotes the mean parallax of the N stars, A11 0 = HI, a,ul 
therefore we obtain, by means of (48), 


4-74 


Su 


( 40 ). 


rI ° “ NU sin A 

As all the quantities on the right of (49) are supposed known, the 

mean parallax II 0 is readily derived. , • tro . 

This is one illustration of stcf stmal method^ M 

nomy. In the table in Appendix L (p. cliffcrcnt 

values* of the mean secular parallax / of sUrsrf different 

magnitude classes (Harvard Sea| e '! w ' it)l n .f f . reI1 cc to the 

latitudes (galactic latitudes are i f ^ corr( , spon ding values 

Milky Way regarded as a great )• .miltinlving the 

of the mean annual parallax are obtained by multiplying 

entries in the table by 0-243 [see formula (3.1)]. 


156. Determination of the solar apex from proper ""*■ 

If we are riven that the sun is moving ... a certain c.re. ®i 

rvith velocity U then relatively to direriion. 

to have an additional velocity ,.,.lo«tial sphere and 

In Fig. 104 let O (the sun) be the centre of X 

let Ox, Oy, Oz be rectanguUr axes^^A ^ ^ ^ cquatol . with 
vernal equinox T, Oy through t 1 1 Then if - A’, 

right ascension 90°, and Oz tliroug i n 1 the components of 
- Y, - Z (in kilometres per second) den lulivc , y to the 

the solar motion with respect to ie axci, com p 0 ,ients are 

sun.'a star at .S’ will have a velocity "hose co. I 

• Groningen l>uhli*itioM, So. 2'J, Tablo 20. 
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-f- -X", -t- Y,+ Z. We neglect for the moment the star’s individual 
linear velocity, so that we are simply investigating the effect of 
parallactic motion. Let the star be at a distance of d kms. from 
the sun, and for simplicity we shall take the radius of the sphere 
to be d. 

The velocity of the star S has components + X parallel to 
OT, + Y parallel to OB and + Z parallel to OP. It is our first 
object to find the components of the star’s linear velocity along 




Fig. 104. 

the rectangular axes SL , SM and SN, where SL is tangential at 
S to the parallel of declination (in the sense of increasing r.a.), 
SM is tangential to the meridian PSC (in the sense of increasing 
declination) and SN is the radius OS produced. 

Now the velocity X parallel to OT is equivalent to a velocity 
X cos a parallel to OC (the angle TOC is a) and a velocity 
X sin a parallel to Of), where DOC is 90°. Similarly the 
velocity Y parallel to OB is equivalent to a velocity Y sin a 
parallel to OC and a velocity - Y cos a parallel to OD. We thus 
can replace A' and }” by 

X cos a + Y sin a parallel to OC 
{1n d X sin a—! cos a parallel to OD 



(50), 

(61). 
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Let CE be drawn tangential to the equator at C. Then is 
perpendicular to OC and therefore CE is P^ l e l to OD Since 
CE is drawn in the direction opposite to that of OD, we ca 

write for (51), 

— X sin a + Y cos a parallel to CE .( oi )* 

Also SL is parallel to CE, so that (52) can be replaced by 

- A sin a + Y cos a parallel to SL .(53). 

Let OF be drawn in the plane of the meridian ^ Perpen¬ 
dicularly to OS. Then OF is parallel to the tangent MSG*t^ 
Consider (50). We resolve this velocity parallel to OS and 
OF. Now COS = 8. Hence (A' cos a + T sin a) parallel to OC 

is equivalent to 

(A cos a + Y sin a) sin 8 parallel to OF, 

or - (A cos a + Y sin a) sin 8 parallel to SiV .(54). 

and (A cos a + T sin a) cos 8 along OS or SN ...(55). 

Similarly the velocity Z parallel to OP is equivalent to 

Z cos POS along OS and Z sin POS along Ad/. 

POS = 90° - 8, SO that Z is equivalent to . 

Z cos 8 along SM . 

and Z sin 8 along SN . (o<) ‘ 

Collecting the components of velocity along SL SM and . SN 
in turn and denoting the sums by Z, v and C rcspccti y, 

have: r .o\. 

from (53), f = — A sin o + Y cos a .< J >’ 

from (54) and (50), 

,, = _ A cos a sin 8 - Y sin a sin 8 + Z cos 8 . (oJ) , 

from (55) and (57), „ . s , r0 t 

£ = A cos a cos 8 + Y sin a cos 8 + Z sin 8 . 50). 

a in kilometres per second, so also ait 
As A, r, z are ( a Lg SL. Due to this 

(, 7), i. Now consul e alimg SL through a distance 

velocity alone, the star number of seconds in one 

* kms. -ne^w--^ thc angle through which 

Fm^s airgX parallel of declination is «f/d in circular 
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measure or n -t cosec 1" in seconds of are. Hence the right ascension 

(l 

of the star increases by ^ sec 8 cosec 1" seconds of arc per annum. 

But this is the component of the parallactic motion in right 
ascension, P a , which we assume to be expressed in seconds of 

arc. Hence 




= P n cos 8 sin 1". 


Introducing the annual parallax n by (4) we obtain, after 
inserting the values of n and a and writing for £ the expression 
given by (58), 


— X sin a + Y cos a = 


4-74 

11 


P„ cos 8 


(61). 


This is an accurate equation for the star S and clearly it holds 
for any other star. The reader is reminded that the parallactic 
motion is alone considered at the moment. 

In a similar manner, by considering the component tj along 
SM which gives rise to the component of parallactic motion in 
declination, Pi , we derive from (59), 


4-74 

— A’ cos a sin 8—1 sin a sin 8 -f Z cos 8 = —^ P a 


(62). 


Now consider the observed components of proper motion, 
fj. a and jz 6 . The parallactic motion contributes to /x a and so does 
the star’s individual motion. Similarly for /xj. We can then 

write /x 0 = P a + n *'; /x 0 = P 5 + ^ .(63), 

where /x a \ pi are the contributions of the star’s individual 
motion to the proper motion in r.a. and declination respectively. 
All the quantities in (63) are assumed to be expressed in seconds 
of arc. 

By means of (63), equation (61) becomes 


4-74 4-74 

— A sin a -f Y cos a — | j cos ^- j j l 1 *' cos ^ 


(64). 


In this equation. A, Y are quantities to be found, a and 8 are 
known and /i„ is given from proper motion observations. In 
general 11 is unknown and /x a ' is also unknown. 
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Consider N stars in a small area of the sky bo that ire can 

regard each star as having the same values of “Padding the 
star contributes an equation of the type (04), and adding 

N equations we derive 


4-74 


— X sin a + Y cos a = cos 82 (ft) 


4-74 


ir cos8S vTl 


( 65 ). 


If n 0 corresponds to the mean distance d 0 of the stars, we can 
write (65) as 4.74 v , 

_Xsino+ 7 cos a =^<=08 82(1. OTo COS ^ 

in which the assumption is now made that the stars have each 

the same parallax Il 0 - , . , comv > 0 nent of 

Now consider ^^1 "1 It U as 

as negative, we can either assunmJhat 

the proper motions. 

Neglecting the last term we have ^ 

- Xnina+ Y oosa = Nu ^o s»Sp. . 

in which n„ is unknown and X p. is obtained from the observed 

XV 1 v.. = a so that Ji a is the average 
proper motions. Write ^ 2j /*„ /^a 

observed value of /x. ior the A bor of regions in the 

Suppose that we deaU »th a large ^ v gtarg in 

same way, and for simp u-i y ‘ lf,s taIlcc 0 f the stars in each 

each region and that ^ ft* constant. Then we have for each 
region is the same, so that 1 

region an equation of the t\pc 

* _Xsin«+ Y cos a = K^ a cos 8 . 

i an unknown constant, 

where K = 4-74/11 0 ihc sam e assumptions wc derive 

In a similar manner and n\ itn 

from (82), sin . 8 + Z cos 5 = Kpi ...(«»)• 

- X CO ;“““ : ave ,1/ equations of the type (08) 

and^TtiriT)- The solution of these equationsisedeeted 
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by the method of least squares. The procedure is as follows. 
Multiply (68) throughout by - sin a (the coefficient of A) tor 
each of the M equations and add together all the resulting 
equations. Denoting summation by S we obtam 

AS sin 2 a - 7S sin a cos a = - AS Ji a sin a cos 8 ...(70). 

Similarly by multiplying by cos a (the coefficient of Y) and 
summing we derive 

- AS sin a cos a + 7Scos 2 a = AS /Z a cos a cos 8 ...(71). 
Treating (09) in a similar mamier, we obtain the three equations. 
AS cos 2 a sin 2 8 + 7S sin a cos a sin 2 8 - ZS cos a sin 8 cos 8 


= — AS Ji s cos a sin 8 .(72), 

AS sin a cos a sin 2 8 + TS sin 2 a sin 2 8 - ZS sin a sin 8 cos 8 

= — AS /is sin a sin 8 .(73), 

- AS cos a sin 8 cos 8 - TS sin a sin 8 cos 8 + ZS cos 2 8 

= AS ]xs cos 8 .(74). 


In the live equations, (70) to (74), the coefficients of A, I and Z 
can all be calculated from the known values of a and 8, and also 
the coefficients of A on the right-hand sides of these equations, 
since the values of ) 5., ji« are obtainable from the observed proper 
motions. Adding (70) and (72), adding (71) and (73) and 
rewriting (74), we have the three equations in symbolical form 

aX + bY +cZ = KS{\ 

bX + BY+dZ-KS t > .(75), 

cA +dY + CZ = KsJ 

in which the coefficients of A, Y and Z are all calculable 
functions of a and 8 and 8 lt S 2 , S 3 are also known. The solution 
of these equations (75) determines 

A Y Z 
K ’ A ’ A ’ 

but not X, Y and Z, since A is unknown. 

We can now derive the co-ordinates of the solar ant-apex 
towards which the sun is moving with a velocity whose com¬ 
ponents are + X, + Y f + Z. (We assumed originally that the 
components of the solar motion are — A, — Y, — Z, and as this 
motion is directed towards the apex the velocity whose com- 
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ponents are+ X,+ T,+ Z will bo — ‘be opposite 

as show! Let PJC be the meridian throughJ and let A, D b 

the equatorial co-ordinates of J. Then TO a + y2)i 

The components A and J' combine to give a velocity (A + ) 

A2 



along 00 and A is given by tan d = ' e erse 0 f the 

along OG combines with Z along OP to 8 1 ' 
solar motion in the direction OJ , so that 

tan D = Z/(* 2 + } *>*• 

We rewrite these equations in tan A amUan O as follow^ 

(*) + U) 


...( 70 ). 


r Vj 

tan d = £/ f i tan °= X 

on. * y Z are known from the solution of (75) ; hence 

The ratios u 'U 'K r 

, * ; nP d The co-ordinates of the solar apex are 
A and D are determined. U»e 

then 180° + A and - D. solar al , e x from the proper 

Numerous investigations of i tiim . 0 f Sir William 

motions of stars have been ma : n ji ca te that so far as the 

Herschel. Recent work ^‘ e, ‘^ r( j inat esof the solar apex are: 

brighter stars are concerned, tne 

K.a. 18- Dec. + 34. 
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For fainter stars, the declination of the apex is generally 
found to be a few degrees further north. 

The method of determining the solar apex which we have just 
described is essentially due to Sir George Airy and is generally 
known as Airy’s method. 


157. Determination of the solar motion from radial velocities. 

We now consider formula (60), which gives the component 
velocity £ in the line of sight OS (Fig. 104) due to the solar 
velocity. Thus £ is simply — p x of section 153, and by (42) we can 

write £ = £7 cos A .(77), 


where U is the solar velocity. Let p now denote the observed 
radial velocity.* Then the solar motion contributes U cos A to p 
and the stars individual space-velocity contributes p 2 , say. 


Hence 


p — U cos A + p 2 


(78). 


Hence, from (60), (77) and (78), we clearly have 

X cos a cos 8 -f Y sin a cos 8 + Z sin 8 = p — p 2 .(79), 

in which p is given b 3 T spectroscopic observations and p 2 is un¬ 
known. If the radial velocities of N stars, scattered over the 
sky, are observed, each star contributes an equation of the form 
(79) and the N equations are solved by the method of least 
squares. Multiplying each equation in turn by the coefficient of 
X and summing wo obtain 

X £ cos 2 a cos 2 8 + 7S sin a cos a cos 2 8 + Z £ cos a sin 8 cos 8 

= Sp cos « cos 8 — S/Do cos a cos 8 .(80). 

Now the radial component p 2 of the star’s individual linear 
velocity is as likely to be positive as negative, and the sum 
£ p 2 cos a cos 8 will tend to vanish. Neglecting this term in (80) 
we write 


X £ cos 2 « cos 2 8 -f Y £ sin a cos a cos 2 8 4- Z £ cos a sin 8 cos 8 

= £/>cosacosS .(SI). 


* The observed radial velocity with which we are concerned here is the radial 
velocity relative to the sun. But the observation of a star’s radial velocity made on 
the earth includes an effect due to the earth’s orbital motion round the 6un and an 
effect due to the earth’s rotation (pp. 213-217). We suppose that these effects are 
removed from the actual observations of radial velocity. 
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Similarly, „ „ . ... s 

„ „ . o s , v V <=in 2 n cos 2 8 4- Z 2 sin a sin o cos o 

Z 2 sm a cos a cos* 8 + 7 S sm «_««* + ^ ^ g .^ 

X E cos a sin 8 cos 8 + 7 Esin a sin ScosS + Z S sin‘8 

= Lpsmo . 

The coefficients of X, 7, Z in these equations can be CO “ P ^ 

and also the quantities on the u” 

three linear equations from whic i , * hi* solution in 

to be remarked that X, 7 and Z are given from tins solution 

kilometres per second. . mven 

The co-ordinates of the solar ant-apex A and D are then given 

by (76) as in the preceding section. 

The solar velocity U is given by 

U‘i = x*+ Y*+ 7S . 

The most recent determination* of the solar motion gives the 
following results: 

Right Ascension of the Solar Apex 18* or 2 /0 , 

Declination of the Solar Apex ... + ^ • cond . 

The solar velocity ... ••• — ‘ . 

The declination is rather lower than the^ue derived from 

proper motions; this may be par y different kinds of 

tzzz. - 'Xzz 

the parallaxes of the stars made in Airy s metl. . 


exercises 

, T . , 9 ,or,u i8 0" 177 and the total annual proper 

1. The parallax of Lalandc , «t right angles to the line of sight 

motion is 4"-62. Show that the star » velocity at right b (£obA 11)28 .] 

is 121 kma. per second. • 

n f ♦ r iR 0"-037 and its total annual proper motion is 

2. If the parallax of a star is 0 fa 2 . 24 times the orbital velocity 

0"-52. show that its tangential linear velocity is 4 - 1925.] 

of the earth, the letter's orbit being assumed circular. 

3. The para,lax o, 01 Cygni is V* the 

of sight is 6"-2 per year. Compare its tangc ntial 

earth in ito motion round the sun. 

. „ ,,1L Moore: PMiaMm. oj I he Lick Obccrcalorj. vol. 

• W. W. Campbell and J. U- iUooru# 

XVI (1928). 18*2 
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4. The total annual proper motion of a star (r.a. 3 h , declination +10°) is 
0"-l. Assuming that this proper motion is entirely parallactic, determine the 
star’s parallax, given that the solar motion is 19-5 kms. per second towards the 
point (18 : •», + 34°). 1927 ^ 


5. A star (a, 5) has a tangential linear velocity, relative to the sun, of V kms. 
per second in the direction of a point on the celestial sphere whose right 
ascension is A and declination is D. Prove that 


= 0 S -0141 Fn cos D sin (-4 - a) sec 8, 
where II is the star’s parallax. 


[. Lond . 1926.] 


6. The r.a. and declination of Sirius are 6 h 41 m and - 16° 35' respectively, 
and the proper motions in r.a. and declination are - 0 8 0374 and — l"-209; 
the observed radial velocity is — 7-5 kms. per second, and the parallax is 0 -38. 

Show that the velocity of Sirius relative to the sun is inclined to the line of 
sight at an angle of about 1144°, and calculate the magnitude of this velocity 
in kms. per second. [Lond. 1929.] 


7. If Mo are the components of annual proper motion of a star (a, 8) at 
time t with reference to a particular equinox and equator, and if /x 0 ', Mi' are the 
components of proper motion at time F with reference to the same equinox and 
equator, prove that, F - t being expressed in years, 

Ma' - Ma = {-Ma Mitan $ — 2 Fn fiJ4" 74} (F — t) sin 1", 

Mi' — Mi *= — {22oM a 2 9in 5 cos 8 + 2FIIms,/4-74} (F — /) sin 1", 

II being the star’s parallax in seconds of are and F its line of sight velooity in 
kms. per second. 

[Mj is expressed in seconds of time and Mi in seconds of arc.] [Lond. 1930.] 


8. Ma. Mi are the components of proper motion, in equatorial co-ordinates, 
of a star <$’ (a, 8). If (/, b) are the galactic co-ordinates of S and mj* Mb the 
corresponding components of proper motion, show that 

Mi Ma cos ’J cos 8 sec b -f Mi sin rj sec b, 

Mb = — Ma sin 7) COS S + Mi C°9 rj, 

where q is the angle P$K, V and K being the north poles of the equator and 
galactic plane respectively. 

[N.B. t) is to be reckoned positive if. on going round the triangle SPK in the 
order named, the area of the triangle is on the left.] [Lond. 1926.] 


9. The r.a. of the node of the galactic plane on the equator is Q, and i is its 
inclination to the equator. 

(£. ’/. are the components of velocity (in kms. per sec.) of a star (a, 8) 
referred to galactic rectangular axes, the direction of the £-axis being given by 
the node .V. 

If m .• Mo are the components . f annual proper motion in seconds of time and 
seconds of are respectively, and n is the parallax of the star, show that 

i ein (a - Li) - T, cos i cos - 52) + ; sin * cos cos 8, 
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where K is a certain numerical constant, and derive the corresponding equatmns 
in w and in the radial velocity. What is the value of A m the sj stem^umts 

employed? 

10. If («, v. w) are the components of the linear velocity V, referred to 
equatorial axes for a fixed date, of an open cluster, prove for any cluster st 
(a, 8) with components of annual proper motion Mi (both m seconds of 

that 

tt 0*4 sin a-,x a cos a sin 8 cos 8) 

— v cos a + /i* sin a sin 8 cos 8) -4- tcn x cos 8-0. 

Hence show how the co-ordinates (A. D ) of the convergent j™* 
derived. 

11 Show that if 9 be the angle between the convergent point of a moving 
cluster and oneof ita component stars, whose radial velocity ,s .the velocity 
r Jlr relative to the sun , n sec * £ 
v tan 9 -T- observed proper motion. If t = 45 b km./sec., 
is l"-8, find the parallax of the star. L 
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ASTRONOMICAL PHOTOGRAPHY 

158. The photographic refractor. 

The two principal features of the photographic refractor with 
which we need concern ourselves in tins chapter are, first, the 
object-glass and, second, the photographic plate (Fig. 10b). we 



Fie. 100. 

shall assume that the object-glass (which is specially designed 
for photographic purposes) is correctly adjusted in the telescope 
tube and that CO is the optical axis, C being the centre of the 


i 
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object-glass. The focal plane of the object-glass is FG, at right 
angles to CO. The photograpliic plate (which we shall assume 
be a square) is held in position by a carrier (not shown in the 
figure) in such a way that the sensitive side of the pla e is 
exactly in the focal plane. We shall also suppose for simplicity 

(on BC produced). Let the p“ £r B is just 

edge of the plate. of the side of the 

on the plate at R. Then QC t a qq 

plate, l = 2 OR and, since OR = OC tan 

J = 20C tan ft . (i) ’ 

where fi denotes the "p- 

00 is of course the focal length o theo] ^ ^ can> 

sumed known. If the k (in angular measure) which 

-g£2S£?£223:sF ' A —- 

the object-glass is 30-5 cms.) Hence, by (D, 

1C 

tan = g - 589 ’ 

so that P - 47' approximately . Thus ° f the ** 

11° by If. can be or the relation 

Of great importance « the seal ^ corresponding 

between a linear distance on t ‘ ^ ^ plates just referred 

angular displacement in > j mm . is equivalent 

to, 1 cm. on the plate is ten to 4 ■ ^ diff 

to 35" approximately. We cal I ^ ^ ^ gky _ the centres of 
ently; if two stars are sep y « wi u p 0 i C m. apart. 

their images on the pl»° <>g Iil l reflecting telescope 

Similar considerations apply equally to the letlccti D 

when used for photographic purposes. 
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159. The tangent plane. 

In Fi" 106 the celestial sphere, with C as centre, is drawn. 
The tangent plane at A is drawn—this plane is at right angles to 
the radius CA and is therefore parallel to the photographic plate. 
It is to be remembered that A is the point on the celestial sphere 
towards which the optical axis of the telescope is directed. 
Produce CB to meet the tangent plane in D\ then D will be 
called the projection of B on the tangent plane. The projection 
of any other point on the celestial sphere can be constructed in 
a similar manner by joining the centre G to the point under 
consideration and producing the radius to meet the tangent 
plane. Consider a star L whose projection on the tangent plane 
is N and whose image on the photographic plate is at M. If 


<h = O&M = Al'L , we have 
^ , OM 

tan </> = oc 


AN 

AC 



It follows generally that the system of stellar images on the plate 
is similar to the system of the projections on the tangent plane, 
one system however being on a different linear scale from the 
other. Let .41?', AS' be the positive directions of rectangular 
axes in the tangent plane; let OR, OS be parallel to .4/? , .45 
respectively, in the plane of the plate, their positive directions 
being opposite to those of *47? and *46 . Let £ , rj be the co¬ 
ordinates of the projection of a star on the tangent plane and 
7 ? the co-ordinates of the image on the plate; then by the 
principle of similarity, we have 


f * 

AC 00 

V _ i 

AG ~ OG 


.(3) 

(*)• 


160. Standard co-ordinates. 

For the sake of geometrical simplicity we shall suppose the 
celestial sphere (centre C) and the tangent plane at A to be 
drawn as in Fig. 107. It is to be understood that *4 is the point 
on the celestial sphere towards which the telescope is pointed. 
If aS is a star near *4. its projection T on the tangent plane is 
obtained by joining C to S and producing CS to meet the 
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tangent plane in T. Draw the great circle arc JS; then since 
the plane of this great circle passes through C it f°Uows tha^aU 
radii joining C to points on AS lie in one plane and this plane 
intersects the tanglnt plane in a straight line AT. M^er l 

we can say that any great circle projee s mto a straight toe ur 



Fig. 107. 

AQ, and its positive direction is taken to u,ta* 

meridian AP so that increasing values o. s 

creasing values of the right as ®® n ^° c JT ; perpendicular to 

Since AT lies in the ange 1>>'«'^ ^ ‘ ircle arc A S. 

AO and is therefore the tang circle arc AP. Now 

Similarly, AQ is the tangent to th > P _ / ,; |S T „ us 

QAT defines the spherical angle PA , V cjrf . le ar( , e , inter- 

we see that the angle between J exactly reproduced on the 
secting at the tangential P 0 '” ’ cn t)ie two straight lines into 
tangent plane as the »»g T , )ig remar k holds only for great 

which the great circles pr j point; for example, the 

circles passing through tl gtr ^ ht line j 'Q and AP 

great circle SPp rejects betW een AQ and TQ) is 

projects into AQ\ but Ay* \ 



282 ASTRONOMICAL PHOTOGRAPHY 

not equal to SpA (the angle between the great circles AP and 
SP). 

Denote the arc b y <f> and *SL4P by 9\ then QAT = 9. 

Draw perpendiculars TU, TV to AU, AQ. respectively. Then 



VT = ? = AT sind 

.(5) 

and 

UT = -r)' = AT cos 9 

.( 6 ). 

Now 

AT = AC tan ACT = AC tan <f>. 


Hence 

= tan 6 sin 9 

AC 

.(7), 

/ 

, = tan <f> cos 9 

jA V 

Hence, by (3) and (4), 

.( 8 ). 


A _ = tan <f> sin 9 

DC 

.(9) 

and 

^ , = tan $ cos 9 

f /(_/ 

. (10), 


in which £ and rj are t lie co-ordinates of the image of $ on the 
photographic plate with reference to rectangular axes through 
the centre 0 of tlie plate (Fig. 100), and drawn parallel, but 
oppositely directed, to tHe axes AU, AQ on the tangent plane. 
OC is the focal length of the telescope. Suppose that the focal 
length is known in millimetres and that the plate co-ordinates 
£ and i] are derived also in millimetres by processes which Mill 
be described later; then the values of and 9 can be calculated 
from (9) and (10). As we shall see immediately, (f> and 9 are 
functions of the richt ascensions and declinations of A and S', 
if the right ascension and declination of A are known, the right 
ascension and declination of S can then be deduced from the 
values of the co-ordinates £ and ij. 

If we take the focal length OC to be the unit of length and 
t, 77 to be expressed in terms of this unit, we have from (9) 


and (,U) ’ £ = tan <f> sin 9 .(11), 

77 = tan (f> cos 9 .(12). 


£ and 7 1 arc then called the standard co-ordinates of the star 
concerned. In tliis definition of standard co-ordinates—first 
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introduced by Professor H. H. Turner*-the following points 
have to be noted: (i) the origin of the co-ordinate axes corre 
snonds to a definite position, whose right ascension and de 
chnation are specified with respect to a standaixl 

clination. 

161. Formulae for the standard co-ordinates. 

Let A. D be the right pension «"« the 
1900-0) of the point A on gtar g \y e shall now show 

corresponding co-ordinates ‘ a and 8 are obtained. 

how the relations between ^ “ d £^have^P^-D. 

In the spherical triangle Aor (I »g- , of the 

op = 9 o _ s A PS = a — A (in the figure, 5 is eastwards of the 

* AQ , o AP - o Then by formulae A, B and 
meridian AP), AS = SAP - »■ 1 

G, we have 

co8 , = sin 8 sin D + cos 8 cos Z> cos (« - ^ 
sin <f> sin 0 = cos 8 sin {a — A) 

sin </> cos 6 = sin 8 cos D — cos S sin D cos (a — A) .( • 

Dividing (15) by (13) we obtain, using (12), 

cos D - cot 8 sin/) cos (« r d) .(10). 

V = R in7j TeStTroS D cos (« - A ) 

Define q as follows: ( 

cot <i = cot 8 cos (a — A) 

cos D - sin D cot < 1 > 

Then V = 8 jn JJ + Vos 1) cot q ' 

... .( 18 ). 

from which ^ = tan (7 

. Monthly Mice,, vol. uv, p. 13 
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Again, dividing (14) by (13) and using (11), we have 

cot 8 sin (a — A) _ 

b = T* 


by (17), so that 


sin D -f cos D cot 8 cos (a — A ) 

_ cot q tan (a — A) 

— sin D + cos D cot q 

_ cos q tan {a — A) 

* ~ cos (q - D) 


.( 19 ) 


( 20 ). 


The auxiliary quantity q , which has been introduced into (18) 
and (20) in order to simplify the logarithmic computations of 
£ and -q in the case when A, D, a and 8 are all known, is readily 
seen to have a simple geometrical interpretation. Draw a great 



circle arc SL to cut AP at right angles in L (Fig. 108). Denote 
PL by x ; then by formula D, 

cos x cos (a - A) = sin x tan 8 - sin (a - A) cot 90°, 

from which tan x = cot 8 cos {a - A). 

Hence, by (17), x = 90° — q, so that q is the declination of L. 

The formulae (18) and (20) enable the calculation of £ and q 
to be made when .4, D, a and 8 are known. 

■\Ve now derive the formulae which will give a and 8 in terms 
of A, D, £ and ??. We have from (10), 

tj sin D + rj cot 8 cos D cos {a — A ) 

— cos D — cot 8 sin D cos (« — A), 

from which 

cot 5 e<>s (a — A) {q cos D + sin D) = cos D — q sin D , 


and hence, 


cot 8 cos (a — A) = 


1 — 771 an D 
■q + tan D 


( 21 ). 
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Again, from (19), 

cot 8 sin (a — A) = £ sin D > £ cos D cot 8 cos (a - A ) 

( cos D (1 — Tj tan D)) 

= ||sin D + - )’ 

by means of (21), whence we derive 

£ sec D 


— - - -- 

■q + tan D 

{- sec D 


( 22 ). 


(23), 


cot 8 sin (a — A) = 

Divide (22) by (21); then 

tan (a — A) = r _ 

from which (« - 4) can be calculated and « obtained. When 
(a - A) has been found, 8 can be obtained trom (- 
In astronomical photography there aie two un 
processes employed directly or indirectly, lhe t '. r ^ t ^ h l 
culation of the standard co-ordinates ot one or more .^^ ose 

right ascensions and Itu! U the 

involves the use of equations (18) and A 

calculation of the right ascensions and 

the values of their standard co-ordinates, this p 

out by means of (23) and (21) or (22). 

162. The measurement and scale of photographic plates 
For convenience we shall consider the pUtes ta e 
astrographic telescopes. These instruments - t 

cording to a standard design are m use’ “ wh teh they 

observatories scattered over the go e, ^ photographic 

have been princelyt-op^ing 
survey of the heavens. In 1 certa in parallels of 

observatories had definite zones ( . tories | iave finished 

declination) assigned world-conditions it is 

their share of the work, but un lci c xi*~ 

uncertain when the survey w i > c ^ sys tem of parallel lines 
On each astrographic plate, a ne - for ^* Qr after the plate is 
(Fig. 109) is photographedthe plate shows the 

exposed to the stars, so that lines. The lines are 

stellar images and the ™s<*au ' We shall suppose 

equally spaced at inters ;^^ rr ^ on(1 exactly to the 
that the central lines AC/1 ai 
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and rj- axes already defined. Consider a star-image at S. The 
distance AS, parallel to OX, is measured by a machine and we 
shall suppose that AN = 4*14 nuns. The distance of S from the 
axis UOV (that is to say OC) is thus 10 + 4*14 or 14*14 mms. 
In a similar way, BS is measured and the distance OD obtained. 

Now the standard co-ordinates are expressed in terms of the 
focal length regarded as the unit; hence the standard £ co-ordinate 


-15 -10 -5 U +5 +10 +15 



-15 -10 -5 V +5 +10 +15 

Fig. 109. 


of S, for example, in Fig. 109 is OC (measured in mms.) divided 
by the focal length (measured in mms.). For simplicity, consider 
two stars (of declination 8, and K) on the central meridian AP 
and let Y x , F 2 (along the 77 -axis) be their standard co-ordinates. 
Then, by (17) and (18), 

)', = tan (<)j — D) and F 2 = tan (8., — D). 

Assuming that (8 t — D) and (S 2 — J>) are small angles and ex¬ 
pressed in minutes of arc, we have 

Y x = W‘i - TJ) sin i' and Y., = (S 2 - D) sin 1', 

1 2 — Y l = (8 S — 8 t ) sin 1 # , 


so that 
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If d is the distance between the images measured in mms. and 
f is the focal length in the same unit, we have Y 2 - 1i = d',f, 
and consequently, S 2 — 8, = s.d .(2-1), 

where s = (lIf) cosec 1'; the value of 5 can thus be regarded as 
known. 5 is the “scale” of the plate; it gives the number of 
minutes of arc corresponding to 1 mm. on the plate. Hence, v 
measuring the distance (in mms.) between the images of any two 
stars, we are enabled by (24) and the known value of 5 to deduce 
the angular separation of the two stars in the sky. ihe astro- 
graphic telescope was designed to give the scale of 1 mm. to 1 
In certain classes of work it is sometimes more convenient 
to measure small distances on the plate in terms of revolutions 
of the micrometer attached to the measuring machine. 1 ro- 
ceeding as before, we measure the distance between two stel ar 
images in terms of the micrometer scale (say it is 3-45<> re%o u- 
tions), and this number corresponds to the number of minutes (or 
seconds) of arc by which the stars are separated in the sk> 1 or 
example, one revolution of the micrometer head of t he Cambridge 
measuring machine corresponds to 17 "-5S on a plate taken vi\ 

the Sheepshanks telescope. 

163. The measured co-ordinates. 

In defining the standard co-ordinates of a star we have as¬ 
sumed (a) that the optical axis of the telescope passes through 
the origin of co-ordinates on the plate, (h) that the plate is pei- 
pendicular to the optical axis, (c) that the ,,-ax.s corresponds 
precisely to the projection of the central meridian, for the epoch 
?900-0 on the tangent plane, «/) that the f-axis is perpendicular 

— tl E™ 

“ refraction and aberration. We have seen in previous chapters 
that owing to refraction and aberration the apparent portion 
of a star on the celestial sphere is displaced by measurable 01 

. The focal length,/, 

temperature; allowance for these cnaiifc s 
constanta” a and e (section 
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calculable amounts from its true position; consequently the 
actual image of a star on the photographic plate will be some¬ 
what displaced from the position it would occupy were these 
effects inoperative. It will thus be realised that standard co¬ 
ordinates are ideal co-ordinates, whereas the measured co¬ 
ordinates of a star-image include the effects of geometrical (or 
mechanical) imperfections and the effects of refraction and 
aberration. At first sight the problem of deriving the standard 
co-ordinates of a star from the measured co-ordinates of its 
image on the photographic plate seems one of great difficulty; 
actually, as we shall see, the solution in practice is extremely 
simple. We shall now examine in detail the differences between 
the standard and measured co-ordinates. 

164. Discussion of errors. 

We shall consider the errors individually. We shall denote by 
£ and 7] the true standard co-ordinates of a star and by x and y the 
co-ordinates as influenced by the particular error concerned. 

(a) Error of orientation. 

In Fig. 110 let XOY and UOV be the axes of co-ordinates 
correctly centred and oriented for the epoch 1900-0; let X'OY' 



and U'OV be the axes on the plate (the central r£seau lines) 
correctly centred but erroneously oriented. Let X'dX = a. 

Let S be a point whose standard co-ordinates are £ and tj— 
referred to OX and 01 ’—and whose co-ordinates referred to OX' 
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and 01' are x and y. Draw perpendiculars SA, SB to OX, OX 
respectively. Then OA = £, AS = y, OB = x and BS = y. We 

have 0^4 = OB cos « + BS cos (90° + «), 


or 


£ = .r cos a — y sin a, 


£ _ x = - 2x sin 2 | - y sin a. 


whence 


Similarly, 


a 


(25), 


rj _ y = x sin a — 2y sin 2 ^ • 

We write these in the form: 

£ -x = a 1 x + boj) 

• • • 

rj - y = d Y x + W 

where a,, ... «, arc simple functions of «. In practice a is always 

a small angle and in consequence the coefficients a ,, ... , 
small. The formulae (25) are essentially linear m * and y. 

Ib) Non-perpendicularity of axes. 

If the *-axis on the plate is not exactly perpendicular to the 
s it is clear that we shall again obtain linear formulae of 

the tvne (25) for the quantities £ - * and y y. 

A similar result is also obtained if the corresponding axes of 

the micrometer scale arc not exactly perpendicular. 

,0 Centering error „ the direction of the 

Suppose firstly that aunn 0 i t . referred to 

optica, axis given<^ lc standard 

the mean equin reference to the position (A, D) 

oo-ordmatcsofa stare, ^ t * straight line 

“ Uie Slfwdh the 

slightly different *%£££% the position (,1, D) 

may not be directed »' a « r tlLefore assume that the 
for 1900-0. As a result ’'^sponds to a position 

where Ad and A D may be supposed to be 

small quantities. . e s being assumed absent, let * 

and" be"tdie co-ordinates of an image with respect to the reseat. 


8 A 
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( 26 ). 


axes. Then x and y may be taken to be the standard co¬ 
ordinates of the star concerned with reference to the position 
(A + AA, D+ AD) as centre. We shall denote x - £ and y — i) 
by A£ and A-r\ respectively. 

Now, by (11) and (12), 

£ = tan </> sin 9, rj = tan </> cos 9, 

where <f>, 9 are functions of A and D. Corresponding to incre¬ 
ments AA and AD, we shall have increments A</>, Ad. Hence we 

have A£ = A</> (1 + tan 2 </>) sin 9 + A0 tan </> cos 9, 

A rj = A6 (1 + tan 2 </>) cos 9 — A9 tan </> sin 9. 

For a star at an angular distance of 1° from (A, D), tan «/> = 1/57, 
and in the above formulae we can neglect such terms as have 
factors A(J> tan 2 </>. We thus have 

A£ = A</> sin 9 + rjA9 
Arj = A(f> cos 9 — £A0) 

We have now to express A</> and A 9 in terms of A.4, AD. 

From (13) we have 

- sin <{> A $ = AD {sin 8 cos D — cos 8 sin D cos (a - A )} 

+ A.4 cos 8 cos D sin (a — A ), 

and, using (14) and (15), this becomes 

A6 = — AD cos 9 — AA cos D sin 9 .(27). 

From (14) we obtain 

A 9 sin </> cos 9 -f A^> cos </> sin 9 = — A^4 cos 8 cos (a — H), 
or, using (27), 

A 9 sin $ cos 9 = cos </> sin 9 (AD cos 9 -f A.<4 cos D sin 9) 

- AH cos 8 cos (a - A). 
Multiply (13) by cos D and (15) by sin D and subtract. Then 
cos 8 cos (« - ,4) = cos cos D - sin </> cos 9 sin D. 

Hence 

A 9 sin </> cos 9 = AD cos (f> sin 9 cos 9 
+ A^4 {cos <f> sin 2 9 cos D - cos </> cos D + sin 6 cos 0 sin D), 
from which 

AO sin <J> = AD cos <f> sin 0 + AA (sin </» sin D - cos <f> cos 9 cos D), 
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Multiplying this last equation by sec <f> cos 0, we have 

A0 = AD sin 0 cos 0 + Ad (y sin D — cos- 0 cos D). 

Inserting this expression for ySO and the expression for A<£ 
given by (27) in the first of (20), we obtain 

A£ = — Ad cos D + y Ad sin D, 

or $-x = Ad cos D — 11 Ad sin D. 

As (£ — x) is of order Ad, we can write this last equation with 


sufficient accuracy as 

£-x = Ad cos D — y Ad sin D.) 

Similarly, y - V = AD + *Ad sin D i 

These formulae have the linear forms: 

£ — x — b 2 y + c -»» 
y — y = d+x + /«• 



(d) Error of tilt. 

This error is due to the non-perpendicularity of the optical 
axis to the plane of the plate. If i is the angle between the 
optical axis and the normal to the plate, the expressions tor 

£ _ x, y — y are of the form 

£ _ x = tan i ( px- + qxy), 

rj — y = tan i (pxy + qy 2 )- 

As the angle i is in practice only a few minutes of arc and as the 
squares and products of * and y only are involved, the correct ion 

for tilt can generally be neglected. 

*» T° st? 

ZfSSZ - ~•' ... 

£-x = ax+by + C) . (29)> 

rj _ y = dx -I ey + f\ 

in which a, b, ... f arc small quantities depending on the small 
errors involved. 


165 . Refraction. 

w. r ***** “tfr,rr 

5AS253T*-** - *• — 4 “* 


IQ-2 
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W is its projection on the tangent plane; let the co-ordinates of 
W he X, Y. Owing to refraction, a star S is seen at S', the 
displacement SS' being along the great circle arc joining S to Z. 
We shall use the formula [no. (7) of Chapter in] 

SS' = k tan ZS .(30), 

in which k is expressed in circular measure and ZS is written, 
without sensible loss of accuracy, in place of the observed 
zenith distance ZS'. The great circle ZS'S projects into the 
straight line WT'T on the tangent plane, T and T' being the 



projections of S and S' respectively. Let $, tj be the co-ordinates 
of T and x, y the co-ordinates of T' . If £, ~q and x, y are expressed 
in terms of AC as the unit of length, these quantities are the 
standard co-ordinates of the star and the measured co-ordinates 
of its image on the plate respectively. 

Since the region to be photographed is generally no more than 
2° 2°, the different points on that part of the spherical surface 

concerned are actually very close to the corresponding projected 
points on the tangent plane; we accordingly assume that 
SS' = TT'. From (30) we have 

TT = k tan ZS 


(31). 
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Since T, T', W are collinear, we have 

x -z x-z . tnfl y-_JL- 1 Li 15 

W -= T W and TT - TW • 

and writing XZ for (Z - x) and At, for ( 7 , - y) we obtain, from (31), 

fc (X - £) 


xz = — 


TW 


tan ZS 




(32) , 

(33) . 


We remind the reader that the different co-ordinates f, T), *,»,, A ; 
Y are all supposed to be expressed in teians of AC as the uni of 
length In particular, ( and r, will thus be small quantities and 
in the sequel we shall neglect the much smaller quantities f , 
Zr) T} 2 and higher powers and products of Z and V- 
Now from the plane triangle TA W , we have 

TW°-= AT- + AW 2 - 2 AT .AW cos TAW , 

so that _ ra% 

(X-iY+(y- ^ + -»■) + w cos TA IF. 

which gives us A \y cos If = 4- Ft? .( 34 )- 

From the spherical triangle ZAS, we have by the cosine-formula 
A, cos ZS = cos cos + sin AS sin cos 

AC AC AT A W os ZAS. 

= CT CW + CT CW 

Since TAW defines the spherical angle ZAS, we have from (34), 

putting AC = 1, i + Xf+Y 3 

cos ZS=—£r rc \y • 

CT 2 = 1 + f * + *?* 

_ 1, when we neglect £ 2 and t, 2 . 


But 


Hence 
from which 


7S _ i ±H±J r > 

cos = - q 

CW 2 - (1 + XZ+ Yr)) 2 

sin 2 ZS = - CW 2 

(CW 2 — 1) - 2 (A Z + y r,) 

=- CW 2 

AW 2 - 2 (XZ + Y v ) 

~- CW 2 


(35), 
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Hence, using the binomial theorem, and neglecting p, etc., tve 

obtain AW , Xf + Yr,\ , 6) 

sin AS = c w p - ) .W- 

From (35) and (36), 

4W (, x i+ TrJ \ 

^ ,l l AfV> ) „„ 

tanZ,S -1 + Xf + Yr, . 


. AIV/ Xf + Yr, 

sm/S = (;W II- Am 


tan ZS = 


(37). 


Now TW 2 = (A - £) 2 + (F — r,) 2 

= A' 2 + l’ 2 - 2 {X$ + Yr)), neglecting £ 2 , y 2 , 

= .4 IF 2 - 2 (X€ 4- Yr ,); 

TW ~ AW {l .< 38 )- 


Hence from (37) and (38), 

tanZS = '/IF(l +A£ + 7 y)' 1 
-Tir(l-A'f- Yr)). 

We thus obtain from (32), 

A£ = -k(X-£)(\- X$- Y V ), 

or A£= - kX + /t {(1 + A’ 2 ) f + A Ft?} .(30). 

Since (f — x) and k (expressed in circular measure) are both 
small, we can write x and y for £ and y respectively on the right- 
hand side of (30) without introducing any appreciable error. 
Write (i - x) for A£; then (39) gives us 

A£ = £ - x = - kX + k {(1 + A 2 ) x + XYy) . (40). 

Similarly, we obtain 

* Ai; = - y = - k F + k {A F.r + (1 + F 2 ) ?/}.(41). 

The displacements due to refraction for the centre of the plate 
are — kX and — kY, and these quantities, since they appear in 
the values of (£ — r) and (y - y) for all the images on the plate, 
may be supposed to be incorporated in the undetermined 
constants c and/of equations (20). When — k A and — kY are 
omitted from (40) and (41) the remaining terms express the 
values of (£ - x) and (y - y) for the differential refraction; these 
equations are then of the linear form 

£ — x = ax 4 by 
r) — y = d.r -f (y 

in which, for example, a = k (l + A 2 ). 


(42) , 

(43) , 
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The coefficients a,b,d and e can be calculated if necessary It 
is sufficient to consider the values of X and Y at the middle of t he 
exposure. Let the sidereal time then be S. Then as PZ is the 
observer’s meridian (Fig. Ill), the hour angle of the vernal 
equinoctial point T is the right ascension of any point on the 
observer’s meridian PZ ; in particular, the right ascension of 4 
is S. Also PZ = 90° - <f>, where </> is the latitude, so that re- 
garding Z as a particular point on the celestial s P h “°’ * ts 
declination is <j,. We now apply the formulae (1 -). (18) and (.0). 

Let Q be defined by 

cot Q = cot <{> cos (S - A) 

then Y = tan “ D) 


(44); 
• (4o)» 


cos Q tan (S — A) 

A = cosjQ ~ D) 


.(49). 


The value of k being known-it is 58-2 sin 1" in circular 

measure—we can then deduce the values of a ft, d and (4-) 
™ d (48) In practice this calculation is hardly over necessary, 
for it is sufficient to know that the differences between the 
standard co-ordinates and the corresponding co-ordinates of 
the image (as affected by refraction) are given with sufficient 
accuracy as a general rule, by linear expressions in * and y 

S, Howefr Ci when' the 0t altitude of the celestial region to be 

’ i . i o fimn *«)° or so the simple formula (30) for 

refraction R is given by • 

ft = A tan ZS' 4- B tan 3 ZS 

(77 - ?/) as follows: , . , 

£-r=ax+ Py + ffx 2 + h * V + k !T* 

1 - y ~yx+By + lx t +’"* U + 

These give the effect of differential ^^^e^bfet 
co-ordinates. The cocflicie J^inates X and Y of the zenith. 

in 7 r^tice a thefr vah.es are derived without considering the 
theoretical formulae by which they can be expressed. 
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166. Aberration. 

The investigation of the effect of aberration on the standard 
co-ordinates of a star is very similar to that in the previous 
section. From Chapter vm, we know that if F is the position on 
the celestial sphere towards which the earth is moving at the 
time of the observation, the position of a star is displaced from 
its true position S to a position S' on the great circle arc SF, 
S' being nearer to F than S. The displacement SS' is given by 

SS' = * sin FS .(47), 

where k is the aberration constant whose value in circular 
measure is 20*4 sin 1". Confining ourselves to the effects of 
aberration only, we write, as before, £ and t) for the standard 
co-ordinates of a star and a; and y for the co-ordinates of its 
image on the photographic plate. F is, of course, a definite point 
on the celestial sphere; we shall suppose that its projection on 
the tangent plane is W lt with co-ordinates V and V. We shall 
also suppose that F, U and V correspond simply to the time of 
the middle of the exposure. Following the procedure of the 
previous section, we have the formulae corresponding to (32) 


and (33), 

Af = - “sin FS 

...(48), 


At, = - - ( y sin FS 

...(49), 

and from (36) and (38), 

. AW l( Ui+V 7A 

smi'S — AWj 2 ) 

...(60), 


TW.-AW^ 1 


so that 

sin FS 1 

t\\\ ~c ny 


Now 

CUV= \+ U 2 + V\ 


We accordingly obtain 

/fjl \ 


s (14- U 2 + F 2 )* 1 (l-f U*+ 



A K ^ KT ? 

(1+ t/* + l' a )i + (l+ U°+ I«)i- 

.•.(52). 
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As in the previous section, we can write * for f and y for v 
without any sensible loss of accuracy on the right-hand sides of 
(511 and (52); also we can omit the constant terms (independent 
oU and i) on the right of these equations. We then obtarn the 
expressions for differential aberration in the form 

£-x = a y x .( 53 )’ 

7)-y = rfi’/ . (o4) ’ 

, . , , ; ___ cnvill fthev have as a common factor 

20-Ista 1 " 1 which is of the order I0-). Again it is unnecessary 
L a rule, 1 to calculate the values of «, and rf, from their theoretical 

expressions. 

167. The general relations between standard co-ordinates and 

measured co-ordinates. (Turner’s method.) 

^ P d late Js r0 oTthe^tr Si l°d lament is given, 

co-ordinates ot tne siar, 1; pynression in the 

g.n.re!ly S”» li» varioiia ~ 

i” 

write in the general forms 

£ _ x = ax + by + c .. '* 

-q — y = dx + ey + / . 

where f, , are the standard co-ordinates oOhe slar^dx, y are 

the measured co-ordinates of ^ g^„ t in a composite way> 

equations a b, etc. .wes ^ J raction and on aberration, 

on the instrumental . ’ f by a small quantity and we can 

sSSS" —>■ ” - —- 

form, namely, ^ _ x = a £ + br 7 + c .( 57 )* 

■q - y = (It; + er/ + / .* 58 ^’ 

in which the quantiti^a. three practical 

"measurement of astrographic plates, (ii, the 
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measurement of proper motions, (iii) the measurement of stellar 
parallaxes. 

168. The measurement of astrographic plates. 

The precise determination of the right ascensions and de¬ 
clinations of stars brighter than about the ninth magnitude is 
undertaken by meridian circle observers. Beyond this mag¬ 
nitude the stars are too faint to be observed, owing to the 
illumination necessary to show up the wires of the instrument. 
Actually, of course, the observation with this instrument (if it 
were practicable) of the multitudinous faint stars would be 
utterly beyond the astronomical resources of the world s 
observatories even if they were increased a thousandfold in 
number and employed solely for this purpose. Amongst the 
different investigations to which the photographic telescope is 
applied, the study of the positions of the stars is the one to 
which we first turn our attention. 

We shall now suppose that a photograph has been taken of a 
region, the co-ordinates A, D of whose centre are known, and 
that a system of reseau lines has been impressed on the plate. 
With the measuring machine the co-ordinates x and y (with 
reference to the two central lines regarded as the axes of co¬ 
ordinates on the plate) of every stellar image can be derived. 
As the standard co-ordinates £ and 77 are defined in terms of the 
focal length as unit of length, we shall suppose that x and y are 
defined in terms of the same unit: thus if the .r-measure of an 
image on the plate is found to be p 111 ms. and if / is the focal 
length in millimetres, we have x = pjf. 

Having regard to the size of the astrographic field (2° x 2°), 
we can take it as certain that any plate will contain the images of 
several stars whose right ascensions and declinations are known 
from meridian circle observations. Suppose for the moment that 
there are three such stars. Then by (IS) and (20) the standard 
co-ordinates of these stars, which we shall designate reference 
stars, can be calculated. The measured co-ordinates of the images 
of the reference stars are also known. Then from (55) we have 

£1 - - ,: i = + %i + c j 

ti •»'•,= a.7*2 ! by., j c - .(59), 

& - = ax z + f ”J 3 + C) 
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in which the suffixes 1, 2, 3 refer to the three stars These thre 
equations are sufficient to determine the three plate constants 
o, 6 and c. For any other star we have 

£ _ x = ax + by 4- c, 

and as rc and y are known from the measures of the image and 
^e ValuTofl 6 and c have now been determine^ we an, 
therefore able to calculate the value of ho standaul f 
co-ordinate of the star it. question. In a s.nnlar way , >s ob 
tained, the values of the plate constants d, t and/ hating beer 
calculated by means of the three reference stars U t >.desme 
the calculation of the right ascension a and of thede in . 

co-ordinates « and 8 need not be >»>“ u "; osen „ referPnce 

tar" P S; ZVsZ stars. t shall have tV equations of 
stars. If there are constants «, b and c are then derived 

the form shown >n (.ffi). according to the method ot 

!= rr;- “ * 

determination of the p ate con- ’ j mme diatcly above, 

Our treatment of^stwidard^o-oicliriates^imme^^^^ >■ ^ 

is not complete witho standard co-ordinates ot 

they refer [^ C {'^^Jographic catalogue is 1900 0 Let us 
star-places n t he.a * en Qn 190 4 March 4. For the epoch 

suppose that a P* ate " ‘ « inate8 of the reference stars can be 

1900-0, the standard co-or • re( i uct .ion of the measured 

found from the catalogues. 0 the standard co-ordinates, 

co-ordinates of any ot er s ar ■ star's position in 

referred to the mean equal ^ proper motio „ and 

the sky on the date . 1 thc standard co-ordinates so 

parallax of thc star arc n>e‘| 1900 0. 

obtained define the p ™ £ any onc of the reference 

The measured co-ordinates x wA y oi.vayo ^ motion , 

stars will contain the eoropone ^ ^ March 4 (W e 

denote liy^p^tlie component of proper motion along the f-axis 
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and by p v the component along the 77 -axis; thus p x = p a cos S 
and p v = p ,, all the quantities concerned being expressed in 
circular measure.) If p x and /x v are known, the effects of p x an ^ 
[x y ought strictly to be removed from the values of x and y 
before the solution for the plate constants is made. 

169. Photographic observations of minor planets and comets. 

We shall suppose that a photograph of a minor planet (the 
general procedure is applicable also to comets) is taken at an 
instant t on a given date—in practice t is taken to be the time 
corresponding to the middle of the exposure. If we define the 
standard co-ordinates of selected reference stars with reference 
to the mean equinox at the beginning of the year in question, 
the measurement of the planet’s image on the photographic 
plate and the subsequent reduction, as indicated in section 168, 
will give the position of the image referred to the mean equinox 
of the beginning of the year concerned. This position is called 
the planet’s mean place or astrographic place corresponding to 
the time and date of the photograph. It is to be remembered 
that the reduction automatically removes, in particular, the 
effects of stellar aberration at the date in question. The mean 
place evidently includes the effect of the planet’s parallax, which 
depends on the observer’s position on the earth. 

For epheraeris purposes, the true mean place is used. This is 
defined to be the position, referred to the mean equinox of the 
beginning of the year, corresponding to the direction of the 
planet with respect to the centre of the earth, which, it is to be 
remembered, is revolving around the sun. This last consideration 
involves the introduction of the corrections due to aberration. 

The true mean place is derived from the mean place (i) by 
applying the corrections due to the planet’s parallax, (ii) by 
adding the effects of aberration, 

Cc -f Dd in r.a., 

Cc + Dd' in declination 

[formulae (25) and (2G), p. 184], and (iii) by ante-dating the 
observed time t of observation by r, the interval required by 
light to travel from the planet to the earth (section 112 ). 
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170. The measurement of proper motions. 

For the accurate determination of proper motions an adequate 
interval T between tire two epochs of observation is necessary. 
Let us suppose that a region of the sky is photographed on 
1904 March 4 and again on 1926 April 3. We can then take the 
1 w Ho 99.1 vears After the measures have been re 

SIS fothe y method of secfion .08, the fir, idate wih 
rive the standard co-ordinates f,, ij, (with reference to the mean 
fTuator for 1000-0 and to a definite central point with equatorial 
co ordriates A and D for this epoch) of the position of a star X 
in ^he sky on 1904 March 4. If * are the measured co¬ 
ordinates of its image on the first plate, we have 

^ _ Xl = a l x 1 + b\'J\ + c i .* 

»r. 

+ . «■ 

If the starhas.nopoper motion;; £ and 

same. If the star haa a pro be ,ween f, and f, is the 

&ZZ2S3SZ h -) *» - —• mo, /“ 

T years, we have ^ - £, = Tp x . 

n -Tu . 

Similarly, * - 7. - /*„ 

The values of £ 1 , &» 7 /i an< * . 
and the corresponding equations m v 

p v are found from (« 2 ) am ( • • formu i ae the unit in which 
^ r. rexX^t the same as that by which standard 


7 . are obtained from (60) and (01) 
ions in r/Tlius the values of ,i x and 
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co-ordinates are defined. In practice, it is much more convenient 
to express the standard co-ordinates either in millim etres or in 
terms of the micrometer scale unit, or in minutes or seconds 
of arc. If we suppose that £, 77 , x and y are .all expressed in 
seconds of arc, we obtain the values of p x and /x v expressed in 
the familiar way, that is, in seconds of arc per annum. Then p y 
is the same as fz$ (the proper motion in declination) and p x is 
cos 8 , where 8 is the star’s declination and /x a is the proper 
motion (in seconds of arc) along the equator. 

Instead of using the linear formulae (60) and (61) it may be 
necessary to include the quadratic terms mentioned at the end 
of section 165. From the equations of a sufficient number of 
reference stars the individual constants of the formulae for 
(£ — x) and (77 — y) are derived. 


171. The measurement of proper motions (Kapteyn's method). 
The method just described involves the use of reseau lines 


as intermediate axes of reference. For each plate, the measure 
of a co-ordinate x or y of an image requires a setting of the 
micrometer wire or scale on a neighbouring reseau line and then 
a setting on the image. I or the second plate the procedure is the 
same. In the method now 


adopted in practice the work 
of measuring is reduced by 
half by eliminating the re¬ 
seau system altogether. We 
shall first consider the plan 
suggested by Kapteyn, as 
the principle involved is 
most clearly seen in this ap¬ 
plication. A plate on which 
an exposure has been made 
is not developed, but is care¬ 
fully stored. After a suitable 
interval of time, T, has 
elapsed the plate is again 



placed in the telescope and 


Fis. 1 12. 


a new exposure made of the same region. To prevent the earlier 
and the later images of the same star from coinciding or over- 
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lapping, the plate-carrier is given a small displacement per¬ 
pendicular to the optical axis. The plate is developed after the 
later exposure. Each star is represented by two images, one 
corresponding to the earlier epoch and the other to the later. 
Fig. 112 illustrates this result ; we shall suppose that the larger 
dot at A represents the image of a particular star at the earlier 
epoch, say, 1900 and the smaller dot the image at the second 
epoch, say, 1920. If, at the earlier exposure, a bright star is 
allowed to register a trail across the plate (this is effected y 
stopping the driving mechanism of the telescope) the trail vill 
define with sufficient accuracy the faxis; by means of the trai 
the plate can then be oriented correctly in the measuring machine. 

The procedure consists in measuring the components, M x and 
M v , of the displacement between the 1900 and 1920 images. 
Referred to hypothetical axes on the plate (represented by broken 
lines in Fig. 112) we shall have, using (•><), tor the image of * 
corresponding to the position of the star in 1900, 

- a:, = + ^\Vi + c i . 

and, for its image in 1920, 

£2 - *2 = a *€* + + c i . 

(We cannot assume that = «„ etc., because the effects of 
refraction and aberration and the orientation of the plate, foi 
example are hardly likely to be identical in 1900 and in 1920. 
The differences between the .standard co-ordinates in 1900 and 
1920 will be small—the differences are simply the effects ol 
nroner motion in the interval—and as «>, l> 2 arc small, we can 
reXeT -d * by f, and on the right of ,65) w.thout 

sensible error and thus obtain 

£ 2 — x 2 = T C £ .. y '‘ 

From (04) and (00) we have by subtraction 

{.-f, = *,-*,+ (a 2 -a,)f.+ (* 2 -*1)’).+ <«•- c >>- 07) - 

. a d _ rn„ nnd tx., — a*,) is simply the 

measured d'iapi°ce»‘ent M,. Also we can replace f, by and 
v n the riff lit of (07) without altering the linear character 

s ss,‘wti 1 .. 1...- 

the form '/>* = M, I ax x + by x + c . 

There is a similar equation giving '/>„• 
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The plate constants a, b and c in ( 68 ) are determined by means 
of several stars—the comparison stars —scattered over the plate, 
whose proper motions are presumed to be small; faint stars are 
more likely to satisfy this condition than the brighter stars. If 
we assume that the proper motions of all the comparison stars 
are zero, then to each of these stars corresponds an equation of 

the type ax + by + c+M x -0 .(69), 

where x, y are the measured co-ordinates of the star. The values 
of x, y need not be determined with great accuracy, as their 
factors a and b respectively are small quantities. If there are 
N comparison stars the solution of the N equations of the type 
(69) by the method of least squares yields the appropriate values 
of the plate constants a, b and c. A similar procedure is adopted 
for the N equations of the form 

dx + ey + f 4- M y = 0. 

The substitution of the values of a, b and c in the general for¬ 
mula (68) gives for any other star the component p x of the proper 
motion. The value of p v is obtained similarly. 

We have assumed that the proper motions of all the com¬ 
parison stars are zero; by substituting the values of a, 6 and c 
appropriate to any comparison star in the equation ( 68 ), we can 
readily see how satisfactory (or otherwise) this assumption 
really is, for by this process we effectively determine the value 
of p x for each of the comparison stars. If it should prove that a 
comparison star lias an appreciably large proper motion, it must 
be discarded and another star selected, if possible. This entails a 
new calculation of the plate constants. Actually, all the com¬ 
parison stars cannot be expected to have zero proper motions; 
and the. derived values of y x and p v for the stars in general are 
the values of their relative proper motions , that is, relative to the 
mean motion of the group of comparison stars. 

172. The reduction of relative to absolute proper motions. 

The proper motions of stars derived from meridian circle 
observations are absolute proper motions. Suppose that there is 
one star on the plate whose absolute proper motions p x and p y 
are known; the plate measures give the relative proper motions 
/i x and /x v . 1 hen p x — p x and pj — p y are the corrections to be 
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applied to all the relative proper motions to convert them into 
absolute proper motions. Meridian proper motions are generally 
not so accurate as one would wish, and therefore the above 
correction can only be obtained with sufficient accuracy if there 
are at least about ten stars with well-determined proper motions. 
This is a condition that is hardly likely to be fulfilled in general 
and consequently another method of deriving the correction 

has to be adopted. 

We have seen on p. 263 that the components P a and P & of 
parallactic motion, in seconds of arc per annum, are given by 

P a = II sin A sin x sec 8, 


P s = H sin A cos x» 

in which II is the secular parallax of the star, A is its angular 
distance from the ant-apex of the solar motion and x f the 
position angle of the ant-apex with reference to the star. W riling 
P x for P a cos 8 and P v for P h and denoting by II m the secular 
parallax of a star of magnitude m, we have 

P x = // m sin A.sin x .( 70 )> 

P v =IIm sin A cos x .( 71 )- 

For the stars in a photographic region we can take t he average 
values of A and x to be the values at the centre of the plate. 
Consider a group of stars, N in number, all of magnitude m. 
Each star will have its own random motion in space but, as it is 
observed relative to the sun, there will be superimposed the 
parallactic motion. The observed proper motion nil thus consist 
of the effects of the random motion and of the paraihvetic motiom 
Adding up all these effects for the .V stars, the effects of the 
random motions on the proper motions will tend to cancel out 
leaving N times tl.e parallactic motion of a star of magnitude 
(at the mean distance of the stars in the group) m the region of 
the sky concerned. Thus taking the average for the N sbus,.the 
components of their mean absolute proper mot o , o^htto bo 

verv nearly the values of P, and /'„ in (70) and (71). Let p*. m, 
denote tlJaverage values of the relative proper motions of the 
N stars as obtained from the measurement of the photographic 
plate The corrections which we must apply to the components 
of the relative proper motions of all the stars photographed in 
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order to convert the relative proper motions into absolute proper 
motions is evidently given by the quantities 

Px - Px and Py-ii y . 

In practice several magnitude groups are formed and the 
weighted mean of the corrections derived from the several groups 
is taken as the final correction to be applied. The following 
table* illustrates the method. The centre of the photographic 
region is the star e Cygni; the values of A and x aj:e 147 ° and 102 
respectively; then by ( 70 ), 

P x = 0-53H m . 

The values of H m are taken from the table on p. 424. (The 
galactic latitude of e Cygni is — 6°.) 


Group 

1 

2 

3 

4 


Mag- No. of 


ni tilde 
m 

stars 

N 

Pm 

P X 

NP X 


n (p x - m*: 

8-1 

7 

0"-0234 

+ 0"-01242 

+ 0”-087 

+ 0"-049 

+ o^-oss 

9-2 

11 

0"-01G3 

+ 0" , 00865 

+ 0"-095 

+ 0"-065 

+ 0"-030 

9-. r > 

20 

0"*0147 

+ 0"00780 

+ 0"*156 

+ 0"*035 

+ 0"-121 

9-7 

11 

0"*0138 

+ 0"-00733 

+ 0"-080 

+ 0"-072 

+- 0"'008 


49 





+ 0"-197 


The correction to be applied to all the components p x of relative 
proper motion to convert them into absolute proper motion is 
thus + 0"-197 -r 49 or + 0"-004. The correction to be applied to 
the components p v is obtained in a similar way. 


173. The film-to-film method of measuring proper motions . 

Kapteyn’s method of measuring proper motions, which we 
have described in section 171, suffers from several disadvantages, 
amongst which we mention the following: the photographic film 
is likely to deteriorate during the rather long interval between 
the early and late exposures, in which event the images of the 
later exposure will fall below the standard of quality expected in 
precise work of this kind; the images of the early exposure may 
be of poor quality owing to bad atmospherical conditions or 
indifferent ‘‘guiding’’ during the exposure, and this state of 
affairs is not brought to light until many years later. The 
method now commonly adopted is as follows. The photograph 
at the earlier epoch is taken in the usual way and, after a star has 

* Cambridge Astronomical Observations, vol. xxvi, p. IS (1928). 
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been allowed to register its trail, the plate is developed at once. 
If the plate is unsatisfactory another can be taken to replace 1 . 
After a suitable interval has elapsed, a photograph is again taken 
of the region, but in this ease the plate is placed in its carrier 
with its film-side away from the object-glass. The stellar images 
are consequently made by the starlight after its passage through 
the glass of the plate. The plate—we shall call it the reversed 
plate—is developed in the usual way. The plate of the earlier 
epoch and the reversed plate are now bound together, him to 
film, by clips allowing for a small displacement of the pamsmf 
images of the several stars. The appearance ofthe double 
images is then similar to that in Kapteyn s methodla.aliu strated 
in Fig 112. The superposition of the plates must 
little rotation of one plate relative to the other as possible lhe 
measurement of the images and the derivation of ‘he P™per 
motions follow the same course as in Kapteyn s method. 
In practice several plates are generally exposed on each region 
at each epoch and at least two separate exposures made on es 
“ The material is then adequate to give precise values of the 

relative proper motions. 

174. The determination of the plate constants by the method of 
Christie and Dyson. 

We shall write equation (68) in the simple form 

ax -\- hy \- c = M ~~ P 

in which p is the 

dropped. This equation ^1^.011^ 8imp , o mothod . 

In order to determine th p th(J compar ison stars are 

proposed by Cliristie according to quadrants on the 

selected in four equal gro P > . f the groups are as 

plate, so that the mean possi blc. Assume that 

Zoo" SSStf group-centres are as in Fig. I» - that 

however, that the selected I 0"-02 per annum, 

proper motions, for example, less tnar 

. Monthly Notice*. »«*• ► 0l ' 
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A preliminary solution shows up stars which do not fulfil this 
condition; they can be removed from the appropriate groups 

and replaced by others. 

Adding the N equations (72) 
for the comparison stars in 
group 1 , we have 

N(-aX+bY+c)=Zp-'ZM 

i. i 
.(73), 

in which Ep denotes the sum 

i 0 

of the proper motions (parallel ^ 

to the s-axis) of the N stars in 

group 1 and Eif denotes the 

sum of the measured displace- 
ments between pairs ot images 

of the N stars. We have similarly, for the other groups, 


N (+ aX + 6 Y 4- c) = E p - S if .(74), 

2 2 

N (- aX - b Y + c) = E p - S 31 (75), 

3 3 

N (+ aX - bY + c) = S p - E 31 (76). 

4 4 

Add (73) and (75); then 

- 2 NaX + 2A T c = E p + S p — S M - S M . (77). 

13 1 3 

Add (74) and (76); then 

+ 2 NaX + 2A r c = S p + S p - S M - S M .(78). 

2 4 2 4 

Subtracting (77) from (78) we obtain 

4 NaX «{Sp-£p + 2p-Sp} + {£ M - EJf + Elf-S if} 

2 1 4 3 1 2 3 4 

Similarly, (79) ‘ 

4 XbY = {E p + E p — E p - E p) - {E if + E M - E if - 2 31} 

1 2 3 4 1 2 3 4 

.(SO), 

4Ac = (E p + E p + E p + E p} - {£ 31 + E 31 + E .1/ + E if} 

1 2 3 4 1 2 3 4 

.(SI). 

In these equations N, X, Y and E, 31, ... E M are known and 



Fig. 113. 
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the plate constants a, b and c are now derived on the assumption 

that Xv-?.p + Xp-Zp= 0, 

2 1 1 3 

+ = 0 , 

1 2 3 1 

L» + Sp + Sp + Sp = 0, 

1 2 3 4 

from which Sp = 2p; £p = Ep; S p = - 2 p. 

In a group of iV stars, some values of p may be expected to be 
positive and some negative; the value of S p, for example, con¬ 
sequently may be expected to be small and it will be practically 
negligible in comparison with the other quantities on the right 
of (791 ... (81). The third assumption mentioned above—that 
Sp + Sp + £p + £p = o—is simply another way of expressing 

the fact that*the pr'oper motions derived in this way are relative 
proper motions. They can be converted into absolute proper 
motions by the method already described in section,172. A 

similar procedure is adopted for the components para lei to the 
y-axis. The values of the plate constants derived by this method 
are little inferior in accuracy to the values obtained bj 
rigorous, but more lengthy, method of least squares. 

175. The measurement of stellar parallaxes. 

In Chapter ix we have derived the displacements m righ 
ascension and declination, of a star due to parallax We conside 

here only thedisph— * 

tZZ and^ declination^ of a star whose pamlla.I. is to- 
measured, and a, is the right ascension as vnm cd fiom t 
on a particular date T lt then y (»0>1 

«,-« = n^, secS ......( 82 ), 

in which F x is the P^ajlax « ' . fc d ds arc a ll known, 

calculated as the quant it c ^ fH|t Ascension of the star 

At a later date 7 2 > 1 n r f , w 7 1 being 

will have increased owing ““.^wcen l 

Ind" ( ;. X hXg the proper motion in right ascension. If 
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Og is the geocentric right ascension at the date To and F 2 the 
corresponding parallax factor, we shall have 

a., - (a + Tul*) = UF 2 sec 8 .(83). 


From (82) and (83), 

a 2 — a x = n {Fo - F x ) sec 8 + Ty. a .(84). 

Let &, 7 ji be the standard co-ordinates (with reference to the 
centre of the region whose equatorial co-ordinates are A, D) 
corresponding to the geocentric co-ordinates a x , 8 j of the parallax 
star, and £,, r) 2 the standard co-ordinates corresponding to 

Then by (23), & sec D 

tan fa - A) = • 

As the parallax star is always chosen to be near the centre of the 
region, so that g lt rj x are very small and D differs hardly at all 
from 8 ! or 8 , we can write, with all necessary accuracy, 

a, - A = $ x sec- 8 . 


Similarly, (% — A = sec 8 * 

Hence a, - «i =(&-&) sec 8 .(85). 

Denote the proper motion along the parallel of declination 8 by 
/V, then /z x = ^ cos 8 or y a = \i x sec 8 . Inserting this value of 
in (84) and using (85) we have 

U - u = n (F 2 - F x ) + T^ .(86). 

Now let x x , y x be the co-ordinates of the image with respect to 
rectangular axes on the plate taken on the date T x ; then by (57), 


£i - - r i = fl i£i + M, + Cj. 

Similarly, ti — x 2 = + b 2 ij 2 + c 2 . 

Since £, differs very little from £ lf the difference being due to 
parallax and proper motion, and as either differs little from 
x x , y x , we can write the difference between these two equations 

- £1 = *.,> - x x -i- ax x -f 6 yx + c. 


in the form 


In practice the difference (.r 2 — .r,) between a pair of images of 
the parallax star is measured; denote it by M x ; then making use 
of ( 86 ) we obtain 

II (/' 3 — F x ) Tfi x — M x + ax + by -}- c .(87), 

on the right of which we have dropped the subscripts in x x and y x . 
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The plate constants a, b and c are derived from the measures 
of several faint stars, whose parallaxes and proper motions may 
be regarded as negligible. Each comparison star thus contributes 

an equation of the type 

ax + by + c + M x = 0 .(88). 

The co-ordinates *, y of the comparison stars are supposed 
known. The solution of the several equations ( 88 ) gives the 

values of a, b and c. . . - , ^ 

Generally, the parallax star is chosen as the origin of the x 

and y co-ordinate axes, so that for this star x= y = 0 and ( 8 /) 
becomes n {F* - FJ + Zy x = M x + c .(89). 


This equation, derived from the measurement of a pair of plates 
taken on dates 7, and T 2 such that the quantity 
larce as possible, contains two unknowns, the parallax U an 
^component;; of proper motion (strictly, relative to the mean 

motion of the group of comparison stars). 

Several oth/r pahs of plates (six to ten in number) proved a 
corresponding number of equations of the tjpe (8.)), tlies 

equations, when solved fH^foShSL 

the values of D and p In P to t he measuring 

of the unit °f ‘he "ucrome arc found in terms of this unit. 

machine; thus by f , mcans „f the known 

They are converted into secon i* • . . 

eauivalent of the micrometer unit, [bee also p. -J 

Kapteyn s method, similar in | I has been tried, 

measurement of proper mot'ems , ohsc rvatory, Greenwich, 

A second method, adopted at t principle is the same 

depends on the use of reference lines and the pr'ncqdo' 

as P if a system of rescan “^uSg^«&^tho 

some observatories a s P° c,al 3Ureme „t of the quantities 

stereo-comparator—enables th intermediary lines of 

M x to be made without t ic “ s< ° for t)ie measurement of 

proper motions eB o{ tw0 pairs of plates, by Dr van 

As an example, the measuitD ^ i 
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Maanen at Mt Wilson Observatory, of the star “Boss 3650” 
and other relevant details are summarised in the table below: 


Plate 


Parallax 




no. 

Date 

factor F 

F,-F x 

T 

M x + c 

136 

1914 June 15 

- 0*731 

+ 1*64 

0*64 

- 31 

470 

1915 Feb. 6 

+ 0-91J 

486 

1915 Feb. 7 

+ 0-90) 

• 

- 1*50 

0*32 

- 150 

555 

1915 Juno 4 

- 0-60J 


The last column contains the values of M x + c in terms of the 
measuring-machine unit; one unit = 0"*001649. The first pair of 
plates gives the equation 

-f- 1*64 IT -f- 0*64/x x = — 31, 

and the second pair gives 

- 1*50 n + 0*32/x x = - 150. 

Eliminating p x , we obtain II =+ 58; we then obtain p x = — 197. 
Multiplying these numbers by 0*001649, we find 


II = + 0"-095, 
fi T = - 0"*31o. 

From the measures of six pairs of plates, van Maanen finds 


n = +0"*096±0"*003, 
[x x = - 0"*302 ± 0"*008. 


Here 0"-09C is the most probable value of n derived from the 
measures; ± 0" 003 is the probable error which indicates the 
degree of precision with which the value of H has been obtained. 
Having regard to the inevitable errors of measurement and the 
like, we interpret the complete result for n by saying that the 
probability that the true value of H lies between the limits 
O’'096 + 0"*003 and 0"-096 - 0"*003, that is between 0“*099 


and 0"*093, is equal to the probability that it lies outside these 
limits. 
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EXERCISES 

1. Two plates are centred at P and Q and (x, 0) and (£, 0) are the corre¬ 

sponding standard co-ordinates of a star whose image appears on each plate. 
Prove that (x + c) 

^ ~ 1 — ex’ 

where c is the ^-co-ordinate of P with respect to the plate centred at Q. 

[The x and £ axes are the projections on the respective plates of the great 

circle PQ.1 19300 

2. Show that, to a first approximation, the trail of a star of declination S on 
a photographic plate is y= const> + ^ ta n $, 

and that the projection of a meridian distant Aa from the central meridian 
makes with the latter the angle tan' 1 (tan Aa sin D), where D is the declination 

of the plate-centre. 


CHAPTER Xm 


DETERMINATION OF POSITION AT SEA 
176. The sextant. 

In this chapter we shall consider the problem of determining 
a ship’s position at sea from observations of heavenly bodies. The 
instrument used is the sextant, by means of which the altitude of 
a heavenly body above the sea-horizon can be measured. Fig. 114 
is a diagram embodying the more important features of the 



\ \ 
\ i 


N/) 

Fig. 114. 

instrument. I (called the index-glass) represents a mirror per¬ 
pendicular to the plane of the paper. Rigidly attached to the 
index-glass is an arm IP. The index-glass and the arm IP can 
rotate about an axis (perpendicular to the plane of the paper) 
at /. The centre of rotation at I is also the centre of a graduated 
arc OP. To any given position of the index-glass and of the arm 
IP corresponds a reading on the graduated arc. H is a sm^H 
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rectangular piece of glass, fixed to the framework of i he instru¬ 
ment and perpendicular to tlie plane of the paper; the uppei half 
of its surface is clear and the lower half is silvered, the latter 
acting as a mirror. T is a small telescope attached to the frame¬ 
work. To find the altitude of a star (for example) above the sea- 
horizon, the observer holds the instrument in a vertical plane 
and points the telescope so as to see the horizon through the 
upper half of H (called the horizon-glass). He then moves the 
index-glass I by means of the arm IP until the image of the star 
appears in the field of view. When the image appears on the line 
of the horizon, he notes the reading on the graduated arc. 

Let IS denote the direction of the star. A ray in the direction 
SI is reflected by the mirror I along III ; it is then reflected by 
the mirror portion of the horizon-glass II along Ill . and the 
star is thus observed in the telescope in the direction in winch 
the sea-horizon is seen. The altitude of the star is simply related 
to the inclination of the index-glass l to the horizon-glass H 

—in Fig. 114 the inclination is I DH , which we denote by x.^ Let 
AIB and HB be the normals to the mirrors I and II ; t hen IBII is 
evidently x. The laws of reflection give 

StA-AlIl = 0 . 

and am = BHC ^ 4>- 

If a is the star's altitude above the sea-horizon, then SCI! - a. 
From the triangle IHC, the exterior angle HUI - 1C II + 

so that 20 = 2if> + a . (*)• 

Similarly, from the triangle IBII , - 

I) = <f> + X .(“h 

Hence from (1) and (2), a = 2x . 

or the star's altitude is twice l^Xn '.it 

H (or between their normals). 1 he alt it 

zero, that is, when the mirrors / and amp• ^ | J 

10 is parallel to ^dmect.onJ/D, O » « ^ ^ ^ 

the scale. Ihe angl t he star’s altitude is twice this 

the graduated arc and by ( >. obout one-sixth of the 

circumference of^ a circhT(henct^ the name “ sextan t”),butinst.ad 
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of having 60 divisions each representing one degree, the arc is 
divided into 120 divisions. In this way, the altitude is read 
directly from the scale without the necessity of applying the 
factor 2 of equation (3). With the aid of sub-divisions and a 
vernier, altitudes can be read with a first-class instrument to 
one-tenth of a minute of arc. 

177. The errors of a sextant. 

In this section we shall mention very briefly the errors* to 
which a sextant is liable. 

(i) Error of ’perpendicularity . The index-glass 7 ought to be 
perpendicular to the plane of the graduated arc. (ii) Side error. 
The horizon-glass H ought to be perpendicular to the plane of 
the graduated arc. Errors (i) and (ii) can be removed by means 
of appropriate screws at I and H. (iii) Collimation error. The 
line of collimation of the telescope ought to be parallel to the 
plane of the arc. (iv) Index error. When 7 is parallel to H the 
pointer P ought to indicate 0° on the graduated arc. It is possible 
to remove the index error by means of a screw at H, but the 
usual custom is to determine the reading when I and H are 
parallel and to apply the appropriate correction to all altitude 
readings. The condition of parallelism of 7 and H is achieved 
most simply as follows (we assume that errors (i) and (ii) have 
first been eliminated). With the pointer set near 0°, the telescope 
is pointed to a star. Two images of the star are then in the field 
of view; one is the direct image of the star as seen through the 
upper half of the horizon-glass 77 and the other is the image 
formed.as the result of the reflections at 7 and 77. With a slow- 
inotion screw, the two images can be superimposed and the 
reading on the arc then corresponds to the position of 7 when it 
is parallel to II. As the instrument is not likely to be indefinitely 
in proper adjustment, the index error should be determined at 
frequent intervals, (v) Centering error. The pivot about which 
the arm IP revolves ought to be the centre of the graduated arc. 
In the best instruments this error is generally very small; it 
varies according to the particular position of the arm IP. In 

* For (ho practical methods of eliminating or determining the errors, the reader 
is referred to more detailed treatises, o.g. The Admiralty Manual of Navigation and 
Doolittle s Practical Astronomy as applied to Geodesy and Navigation. 
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Great Britain, sextants are tested at the National Physical 
Laboratory before being put on the market, and the values of 
the centering errors determined there are noted on the sextant 
box. 

178. Corrections to the observed altitude. 

(i) Dip of the horizon. In making an observation, the ob¬ 
server’s eye is at some distance above sea-level, and consequently 
the visible horizon will appear somewhat depressed below the 
horizontal plane, that is, the plane perpendicular to the direction 
of the observer’s zenith. Thus the zenith distance of the visible 
horizon will be a little over 90°, and all altitudes measured irom 
the visible or sea-horizon will require correction. In l ig. 115 let 



COZ be the direction of the zenith of an observer at O at a height 
A feet above sea-level. Consider the vert.eal plane 20d con 
tabling the direction of the star obser' e 8c J’ u| r facc 

dicular to OZ in this plane. Let A .be t I ntmnsnlierical 

corresponding to the visible horizon gHghl jy curTed 

refraction the path of a, ray from A O ^ J |jc along 

and the direction in which A is actu< y 

OV, the tangent at 0 to the dotted curve representmgjhe paU 

of the ray. The angle HOV (denoted by B) is■ «Uedthe 
horizon. As A is the most distant point visible, the path 
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ray will be tangential to the earth’s surface at A. Consequently 
if AT is a tangent at A to the curved path of the ray, AT is 
perpendicular to CA . Since h is small compared with the earth s 
radius a, we assume that the curved path is approximately • a 
circular arc; hence, as OV and AT are tangents to this arc, then 

TO A = OAT. Denote OCA by c/,. It is usually assumed that 

TO A or OAT is a constant fraction of </>. We can then write 

OAT = jty .( 4 )> 

where 0 is a constant numerical factor whose value is deduced 
to be 1/13 approximately. We now have: OAC = 90 — P<f>> 
AOC = 90° - (0 + 0</>), and hence 

90° - p<f> + 90° - (0 + j8</») + </> = 180°, 

from which <f> (1 — 20) = 9 .(5). 

The earth’s radius being denoted by a (in feet) we have, from 
the triangle AOC, 

sin (90° - 00) = sin (90° - 0 -JJ>) 
a + h a ’ 


or 


cos 0</> _. h 

cos (0+ 0</») a 


( 6 ), 


whence 


2 sin 0/2 sin h {9 + 20«/>) _ h 
cos {9 -f 0 </>) a ' 

As 9 and </> are small angles, we can write this last equation as 

9(9+ 20c/,) = Ufa, 

or, using (5), 9 2 = 2 (1— 20) hfa .(7). 

Inserting the value of 0 and expressing 9 in minutes of arc, we 
have 'oo h 


0 = 


\ 13 « 


cosec 1'. 


Now a = 3900 x 5280 feet and cosec T = 3438. Hence we 
obtam 0= 0-98 (A)i .(8), 

or, as a sufficiently good working rule: “The dip, in minutes of 
arc, is equal to the square root of the height, above sea-level, 
in feet”. For example, if the observer’s eye is 3G feet above 
sea-level the angle of dip, 0, is practically 6'-0. 
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As the observed altitude of the heavenly body is measured 
with respect to OF—the direction of the sea-horizon—the angle 
of dip is to be subtracted from the observed altitude; thus the 
altitude with respect to 0//—the direction of the theoretical 

horizon—is obtained. 

(ii) Astronomical refraction. We have seen in Chapter in that 
the effect of atmospherical refraction is to make the heavenly 
body appear nearer the zenith than it would be if the atmosphere 
were non-effective in deviating the rays of light in their pa>s<i„e 
through the air. The observed altitude is thus too great by the 
amount of refraction R given by formula (/) of C l.iptei in, 

R = k tan £. 


(This formula is sufficiently accurate for navigational purposes.) 

(iii) Semi-diameter (s.d.). In observations of the sun, moon 

and the nearer major planets, the altitude o t le eon i 

disc cannot bo accurately measured directly; the observation 

consists in measuring the altitude of the upper or °wer im 

the body concerned, and applying to the o »eivec a 

value of the semi-diameter given in the almanacs. Ir this. waj, 

the altitude of the centre of the sun. moon or planet is derived 

(iv) Parallax. As we have seen in Chapter ix, the effect o 
parallax is to make the observed altitude less than i ^ wou 

if the dimensions of the earth were ncghgi > c in t j e 

the distance of the heavenly body observed. ir 
horizontal parallax of the body and « its 

corrected for dip refraction and semi-diameter), the collection 
due to parallax is given witobserved 
ST only in the case of the 


Q When the index error and ^ 

Erected altitude from 90*, the true 

senith distance of the heavenly bod) (i) and (ii) 

As regards star observation , J g * tll0 8 um of these 

ire of practical moment. In na 

, , • Bovtthtch'* Practical Navigator. 

* For example, Inman 6 l<db . , 
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corrections can be taken directly from a simple double-entry 
table. 

As regards the sun, simple tables have been prepared to enable 
the total effect of corrections (i) to (iv) to be found by inspection. 

Corrections (iii) and (iv) for the planets are small and in 
nautical observations are usually neglected. 

Example. To find the true zenith distance of the moon s centre 
at g.c.t. 10\ 1931 March 24; given h= 25 feet; observed alti¬ 
tude. of the moon’s lower limb = 32° 20'-0 (corrected for index 
error). From the Nautical Almanac, s.d. = 15'-2; P = 55'*8. 


Obs. altitude (a) 

Dip — 

Refraction — 

Semi-diameter + 
Parallax (P cos a) + 


32° 20'*0 
5'-0 
l'-5 
15'-2 
47'-0 


Hence the corrected altitude = 33° 15'-7 
and thus the true zenith distance is 56° 44'-3. 


179. The position circle. 

An essential part of the navigator’s observation concerns the 
exact g.c.t. at which the observation of altitude was made. 
For this purpose a reliable chronometer keeping g.c.t. as nearly 
as possible is necessary. The daily radio time-signals enable the 
navigator to determine the error of the chronometer at suitable 
intervals; consequently, when he measures the altitude of a 
heavenly body he knows tho exact g.c.t. at which the observa¬ 
tion was made. The various corrections in section 178 being 
applied, a complete observation yields two definite pieces of 
information: 

(i) the true zenith distance of the heavenly body, 

(ii) the g.c.t. of the observation. 

Now, from the g.c.t. it is easy to find the position on the earth’s 
surface at which the body concerned is exactly overhead at the 
moment of observation. Let U be this point in Fig. 116, which 
represents the earth with its centre at C. At the moment of 
observation the body is thus in the direction CVS. CP is the 
direction of the north pole and therefore SCP is the north polar 
distance of the heavenly body, that is, the great circle arc PU 
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is (90° — 8), in which 8 is the declination of the body at the 
G.O.T. of the observation. But PU is the colatitude of LJ and 
thus the latitude of U is simply the declination of the heavenly 

body. Again, if PGQ is the Greenwich meridian, GPU is the 

longitude (measured west 
of Greenwich) of U. But 

GPU is also equal to 
the angle between the 
celestial meridian of the 
heavenly body and the 
celestial meridian corre¬ 
sponding to the Greenwic h 
meridian PGQ. But this 
latter angle is simply the 
hour angle of the hea¬ 
venly body, at the par¬ 
ticular g.o.t. , with re¬ 
spect to the Greenwich 
meridian. Thus the longi¬ 
tude of U (measured west¬ 
wards) is the hour angle . 

of the heavenly body at Greenwich at the g.o.t. concerned. 1 Ins 

hour angle can be calculated from the data in the 
Accordingly, the position of V on the earth's surface con be 

definitely specified. U Is known as the geographical <" 

the sub-solar or sub-stellar point, in the case of t he sun or a 
respectively) of the body observed at the pal leu a • • ■ 

Consider now the observation of altitude from wlnd he true 
zenith distance , is derived. If the observer were aetnaly a 
such a point as K on the earth's surface, the direction of his 
zenith would be along the radius CK ; also the jbreotion of t e 
heavenly body at the time of observation is along the radius 

CO; hence KCU or the great circle arc UK is the 
distance z. Now since the o.c.T. of the o sc ( . ftr th’s 
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an angular distance z from U. This small circle is called the 
'position circle. It is to be noted that a single observation of a 
heavenly body leads only to a certain small circle, on which the 
observer is situated. If we suppose that a similar observation 
of another heavenly body is made at the same G.C.T., a second 
position circle will be derived on which the observer must be 
situated. Therefore his actual position must be at one or other 
of the two points of intersection of the two position circles. As 
the approximate position of the ship is always known, there is no 
difficulty in deciding which of the two points is the correct position. 

The approximate position of the ship is obtained by the 
navigator by the process of dead reckoning. He knows with fair 
accuracy the ship’s various speeds and courses since leaving 
harbour, or since the last determination of position. He can 
also estimate, perhaps with moderate success, the effects of 
winds and currents on his progress. Using these data, he plots 
on a chart the ship’s position hour by hour, and when he makes 
an astronomical observation he obtains from his chart the 
position according to dead reckoning—the D.R. position, so 
called. We shall suppose that in Fig. 11G D represents the D.R. 
position of the ship at the time of the altitude observation. It is 
to be noted that the d.r. position is, at best, only an approxi¬ 
mate estimate; after 24 hours or more without astronomical 
observations it is not unlikely that the d.r. position may be in 
error by 10 miles or more. 

180. The position line (St Hilaires method). 

As we have seen, the altitude observation of a heavenly body 
yields the information that at the time of observation the ship is 
situated on*a certain small circle KJR (Fig. 116); at this moment 
the estimated position of the ship is at D. It is clear that the 
only part of the position circle with which the navigator need 
concern himself is that part in the immediate neighbourhood of 
D. His object t hen is to represent on his chart this part AJB of 
the position circle (shown with a heavy line in Fig. 116). Now 
tlie latitude and longitude of U and of D are known; hence the 
length of t he great circle arc UD can be calculated. But this arc 
is simply the angle between the radii CD and CD, and as CD 
produced gives the direction of the zenith at the particular 
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point D, the arc UD is thus the zenith distance of the heavenly 
body at the g.c.t. of the observation for a hypothetical observer 
situated at D. We shall call this zenith distance UD the 
calculated zenith distance. Now the lengt h of the arc UJ is known 
from the observation—it is the true zenith distance 2 . Hence by 
subtraction we obtain the length of the arc DJ. 1 his arc DJ is 
known as the intercept. Expressed in minutes of arc, it gives 
the distance in nautical miles* of the d.r. position D from the 
nearest point J on the position circle. The arc DJ is perpendicular 
to the position circle at J, for U is the pole of KJR. 

Also, the spherical angle UDP is easily seen to be the azimuth 
of the heavenly body, at the g.c.t. concerned, for an observer 
at i); it can be calculated or found by inspection in such tables 
as Burdwood’s Azimuth Tables. I 11 Fig. lib the azimuth of J is 
thesame as the azimuth of U, which we now suppose to be known. 
Thus, under the circumstances depicted in Fig. 110, where the 
calculated zenith distance UD is greater than the true zenith 
distance UJ, the navigator can draw from the d.r. position on 
his chart a straight line in the direction given by the azimuth of 
the heavenly body; he then marks off along this line a distance 
equal to the intercept, and through the point so obtained lie 
draws a straight lino, called the jjosition line, f perpendicular to 
the line of azimuth. The position line represents on his chart 
(which we will consider in greater detail in scctlon 18 “ } ie 

portion AJD of the position circle KJR (*ig. 110) - Xt ls cl f" 
that if D is within the position circle, that is, it the calcula 
zenith distance is less than the true zenith distance, lie inter¬ 
cept will be marked off in the direction opposite to that 0 ivcn 

by the azimuth. 

181. Example of Ike calculation of the intercept. 

The observed altitude of the sun’s lower limb was 17 .7 0 at 
G.o.T. 16- 31- 2» on 1931 March 10, the height of the observer s 
eye above sea-level being 25 feet and the index error o the 

intercept. • I 0 aro on tho earth’s surface 

• One nautical mile is tho length of the gnat 
subtending ono minute of arc at the earth s centre. 

t Sometimes called tho Sumner line. 
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The longitude 7° 28' W is equivalent, in time-measure, to 
29 m 52 8 W. 

For the g.c.t. and date, we have from the almanac: 

Sun’s declination 4° 18'-0 S 

Equation of time - 10 m 33 s 

Sun’s semi-diameter 16'*1 
In Fig. 117, Z is the zenith of the ship’s estimated position. 
Thus PZ = 41° 45' (the colatitude). Also X is the position of 

Z 



Fig. 117. 


the sun’s centre on the celestial sphere and PX is 94° 18'-0. The 
angle ZPX is the hour angle of the sun (h.a.t.s.). We shall use 
the haversine formula (section 13) to compute ZX (thecalculated 
zenith distance): 

g.c.t. lG h 31 m 2 s (March 10) 

- 12 


G.M.A.T. 

4 31 2 



Long. (W) 

- 29 52 



H.A.M.S. at D 

4 1 10 



Equation of time 

- 10 33 



II.A.T.S. 

3“ 50 m 37 s 

log hav 

9-366 40 

PX 

94° lS'-O 

log sin 

9-998 78 

PZ 

41 45 -0 

log sin 

9-823 40 


52° 33 -0 

log hav 6 

9-188 58 
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ha vO 0-154 37 
hav 52° 33'-0 0-105 97 

hav ZX 0-350 34 

. gjX = 72° 35'-0 (the calculated zenith distance). 

The reader may verify this calculation by means of the cosine- 
formula. We now find the true zenith distance. 


• • • 


Observed alt. of sun’s lower limb 
Index error 

Dip (for height of eye, 25 feet) 
Refraction 
Semi-diameter 

/. Corrected observed altitude 
Thus the true zenith distance is 
But the calculated zenith distance is 

Hence the intercept is 8'-0. 


• • • 


• • • 


17° 27'0 
- 2-0 

— 5-0 

- 3-1 
+ 1C -1 


= 17° 33 -0 
72° 27'-0 
72° 35'-0 


, • 4.1 1 1 \v nr S 02° W. (We leave this calcu- 

The sun’s azimuth is 11 8 W or o o- v 

lation as an exercise to the reader.) true 

S r^° U, (" h tt ^ “of line on' the chart 
(Fig. 118) is obtained by drawing from D (theestimated position) 

North 



, j- ^ «2° W and taking a point J such 

— :ni,es; the straigiit une ^ 
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drawn through J at right angles to DX is the position line on 
which the ship’s position must be at the time of observation. 
This position line is also shown later in Fig. 122. 

182. Mercator’s chart. 

Unless a ship is manoeuvring, its course is generally constant 
for several hours at least; in these circumstances, its track on 
the earth’s surface is called a rhumb line or a loxodrome, which 
can be more precisely defined as a curve on the earth’s surface 
such that the tangent at any point of the curve cuts the meridian 
through that point at a constant angle. In Fig. 119, AXZB is 
a rhumb line cutting all the meridians between A and B at a 


P 



Fig. 119. Fig. 120. 

constant angle 0. It is evident that a projection of the earth’s 
surface on which rhumb lines are represented by straight lines 
would be of inestimable convenience to the navigator, for then 
the track of his ship would be represented on the chart by a 
straight line. Such a chart is Mercator’s projection. We now 
state the two main principles of its construction, (i) All rhumb 
lines on the surface of the earth are represented by straight lines 
on the chart, (ii) The angle between any two intersecting rhumb 
lines is correctly represented on the chart; for example, if two 
rhumb lines intersect at an angle of 30°, then on the chart the 
angle between the two corresponding straight lines is also 30°. 
Now the equator is a rhumb line, and all meridians of longitude 
are rhumb lines intersecting the equator at right angles. Hence 
on the chart the equator will be represented by a straight line 
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(Jcl in Fig. 120) and the meridians KAP and LBP, for 

Wt5?cs»t»1sa«B= 

by straight lines parallel to kl (for example, c6 m F,g. 1-0) 

33 

XYZ as a small plane triangle in which 5 A Z ( 
cours^along the rhumb line). 

in which we suppose that ^ 

measure. Now on the char /<2 an( j the rhumb line 

presented by the ® tral ^^ "!^f line ah ma king the angle 0 with 

is represented by the strg ents the difference of 

the meridians. The distanc g 1P and jjzP. Let us 

longitude M between t e of the c hart is chosen so 

suppose, for example, , . presen ted by one rnilli- 

that one minute of arc minutes of arc, 

metre on the chart, ther since A/y is expressed in 

the length of gh will e n n • Hence (9) becomes 

circular measure, .(10) 

r «-»t.Tr.‘S 

u ” 

by Ay. Then Ay = n cot 0 . 

From -a pu>« 

Ay = 3438 sec v ' 

f latitude between X and Z is 1', so that Ac/. 
If the difference of hxtit = gec ^ mm8 . 

(in circular measure) is 1/3438, then oy l 
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It is thus seen that as <£ increases the actual distance (measured 
in millimetres) between the parallels of latitude and (<£ +1') 
on the chart increases from the equator northwards or south¬ 
wards, becoming infinite when the north and south poles are 
reached; for this reason, the north and south poles cannot be 
represented on the Mercator chart. On the chart, the latitude 
scale is marked on one or more lines parallel to lb. 

From (12), by integration, we have for the length of lb 


(expressed in millimetres), which we denote by y 2 , 

2/a = 3438 log, tan ^ + -g- ) .( 13 )> 

in which «/>" is the latitude of B. Similarly, if 2/i = ka 911(1 f 18 
the latitude of A, 

Vi = 3438 log, tan ^ +1-) .(14). 


These formulae give the distances on the chart between the 
equator and the parallels of latitude, on which A and B are 
situated, in millimetres, that is to say, in terms of the distance, 
as unit, on the longitude scale corresponding to one minute of 
arc of longitude; this latter scale is engraved on hi or on one or 
more lines parallel to kl. 

We now consider the problem of deriving, from measures 
made on the chart, the distance in nautical miles between any 
two positions on the earth measured along the rhumb line joining 
them. Consider the neighbouring points X and Z; on the chart 
they are represented by x and 2 . The triangles X YZ and xyz are 

similar; hence xz . = . c . . xy _ se0 g ■ i .( 15 ). 

If XY = 1' (one nautical mile), then by (15) XZ = sec 6 nautical 
miles. Now in the triangle xyz the distance xy represents one 
nautical mile and since, by (15), xz = xy sec 6 , the measurement 
of xz will give the number of nautical miles between X and Z, 
provided xz is measured in terms of xy as the unit. The latitude 
scale thus provides the unit by which a distance measured on 
the chart gives correctly in nautical miles the rhumb-line 
distance between the corresponding points on the earth. As this 
unit varies in length according to sec </>, the process of finding 
the number of nautical miles represented by a line such as ab on 
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the chart is theoretically complicated, for it involves the division 
of ab into a large number of sections and deriving the number of 
nautical miles in each section by reference to the unit of the 
latitude scale immediately opposite. In practice, however, it is 
sufficiently accurate to divide ab into sections of 30 or 40“aurical 
miles in length and to measure each in terms of the latitude unit 
opposite the mid-point of the section concerned. 

183. Determination of the ship's position from two observations of 
altitude. . . ., 

We consider now the general problem of determimng the 

ship’s position from two observations, making due allowance fo 

sr - »< **>, “ 

suppose to be made at times ^ and t 2 . Let V ig. ) 



H 


chart be the «*££%&£ ^ 

zenith distance of using t |, e corrected observed 

latitude and lon ?‘ t ^ C ^ te f ’ t The n having found tl.e azimuth 
altitude, we obtain the int 1 position line at t„ 

° £ th ' ZToceZ e of sections 180 and 18.. Let AB he 
according to the proced ^ thc pos i t ion of the ship a 

the deduced poationjlm ^ ship . e cours e and 

h is °n the line A . travelled in the interval {t 2 - t t ). 

equal in length to the c s ^ Take any po int It on AB 

Through K draw EF I>*“ ^ meet EF in s. If the ship were 

Ltuahy'afj "at rime h, then its position a, f, would be at If. 
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Similarly, if its position at ^ were at R, its position at ^ would 
be at S. Hence it is evident that, as the ship’s position at *i is 
somewhere on AB, its position at £> must lie on EF. This line 

EF is called the transferred 'position line. 

We now utilise the second observation made at t 2 . We can 
use K as the estimated position at this time and, calculating the 
intercept as before, we obtain the position line GH on which the 
ship’s position must lie at **. But the first observation and the 
application of the ship’s run place the ship on EF at Hence 
its position at t 2 is at 0, the intersection of EF and GH. 

The ship’s true position at ^ (if it is required) is obtained by 
drawing through 0 a line parallel to JK ; the point of intersection 
of this line with AB is the ship’s position at t l . 

It is evident that we can utilise observations of the same body 
made at t, and U (for example, the sun), provided the change of 
azimuth in the interval is such that the two derived position 

lines do not intersect at too small an angle. 

We illustrate the principles of this section in the following 
example involving observations of the sun and a star. 

184. Example of finding the ship's position from two observations. 

The estimated position of a ship steaming N 8 Y E at 8 knots 
was Lat. 48° 15' N, Long. 7° 28'W at g.c.t. 16* 31“ 2* on 
1931 March 10. The following observations were made: 

At g.c.t. 16 h 31 m 2 3 , observed altitude of sun’s lower limb 
was 17° 27'*0. 

At g.c.t. 18 h 46 m 10 3 , observed altitude of Betelgeuse was 
48° 55'-0. 

To find the ship’s position at g.c.t. lS h 46 m , given that the index 
error of the sextant is — 2'-0 and that the height of eye is 25 feet. 

The first observation is that considered in detail in section 181. 
We now plot the results on the chart (Fig. 122). D is the esti¬ 
mated position given; DJ is the intercept 8'-0 drawn in the 
direction S 62° W and AB is the position line at g.c.t. lC h 31 m . 

The interval between the two observations is 2\ hours; the 
rim is therefore 18'*0. We draw JK in the direction N 84° E 
(the ship’s course) and make JK equal to eighteen divisions of 
the latitude scale opposite. EF is drawn through K parallel to 
AB] EF is the transferred position line on which the ship must 
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be situated at G.c.T. 18- 46". We take K as the estimated 
position at this latter time, and use this position to derive t 

r f ,rr, t 



nr T I8 h 4G m 10 8 (March 10) 


- 12 


O.M.A.T. 

0 

4(i 

10 

Long. (W) 

— 

28 

50 

H.A.M.S. 

6 

17 

20 

R.A.M.S.* 

23 

9 

54 

Sid. time 

5 

27 

14 

r.a. star 

5 

51 

27 

H.A. 

23 

35 

47 


• The almanac* give 
tabulated quantities + 
night. 


sidereal time at midnight for ■every day in 
evidently give the values of the n.A.M.s. 


the year; the 
ut each mid- 
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If X denotes the position of Betelgeuse on the celestial sphere 
and Z the zenith of the point K, we have 

PX = 82° 36'-2; PZ = 41°47'-0; ZPX = 24*- H.A. = 0 h 24“13 8 . 

We calculate ZX by the cosine-formula: 

log cos PX 9-109 71 log sin PX 9-996 37 

log cos PZ 9-872 55 log sin PZ 9-823 68 

log cos ZPX 9-997 57 
8-982 26 9-817 62 


Hence cos ZX = 0-096 00 + 0-657 08 = 0-753 08. 


/. ZX = 41° 8'-5. 

The azimuth is found by calculation to be 171° E, so that the 
bearing of the star is S 9° E—in the direction KY in Fig. 122. 
We now correct the observed altitude: 


Observed alt. of star... 

Index error. 

Hip ... • 

Refraction 

/. corrected observed alt. ... = 

Thus the true zenith distance is ... 
But the calculated zenith distance is 
Hence the intercept is 4'-4. 


48° 55'-0 
- 2-0 
- 5-0 
-0-9 
48° 47' T 
41° 12'-9 
41° 8'-5 


As the calculated zenith distance is smaller than the true 
zenith distance, the point K is evidently within the position 
circle given by the observation of Betelgeuse. Hence to obtain 
the position line on the chart we draw KM equal to the intercept 
(4'-4), and in the direction opposite to that given by the star’s 
azimuth. The line Gil drawn through M perpendicular to KM is 
the position line resulting from the observation of the star. 

The ship’s position at g.c.t. 18“ 46 m is given by O, the inter¬ 
section of Gil with EF. From the chart it is foimd that O is the 
position: Lat. 48° 17'-8 N, Long. 1° 16' W. 


185. Special methods. 

When the pole star is observed the position line can be ob¬ 
tained very easily by means of simple tables based on the for¬ 
mula in Exercise 20. p. 55. These tables are given in the 
Nautical Almanac (abridged), the American Ephemeris and 
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Inman's Tables. Since the bearing of the pole star is in general 
very nearly north, the resulting position line is practically a 
parallel of latitude; thus an observation of the pole star yields 
the ship’s latitude. 

When the hour angle of the heavenly body observed is within 
30 or 40 minutes from the meridian, simple tables based on the 
formula of Exercise 21, p. 55, facilitate the calculation of the 
zenith distance. Such observations are known as ex-meridian 


observations. 

In the general problem, the arithmetical computations can be 
greatly lightened by means of special tables, amongst which may 
be mentioned Altitude Tables* by R. de Aquino and Position 
Line Tables (Sine Method)* by W. M. Smart and F. N. Shearme. 
The sine method is based on the following considerations. I he 
position circle on the earth is deducible from two items of obser¬ 
vation : (i) the observed altitude of the heavenly body concerned, 
(ii) the G.C.T. at which the observation is made. As the position 
circle is independent of the estimated position of the ship so 
also is the position line on the chart, and although we employ he 
estimated position ( D ) to derive the position line any other 
point C within 30 or 40 miles of D would serve equally well In 
the sine method, a particular point C is selected in a way that can 
be best illustrated by means of an examine.^Suppose that t.he 
ship’s estimated position D is: Lat. 48° SO N. Long 1, 

and that the hour angle of the heavenly body computed fo. D is 
2b 18 m 32 .. We choose the latitude of Cto be the integral number 
of degrees nearest to that of D and its longitude such that the 

hour Ingle for C is the nearest multiple of 4-. In tbe*hour 
the latitude of C is 40° N and its long. “ d * “”' h ‘ oil 

ancle for C is 2 h 20 n ‘; hence C must be 1 -8 or -- ’ 

angle ior o is , £ . p i otte d on the 

so that its longitude is 0 o6 W . J “ P< . , , lo 

chart. The choice of C in the general case-ut.Lit tude a u hote 

number of degrees and J ts ^^Jllo'ws the tabulation in 

subsequent calculations. heavenly body 

, , ill Potter 145 Muionos, London, E. U 
* Published by J. L. Iotu.r, 
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shall first suppose that this hour angle is within 6 h of the meridian. 
Draw the great circle arc Z Y to cut the great circle PX at right 
angles. Let P Y and Z Y be denoted by U and p respectively, and 
let </> denote the latitude of C. From the right-angled triangle 
PZY, in which PZ = 90° — </>, we have 

tan U = cot </> cos H . (16). 

cosp =sin<£sec£7 .(17). 



Fig. 123. 


Let the zenith distance ZX be denoted by (90° — a); we call 
a the calculated altitude. From the triangle ZYX, in which 
YX = PX — U = 90° —B—U, we have 

sin a = sin (8 + U) cos p .(18). 

The values of U, calculated by means of (16), for each degree 
of latitude and at intervals of 4 m in the hour angle, from 0 h 0 m 
to 6 h 0 m or from 18 h 0 m to 24 h 0 m , are given in the tables. Adjacent 
to each of these entries, the corresponding values of log cos 
given by (IT), are tabulated. The computation of the calculated 
altitude a follows simply from (IS). The difference between a so 
derived and tho observed altitude (corrected) is the intercept, 
which, of course, has to be drawn from C on the chart. In this 
way the position line can be drawn with a minimum of arith¬ 
metical computation. 

When the hour angle {II) of the heavenly body is more than 
C h from the meridian, a slight modification is necessary. Let H 1 
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denote (12* - H) or (H - 12*). The quantities log cos p and U 
are taken from the tables for the appropriate value of H x and 
the formula corresponding to (18) is 

sin a = sin (8 - U) cos p. 

186. Equation of a great circle on Mercators chart. 

The great circle distance between two points on the earth’s 
surf acefs shorter than the rhumb-line distance, and t he difference 
becomes of economic importance in long oceanic voyages. I 
such instances it is the practice to follow the appropriate great 
circle as nearly as possible. Suppose that the great circle i 
represented on the chart. It is divided into a suitable number o 
sections and between the beginning and end of a section ie 
ship follows the appropriate rhumb-line course (represented by 

section^ts course is altered to that corresponding to the next 

6 e To 0 find a the S eouation of the curve representing the great circle 
joining two pohits V and V (Fig- 124) we proceed as follows. 

Let the great circle U V cut 
the equator in O and let the 
longitude (measured east) of 
ObeL 0 ,PG being the Green¬ 
wich meridian. Let the incli¬ 
nation of UV to the equator 
(in the direction of increasing 
east longitudes) be denoted 
by i can have all values 
between 0° and 180°. Let 
L and <£ denote the east 
longitude and north latitude 
respectively of any point . 
on the great circle U V. Let 

VfZ ^“suppose that £ and , are expressed 

ill terms of the radian as unit . Then we have 

x = L . 



Fig. 124. 
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e v = tan 


- + *) = 
A 2 
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where L is expressed in circular measure, and, by (13), 

y = log g tan .(20). 

From the spherical triangle XOH, in which H is the inter¬ 
section with the equator of the meridian through X , we have: 
OH - L — L q , HX = cf>, XOH = i and XHO = 90°. Formula 
D gives tan <f> = sin (L — L 0 ) tan i .(21). 

But (20) can be written 

<f>\ _ 1 + sin <f> _ cos <f> 

cos </> 1 — sin <f> * 

Hence sec <£ -f tan (f> = e v , 

sec (f> — tan <f> = e~ v , 

from which tan <£ = 4 (e v — e~ v ) = sinh y .(22). 

Hence, using (19) and (22) with (21), we obtain the equation of 
t he great circle in t he form 

sinh y = sin (x — L 0 ) tan i .(23), 

in which we regard L 0 and i as two constants associated with the 
great circle. The values of L 0 and i can now be expressed in 
terms of the longitudes L x and L 2 of U and V respectively, and 
the corresponding latitudes <f> x and </> 2 . From (21), we have 

tan (/>! = sin (L, - L 0 ) tan tl 

tan cf> 2 = sin (L 2 - L 0 ) tan i J 

tan <£j _ sin {L x - L 0 ) 
tan sin (Lo — L 0 )' 

from which we obtain 

tan fa - tan ^ = sin (L 2 - L u ) - sin (L t - L 0 ) 
tan <f>, + tan ^ sin (L 2 - L C1 ) + sin (L\ ~ L 0 ) * 

giving, on further simplification, 

tan (k + h _ jr;) = tan ( L * ~ L i\ . (<f>, + <f> x ) 

V 2 V 2 sin (<£, — ^,j) 

.(25). 

Tlie value of L 0 is calculated from (25). tan i is then obtained 
from one of the formulae (24). 


(24). 


Bv division, 
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T the position of a point on the curve with any assumed 

longitude L, we calculate the corresponding la ‘ itude ^ ^^O). 

* The x and v co-ordinates are then give 5 ( ' 1 
The pitting of a great circle track on the Mercator chart can 
be much simplified by means of the Gnomonic Projection. 

EXERCISES 

level is (26 h\* cose o 1\ 

111 a) 

where a is the earth’s radius in feet. 

. * „ nl.in 80 feet above sea-level, can just see 

2. An observer, on the mas . distance from the light 

a light which is 100 feet above sea-level. Show 

is 21} nautical miles. 

3. Show that in a place whose latitude is ^sunrise attbe^equmoxes ^ 

visibio at the top of a mountain * feet h.gh about ^ ^ , 

than nt itS foot# 

.. ~n 

that if the sun's declination is 8 a mountam . latitude * 

earth's radius, whl have its summit Mummated 

12 V2 cosec d sec 5/ir V n hours 

after the sun has set on the pltun*t.Mb ^ o{ ^ expreasion a t the summer 
80 ^—^^highiniatitude^. t 

6. The angle of ^ ££ 

dl''«"hr a ae n eon g d, o, are. Prove that the earth a rad,us 

in feet is approximately A cos d cot d 

A (l sin 1" 

[Ball.] 

r.cr r::. --- - • - - 

“» ‘m. Z.I, - —. 
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provided that the small circle does not include a pole of the earth and x, y are 

measured on the chart from a certain origin. 

Obtain the radius of curvature of this curve, at a point where the tangent lies 

N and S, in the form ... s 

p = c bid 9 (cos 2 8 - sin- 0) -, 


where 8 is the latitude of the centre of the above small circle and 0 is its angular 
radius. 

Determine the error made in neglecting the curvature of the “position line” 
when determining longitude from a timed observation of altitude 30° in latitude 
51° 30', the error in the assumed latitude being 100'; the observation is made 
near the prime vertical and the assumed latitude corresponds to an ideal* 
observation exactly on the prime vertical. [Land. 1926.] 


8. An observation of the altitude of a star at a place of known latitude <f> is 
made when the star is on the prime vertical. Show that an error in <£ will have 
no sensible effect on the calculated longitude. 


9. The latitudes and west longitudes of two places F and 0 are (j> lt \) and 
(</>,, A„) respectively. When simultaneous observations of the same heavenly 
body (declination 8) are made at F and 0, the corrected altitude is a in each 
case. Prove that 

sin 2 (- A,) cos 2 8 = P x * - 2 P 1 P a cos (Aj - A x ) + P a a 

= 5j 2 — 2<$jiS 2 cos (A a — Aj) + S t \ 
where l\ = sin a sec <f> t — sin 8 tan <£, 

and S t ; = cos a sin A i 

A l and .-L being the azimuths at F and 0 respectively. [Loud. 1930.] 

10. At o.c.T. 15 h 17 m 48* on a certain date the sun’s observed altitude 
(corrected) was 89° 34'. Assuming that the ship’s latitude was known to be 
23 3', that the sun’s declination was 23 13' and the equation of time 

U ro 12 J , prove that the ship’s longitude was either 49° 4' W or 49° 56' W. 


/ 


(*= 1 , 2 ), 


11. When the latitude and longitude arc found by simultaneous observations 
of the altitudes Oj, o 2 of two known stars, prove that the two possiblo places of 
observation will have the same longitude if 


sin arfs in u 2 - sin o, sin S 2 , 
where 8,, S 2 are the declinations of the stars. 


[Coll. Exam.] 


12. Assuming that an observation of the sun’s altitude is made correctly 
but that the o.c.T. used in the subsequent calculations is in error by At seconds 
show that the resultant position line is displaced through ] At sin A cos i 
nautical miles, where A is the sun’s azimuth and <f> is the latitude. 


[Loud. 1930.] 

13. Two altitudes a 2 of the sun are taken, at an interval of time 2 h and 
the position Lines cut orthogonally. Show that “ ’ 


sin a 1 sin a 3 =■ 1 - 2 sin 2 h cos 2 8. 


[Coll. Exam.] 
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14. In determining the hour angle of a star a sailor makes errors Aa in his 
altitude and A* in his assumed latitude. Show that the error m hour angle will 

be given by 


A H = A cot A sec <f> - A a sec <f> cosec A, 
where <f> is the latitude and A is the azimuth. 


[. M.T . 1923.] 

- - — - # 

15 At 6 p m. a star A' U observed (all corrections having been applied) as 

yr " 1 .me 

be il!e S ealculated altitudes are boll, computed for the position Let CO" N 
Tone 30" W' they are 33" 15' and 63" 56' respectively. If the ship is steaming 
£o" g at K> knots find, by plotting on squared paper, the position ofOie ship at 

6 p.m. and at 7 p.m. 

16 An intereept p is drawn in the direction 0 east of north from the position: 
eastfiongitude, L, north latitude, f If the true coordinates of the ship are 

L + M, <f> + A<£ prove that 

A L cos <f> sin 0 + A<£ cos 0 - p = 0 

where M, A</> and p are expressed in minutes of arc. 

17 A ship’s navigator observes that the altitude of a known star as it 
17 ‘ *1 1 *i meridian is a° and the time of the transit is / hours after 

crosses the southern “ "tar's declination U 5" and its right ascension is 

ship is in latitude 90" + 8 - a and west longitude 15 (a - a + t ■ b ° th 

r [M.T. 1921.] 

measured in degrees. 


22-2 



CHAPTER XIV 


BINARY STAR ORBITS 


187. Visual binary stars. 

The name “ double star ” is ordinarily applied to a pair of stars 
seen very close together in the telescope. This apparent closeness 
is due to one of two causes: (i), the two stars may be at greatly 
differing distances from the earth, but nearly in the same 
direction as viewed from the earth; (ii), they may actually be 
close together in space, forming a system in which their mutual 
gravitational attraction might be expected to be exhibited by 
orbital motion. In 1S03, Sir W. Herschel first demonstrated, 
from observations carried on over a quarter of a century, that 
certain double stars showed relative orbital motion. A large 
number of stars of this character have since been discovered, 
and to these the name binary stars is given. The class of double 
stars in (i) above are called optical double stars ; we do not 
consider these further. 

Generally, the two members of a binary star are of unequal 
brightness. The brighter star is called the primary and the 
fainter is called the companion. 

In Fig. 125, let A denote the primary and B the companion. 
Let AN define the direction of the north celestial pole —AN is 


then part of the meridian 
through A. The angle NAB, 
denoted by 6, is the ]x>sition 
angle of B with respect to .4. 
The posit ion angle is measured 
from 0° to 300° eastwards, in 
the direction indicated by the 
arrow. The angular distance ^ 
between A and B is called 
simply the distance AH or, 
sometimes, the separation, 
and is generally denoted by p. 
Tims p and 0 define the posi¬ 
tion of B with respect to A. If .1 * 


N 



1 

I 


Y 

N 

Fic:. 125. 

B form a binary system then, 
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owing to the mutual gravitational attraction of the two stars— 
which we assume to be given by the same law as in the planetaiy 
system—the companion will describe an elliptic orbit relative t 
the primary. This is the true orbit and its plane is the true oibita 
plane. In general, tins plane will be distinct from the p an 
perpendicular to the line of sight and consequently the observed 
orbit, called the apparent orbit, will be the projection of the true 
orbit on the plane perpendicular to the line of sight 1 his latter 
plane iTt he pLe oft he apparent orbit. The observations furnish 
the details concerning the apparent orbit, and it wiU be ^ 
purpose to show how the elements of the true orb t 
deduced The importance of this subject in astronomy lies in he 
fact that valuable information concerning the masses of 

stars can be obtained. 

188. The micrometer. 

The instrument used in practice for measuring* distance and 
noS?o“angle is the micrometer. This is attached to the eye-end 
P of The telesfope. In the field of view of the micrometer e^-p.ece 
are generally three spider-wires, one of which, A 1 ( c . 

o° 


270' 



90° 


160 ° 
Fig. 120. 


is fixed centrally and two, qued c In’™ rotated about 

The plate to which th«»' the images of the two stars 

the telescopic ax.s By d us^ ^ ^ ^ ^ pllotog „ pto U, 

* For the more open binaries, 
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A and B lie on XY. A graduated circle enables the position 
angle 6 to be derived, provided the reading corresponding to the 
direction ON (position angle 0°) can first be obtained. This is 
effected in practice as follows. The telescope is directed to any 
star and its image placed on X Y. If the telescope is stopped, the 
diurnal motion will carry the star along a parallel of declination; 
if A 7 is perpendicular to the meridian ON, the star •will thus 
appear to travel along A r 7. The procedure then is to rotate the 
plate carrying the wires until this condition is fulfilled. In this 
position, the reading on the graduated scale corresponds to 
position angle 90° or 270°; hence the reading corresponding to 
position angle 0° is deduced. Alternatively, by rotating the 
graduated circle about the optical axis of the telescope, the scale 
can be made to correspond exactly with position angle; in this 
case, no correction is necessary to the readings. 

'I'he distance p between A and B is derived by means of the 
two wires CD and FG, each of which can be moved perpen¬ 
dicularly to XY by fine screws to which micrometer heads are 
« * 

attached. When the instrument is adjusted, as shown in Fig. 
120, the observation for distance consists in placing CD over A 
and FG over B. The micrometer readings furnish the value of p, 
expressed in terms of the number of revolutions of the micro¬ 
meter heads. From observations made on two stars whose 
angular distance is accurately known, the value of one revolu¬ 
tion of a micrometer can be expressed in seconds of arc. 

The complete observation of a binary star leads to the value 
of the distance p, expressed in seconds of arc, and the value of 
the position angle 6. 

189. The elements of the true orbit of a visual binari/. 

Let a sphere be drawn with the primary star 5 as centre 
(Fig. 127). The straight line joining the earth to .S' cuts the sphere 
at E. The plane of the great circle, of which E is the pole, repre¬ 
sents the plane of the apparent orbit. Let K be the other pole. 
We suppose that the great circle IILG defines the plane of the 
true orbit of the companion around S, the angle GLD being the 
inclination i. The straight line MSL, which is the intersection of 
the two planes considered, is the line of nodes. Let the radius 
SN define the direction of position angle 0 J . The true orbit of 
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the companion relative to the primary S is shown shaded in 
Fi®. 127. When the companion is at F in its true orbit, its 
position in the apparent orbit will be obtained by drawing a 
perpendicular from F to the plane of the great circle iS LD. This 

perpendicular will lie in the 
plane of the great circle 
KOD, where O is the point 
on the sphere obtained by 
producing SF. Thus the 
observed position of the 
companion will lie on the 
radius SD and therefore its 
position angle 0 is the arc 
ND. (We assume position 
angles to be measured in 

the sense NLD.) 

If r is the radius vector 
SF, the distance p is given 
by 

p = r cos GD ..•(!)• 

The position angle of that ,, v0 . in Fitr 127 

node which is less than 180° from N is denoted by Cl, m Tig. 127, 

NL = Cl and consequently LD = 0 — Cl. 

Let P be the point on the true orbit at which the companion 
f nrimarv this point is called periasiron ; the other 

axis (expressed Let „ be the true anomaly when 

by o and the eccentncty y ^ that the companion 

the 

Henceweobtmn, from the" tangle LCD right-angled at D. 

cos LG = cos LD cos GD, 
cos GD = COS ( V + Oi) sec ( 0 - Q), 

or, using (1), p = r cos (u +-) see (0 - A) 

Also, from the triangle LOD, we obtain 

tan (0 - £2) = tan (v + w) cos » 



v To Earth 
Fig. 127. 


or 


( 2 ). 


(3), 
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We denote the orbital period by T (in years). The mean angular 
motion n of the companion around S in the true orbit is given by 

71 = 2n/T .(4). 


Let the time of periastron passage be denoted by r. Then the 

mean anomaly M at time t is given by 

M = n (t - r) = E - e sin E .(5), 

where E is the eccentric anomaly. The true anomaly v is related 

to E by « 

tan^ = fj—tan E/2, 


( 6 ). 


We have also n-a 2 = -~mz' = @ ( 7n i + ^h) .( 

where m x , iti 2 are the masses of the two stars and 0 is the con¬ 
stant of gravitation. We regard T as an element, since the sum 
of the masses is defined in terms of a and T. 

The elements of the true orbit are: a, e, i, co, r and T. If all 
the elements are known, the value of E at time t can be derived 
from (4) and (5), and then the true anomaly v is found by means 
of (0). Then from (3) and (2), the values of 6 and p can be finally 
obtained. In this way, the observed quantities p and 6 at any 
time can be compared with the calculated values based on the 
elements of the true orbit. The problem with which we shall be 
more intimately concerned is the derivation of the elements of 
the true orbit from the observations wliich enable the apparent 
orbit to be drawn. 

It is to be remarked that although the value of the inclination 
may be known, t ho orbital plane is not uniquely determined. So 
far as observations with the micrometer are concerned, it is 
uncertain whether the true orbital plane is that given by the 
great circle HLO, or that given by the great circle of which an 
arc LJ only is shown in Fig. 127, the angle DIJ being also i. 
Now as regards the orbital plane HLG, in wliich the angular 
motion of the companion is in the direction from L towards A, 
it is evident that as the companion passes through L the com¬ 
ponent of its orbital motion in the line of sight (that is, perpen¬ 
dicular to the plane of the apparent orbit) is directed away from 
the earth. In this instance, the inclination is denoted by + i. 
If the companion’s angular motion is in the direction LJ, the 
inclination is denoted by — i. 
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When the position angles increase with the time, as in the two 
orbits just considered whose planes are defined by LG *nd LJ 
the motion is direct. When the position angles debase as th^ 
would do if the angular motion were m the direction GL JL, 

the motion is retrograde. 

190. The apparent orbit of a visual binary. 

As we are considering the orbit of the compamon relative to 
the primary, the latter will be situated at a focus of the tr e 

elliptic orbit. Now the apparent orbit th « P ro J ec ' . g 

true orbit on the plane perpendicular to the line of sight and 

also an ellipse. But it does not 
necessarily follow that the focus 
of the true ellipse (that is, S) 
projects into a focus of the ap¬ 
parent ellipse. Let the ellipse i n 
Fig. 128 represent the apparent 
orbit and S the primary. From 
what has just been said, S is 
generally not at a focus of this 
ellipse. If SN denotes the direc¬ 
tion defining position angle 0 

and SM that of 0 = 90 , the oy i gj/ ag % and 

general equation of the ellipse referred to SA and *JI 
y axes respectively is 

V + 2 Hxy + W + 2^ + + 1 = 

in which there are five OI If the companion is 
defining the particular e *P S w hich the rectangular 

at C, an observation gives p and w, ym 
co-ordinates * and y of C are given by 

x = p cos 0, y = p sin 

Five such observations spread overF of (8), but, 
sufficient to determi^ p’and 0, the ellipse 

owing to the unavoidabl way . A large number 

cannot be determined accura y g a 8er ics of points 

of observations, spread over m 3 ^inary'ellipse can be 

such as C, D, E, ... from ^ F t , lips0 is afforded by 
drawn. The test as to the accuracy or 



Fig. 128 
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the following consideration. In the true orbit the areas swept 
out by the moving radius vector are, by Kepler’s second law, 
proportional to the relevant intervals of time, and the ratio of 
any two such areas is not altered by projection. Hence, in the 
apparent orbit, if G, t 2 , t 3 are the times at which the companion 
is successively at C, D and E, the ratio of area GSD to area DSE 
is equal to the ratio of (t 2 — tf) to — t 2 ). The latter ratio is, of 
course, accurately known. This test can be rapidly carried out 
with a planimeter, and the preliminary ellipse is modified until 
the requirements indicated are fulfilled. We assume now that 
the apparent ellipse has been satisfactorily drawn. 

The constants A, B , ... F of the general equation (8) can be 
conveniently derived as follows. Let the co-ordinate axes cut 
the apparent ellipse (drawn to a convenient scale) in K, R, U 
and T. Let the co-ordinates of U and T be (aq, 0) and (— x a , 0). 
Since these co-ordinates satisfy (8), we have 

Ax* + 2 Gx 1 +1 = 0, 

Ax 2 * — 2 Gx 2 +1 = 0, 

from which A and G are determined. A similar procedure for 
the points K and R enables B and F to be found. If (£, tj) are the 
measured co-ordinates of a point D on the apparent ellipse, H is 
found from the relation 

- 2 H$rj = A£* + Brj 2 + 2 G$ + 2F V + 1. 

Amongst the many methods of deriving the elements of the 
true ellipse, there are the two well-known methods of Kowalsky 
and Zwiers, which we shall describe in detail. In each method 
the apparent orbit forms the basis of the subsequent procedure. 

191. h o teals hi/’s method of determining the elements of a visual 

binary orbit. 

Tho constants A , B, ... I 11 of the equation (8) for the apparent 
orbit are first derived according to the method given, or other- 
'•i'se, the a;-ax is (Fig. 129) being SN (in the direction of position 
angle 0°) and the y-axis being SR (position angle 90°). K is the 
pole of the great circle NLR. We take SK as the 2 -axis. 

Let SA be the direction of periastron and C the pole of the 
plane of the true orbit. Then since S is the focus of the true orbit 
of the companion relative to the primary, the equation of the 



BINARY STAR ORBITS 


347 


orbital ellipse referred to rectangular axes SA and SB in the 
plane of the true orbit is 

(£ + qe) 2 .?_*,! .(9), 

! A 2 


in which 6 2 = a 2 (1 - e 2 ). The apparent orbit, whose equation is 
(8), is the projection of the ellipse, given by (9), on the plane 


NLR. 


Let {l lt m x , n x ) be the direction-cosines of SA with respect to 



the axes SN, SR and SK. Then if A is joined by great circle arcs 

to N, R and K, we have 

^ = cos AN, m » = cos AR, n x = cos AK. 

\ (1 m nA be the direction- 

"o y f' SB and SO with respect’to SA, SR and SA'. Then 

; 2 = cos BN, m 2 = cos BR, n 2 -cos BK, 

and l 2 = cos ON, ,«, = COS C/i. » 3 = cosCA. 

From the spherical triangles AN L, ARL, AKL we obtarn 

= cos Q cos co — Sin £2 sin co cos 0 

m , = sin £2 cos u, + COS a sin co cos i 

n x = sin c o sin i 


( 10 ). 
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From the triangles BLN, BLR and BLK —or simply writing 
(90° + a>) for in ( 10 )—we obtain the direction-cosines of SB: 

l 2 = — cos n sin a) — sin £2 cos to cos 
m 2 = - sin Q sin co + cos Q cos to cos .( 11 )- 

n 2 = cos cd sin i 

From the triangles CLN, CLR, CLK we obtain 

7.3 = sin Q. sin i 

mq = — cos Q. sin i 1 - .( 12 ). 

n 3 = cos i 

Amongst the well-known relations connecting the various 

, i* it _•_ 




direction-cosines, we shall use the following: 

Lin* — lojn y ’ = n z 

k* +h 2 +h* =1 

m, 2 + in a 2 + =1 


(13) , 

(14) , 
.(15), 
•(16). 


+ 7 2 w 2 + L m -a — 6 ... 

Let (£, rj) denote the co-ordinates of any point on the true 
ellipse with reference to the axes SA , SB, and let ( x, y) be the 
co-ordinates of the projection of this point on the plane NLR 
with reference to the axes SN, SR. Then from the circumstances 
of projection, we have 

x = + hy, 

y = ith€ + ”hib 

(Lm 2 - 7 2 wii) £ = nhx - kv» 

£ = m * X ~ .(17). 

n 3 

- hy 

71 = ---— • • • 


from which 
or, using (13), 


Similarly, 

' l 3 

Now these values of £ and rj satisfy (9); hence 

( m 2 x - Ly + q eKa ) 2 + (rr^x-Ly) 2 


(18). 


a-Ho 2 


b 2 n 2 


= 1 


(19). 


But z and y satisfy (8); hence (19) and ( 8 ) must represent the 
same ellipse on the plane of the apparent orbit. It follows that 
the coefficients of a; 2 , xy, y 2 , ... in (8) must be severally propor- 
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tional to the coefficients of xy, y\ ••• in (19). Let/denote the 
common ratio. Then we have 


m.“\ 


L ( m * 

n 3 2 V a 
B - - f - < 1 ‘ 


\ 


2 


+ 


n, 2 Va 2 ‘ V 




TJ--1 ( L - m 3 + 1 ^ 

" = _ n 3 2 U 2 b 


n r)\ 


( 20 ). 


G = 


fem 2 


a 11 % 


an 3 

l = -/(l-e 2 ) 


and 1 = - J > 

From these equations we obtain, after a simple reducUon, 

// 2_2 4- L 2 — W* I 


^2 _ (?» + 4 - 5 = 


gt -mf + l* 
— 2 a 2 ( r _^)2 

Wo 2 - ? j 2 


by the aid of (14) and (15). Inserting the values of („ "a -d «, 
given by (12), we have 


pi — G 2 + A — B = 


cos 2Q tan 2 i 


•> 

V~ 


where 


p = « (1 — e 2 ) 


( 21 ), 

( 22 ). 


(If Mil + 

Again, we have FG — II = — 7la 2 a 2 (i — e 2 ) 2 


; 3 w„ 

n 3 2 /> 2 


by the aid of (16) and ,22). Hence, from ,12) 


sin 2Q tan 2 j 

FG — H = 2jr 


.(23) 


From (21) and ( 23 ) there resuits ^ ^ „ ... (24) , 

(F s — 0 2 + A — B) ™ ia + (/ > be remembered that 

from which O can ‘’'’^^'^“tnvention, lies between 0° and 
the value of according 

180°. 
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tan 2 i . 


LOfll 

Using the value of Q. just found, the value of —^ 
by either (21) or (23). 

Again, F*+G*-(A + B) = ^ + 

= ( 2 - v - y) 

p 2 cos 2 i * 

using (14) and (15). But by (10) and (11), 

2 - n 2 - ?? 2 2 = 2 — sin 2 i 

= 2 cos 2 ?• + sin 2 i. 


is found 


Hence 


tan 2 i 




(25). 


But — 2 — lias already been determined; hence the value of p 2 

can be determined from (25). When p has been found, the value 
of tan 2 i —and hence the inclination i —can be calculated (as 
mentioned on p. 344 the sign of i is indeterminate). 
Expressing/ as - a/p by (22), we have from (20), 


G= - 


e m 2 
pcos i 


„ e 

F — -—.. 

p cos i 

Inserting the values of m 2 and Z 2 from (11), we have 

. ~ ‘ . Gpcosi 

sin 12 sin id — cos 12 cos a> cos i = —- 


(26), 


• Fp COS l 

cos 12 sin id -f* sin 12 cos id cos i =--- ... 

e 

Multiply (20) by sin £2 and (27) by cos 12 and add. Then 


(27). 


sin <d = ^ cos i (G sin 12 — F cos 12) 


(28). 


Multiply (20) by cos 12 and (27) by sin 12 and subtract. Then 

«n 

cos ld cos i = — - cos i {G cos 12 -f F sin 12).(29). 

Hence, from (28) and (29), 

. {F cos 12 — G sin 12) cos i 

tl,la, = —JbE Q — ecosQ .( 30 >- 


tan to = 


(30). 
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This formula allows «. to be calculated (i and Q being knownb 
The eccentricity e can then be found from (28) or (.0), for all t 
quantities TZ i, O have now been evaluated. The senu-major 
a^tis a can now be derived from (22). We have thus shown how 
the elements a, e, i, £1 and a, can be obtained from the apparent 

eU There remains the problem of finding the period T and t (the 
time of periastron passage). For any point on the apparent 
ellipse eo P rresponding to time f, we have the values of p and 6. 

Now by (3), tan ( V + to) = tan (6 - Q) sec i, 

from which the true anomaly » can be found. The eccentric 
anomaly E can then be calculated from (0). The mean anoma > 

M is now found from 3 / _ E — « sin E. 

But M = n (t — r), or 


= (t-r) 


.(31). 


several equations of type (31). 

192. ZvHer’s method of determining the dements of a vis,ml 
The apparent ellipse is again ‘ f ^^termination’of 

rh h e 0 :ime e n a ti 8 c“ ES ?*&£?“ ^ * 

(*> an analytical method baseU>ntheJotme. ^ ^ 

(a) Graphical method. Let b th* ^ joinin g C and S 

empse and >SUhe primary • whic h is the projection of 

cuts the apparent el p projection of the centre 

are unbred by projection, we 

have CS : CA X = ae :a, 


or 


08 
CA l 


, f -_: f v of the true ellipse. Thus by deter- 

z elUps " th0 eccentricity 18 
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at once obtained. This procedure can be utilised as a check on 
the value of e given by the formulae of Kowalsky’s method. 

Let B. CE.be the diameter 
of the apparent ellipse con¬ 
jugate to the diameter 
A.CD.. It can be obtained 
readily by drawing any 
chord UW parallel to A.D. 
bisecting it at V and joining 
C to V. Let X be any point 
on the apparent ellipse. 

Draw XB parallel to CB. 
meeting CD. in R. Produce 
RX to T so that 

RT/RX = \/(\-e*)l=k 

.-.....(32). 

If this construction is sup¬ 
posed made for every point 
on the apparent ellipse, the 
curve D.A 2 B 3 A.D 2 will be 
the result. This curve is an 
ellipse, as will be shown, 

known as the auxiliary ellipse. In particular, we have 

CB,= k.CB. .(33), 

where k is defined by (32). 

In the true ellipse, the minor axis is the conjugate of the major 
axis and this property holds for the corresponding projected 
lines. Hence CB. is the projection of the semi-minor axis of the 
true ellipse. Now consider the eccentric circle of the true ellipse. 
If a chord of the true ellipse, parallel to the minor axis, is pro¬ 
duced both ways to meet the eccentric circle, the ratio of the 
chord of the eccentric circle to the chord of the true ellipse is 
1, (1 — e 2 )- or It follows from the construction of Fig. 130 that 
the curve D. A»B 3 A , D 2 is the projection of the eccentric circle on 
the plane of the apparent orbit and is consequently an ellipse; 
it touches the apparent ellipse at A. and D.. 

Let CAo, CB 2 be the semi-major and semi-minor axes re¬ 
spectively of the auxiliary ellipse, and denote them by a and 



D a 

Fig. 130. 
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respectively. We must then have 


P 

- = cos l 
a 


(34). 


Hence, by drawing the axes CA, and CB„ the value of the 

inclination i can be determined. 

Also, the semi-major axis a is equal to the radius of the 

eccentric circle, being the only radius not shortened by pro- 

jection. But the radius of the eccentric circle is a, the semi- 

major axis of the true orbit; hence 

a = a .(35). 

Thus a is obtained from the auxiliary ellipse. , 

Now the diameter parallel to the line of nodes is not altered 
by projection; hence the major axis A,CD, is parallel to thedine 
of nodes. If SN is the direction given by position angle 

and SQ is parallel to CA„ the position angle A .SQ nieasured m 
the direction of the arrow near N, is the longitude Q of the node 
(Cl is between 0“ and 180°). Thus Cl is obtained from the auxiliary 

'“in Fig. 131 let SA denote the direction of periastron, and 

KAO be part of a great circle through A and the p 

great circle NLG which defines the 

plane of the apparent orbit. Let A 

denote LG. Then since LA = 

Ala = i , AGL = 90° we have, by 

the four-parts formula D, 

tan A = tan oj cos i 

.(Ab). 

But SL defines the line of nodes 
and SG defines the projection of 
periastron. Hence, from big- 1A0, 
the angle A 2 CA l or QSA t is A. When 

this angle is measured, the element 
co is obtained from (30). 



Fi«. 131. 


is obtained irom uxi liarv ellipse, the elements 

We have thus found, from j found as 

a, e, i, Q and o>. The remaining elements / an 

indicated in Kowalsky’s method. 

(6) Analytical melted. In practice the auxiliary ellipse - not 
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actually drawn, but its properties are used. In Fig. 130 denote 
the various semi-diameters as follows: 

CA x = a x ] CB X = b x ; CB 3 = b 2 ; CA 2 =cc ; CB 2 = p. 

Let 9 X be the position angle of A x and 0 2 the position angle of B x . 
Then B X CA X is (9 1 — 0 2 ). 

Now CB X and CA X are conjugate semi-diameters of the 
apparent ellipse and, by the construction of the auxiliary ellipse, 
it is evident that CA x and CB 3 are conjugate semi-diameters of 
the auxiliary ellipse. We have the well-known relations con¬ 
necting pairs of conjugate semi-diameters: 

a 2 + P 2 = a x 2 + b 2 2 .(37), 

ap = a x b 2 sin ( 9 X — 9 2 ) .(38). 

But, by (33), b t —kb l9 

and we can write 


and 


(a + p) 2 = a 2 + 2ka x b x sin {9 X - 9 2 ) + k 2 b 2 = g 2 ...(39), 


(« - p) 2 = a j 2 - 2 ka x b x sin (9 X - 9 2 ) + k 2 b x 2 = h 2 ...(40), 
whence « = \ {g + h) and P *= $ {g - h) .(41). 

The apparent ellipse is supposed drawn; the diameter conjugate 
to CA j is also actually drawn. We can thus obtain the values of 
(’ n x , />i and (0! - 0 2 ) by measurement ; since e is now known, k 
can be calculated from (32). Thus the quantities g and h can 
be calculated and by (41) the values of a and p are deduced. 

Consider now the angle A 2 CA X which we denoted previously 
by A; it is the angle between the semi-major axis CA 2 of the 
auxiliary ellipse and the radius CA X . Now the co-ordinates of 
.4, referred to CA Z and CB 2 as axes are (a x cos A, cq sin A), and 
hence we have 


Oi 2 cos 2 A a, 2 sin 2 A 
“a 2 + “ p 2 = l * 

from which tail A = ± 

a\a x 2 - p 2 ) ’ 

or. using (34), tan A = ± cos i( u \~ a £\* 

\a x - - p-> 

As the sign of tan A is the same as the sign of tan {9 X - 0 2 ), 
there are then two possible values of A, differing by 180°, satis- 


(42). 
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fying (42). Now NSQ = Q, and since 8, is the position angle of 

A 1 and A,dA> = A, we have ^ ^ . (43) . 

Now O is defined to lie between 0° andlBOj and 

from measurement, the appiopna e q to found. The 

indicated by (43); this last 

value of a. is then found from (3b), which is 

tan A = tan a > cos i. 

. • i m „ nf i T are derived as before. 

The remaining elements 1 an 

=JATS: s 

sars Mass “j:;?“ s *“. b v 

it is u> be .*« trrst:';" »«- 

distances p between the oomP^ consequent ly we obtain a 
pressed in seconds of arc, i , a |] [ H , t i lr parallax of the 

expressed also in seconds o <“ • easure d in astronomical 

binary. Then if d is its distance o « 
units, the value of 0 in seconds of arc is b 

0 = ^ cosec 1" .< 45) - 

■ • , avis of the true orbit expressed in 

Let o, denote the senu-ma^ second8 o{ arc) is given by 

astronomical units. 1 be v 

a, . (46). 

a = j cosec 1 

Hence, from (45) and (40), a .(47). 

«i = if 

mean angular velocity » and the 

Now the relation between t 

linear semi-major axis a * «,). 

t of gravitation and Wl ,m 2 are the masses 
where O is the constant of gi 
of the two stars. Hence, jy ( ’ 

*i « (»% + »*•) . 

2 12 4rr“ 


23*2 
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(49), 


Consider now the earth’s orbit around the sun. We have a 
similar equation to (48), namely, 

V _ . 

2V~4tt 2 . 1 h 

where m is the sun’s mass (we neglect the earth’s mass) and 
a 0 , T 0 refer to the earth’s orbit. But a 0 = 1 astronomical unit 
and T 0 = 1 year. If the sun’s mass in is taken as the unit of mass, 
then G expressed in terms of these units is given by 

G= 4rr 2 (50). 

Hence, for the binary, equation (48) becomes 

d 3 

where the stellar masses are now expressed in terms of the sim’s 
mass as unit. Then, using (47), we derive 

a 3 

+ m 2 = j~j 3 y’2 (SI). 

This equation enables the sum of the masses of a binary star to 
be determined when the parallax and its orbit are known. 

It is found that, for the majority of visual binaries, the mass 
of the system is about twice the mass of the sun. When other 
evidence is reviewed, it is exceptional to find the mass of a star 
outside the range \m to 50m, where m denotes the sun’s mass. 

It is to be noted that only the sum of the masses can be cal¬ 
culated from (51). It is only in comparatively rare instances, 
when additional observational material of a different character 
is available, that the individual masses of primary and companion 
can be deduced. 

194. Dynamical parallaxes. 

The formula (51) can be used to determine the approximate 
value of H when this quantity cannot be measured by the usual 
method. We can write 

n = .(52), 


n = 


** to+ »!,)* . K h 

in which a and T are supposed to be derived from the observa¬ 
tions of the visual orbit. If we put m t + m 2 = 2, in accordance 
with the average result for known visual binaries, we obtain 
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what is called the dynamical parallax. In any given instance, 
of course, the value of (m, + »«,) is actually unknown but as the 
cube root of this quantity is involved in the formula (52) ti 
resultant uncertainty in the calculated value of II, du to the 
assumption concerning the mass of the system is c°mpa ratmdy 
s ma ,U Dynamical parallaxes supply valuable information tor 
certain investigations in which the distances of the stars are 

required. 

195. Spectroscopic binaries. 

A binary of this class consists of two members too close 

SSSfBSS: 

of gravity at G (Fig. 132), 
each star describes an elliptic 
orbit around G. In general, 
the orbital plane will be in¬ 
clined to the line of sight. 

The orbital elements are 
defined as for visual binaries 
(Q,the longitude of the node, 
is an exception, as it cannot 
be defined at all, owing to 
the absence of a definite- 
reference point on the plane 
perpendicular to the line of 
sight). 

On page 2 13, reference has 
been made to the spectro¬ 
scopic method of measuring , j i the formula 

the radial velocities of the f ™ due ^ the earth's 

for the variable part of the ■ • . (J NVo s |, a |l suppose 

orbital motion round the sun was ■ rom the observed radial 
here that this variable part is re"uov * Uie star's 

velocity of a star; the value thus obtamia 1 

radial velocity relative to the sun. j ,| 10 s „„ intersect 

In Fig. 132 let the WU.ne|. of wllich T is the 

the sphere centred at G m i . b 



i To Sun 
Fig. 132. 
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pole is HLM and we can refer to this plane, without ambiguity, 
as the plane of the apparent orbit. Let K be the other pole of 
HLM. 

Let r (in kilometres) denote the radius vector GS, where S is 
the position of one of the stars in its orbit with respect to G. Let 
GB be the radius vector when the star is nearest G. Then SGB or 
PGA is the true anomaly v. (We suppose that the direction of 
motion is from A towards P.) L is the ascending node and we 


put LA — co as before. 

Let 2 denote the distance of S from the plane of HLM, 
reckoned positive when S is on the same side of this plane as K. 

Then z = r sin PM, 


where KPM is the great circle arc through P. But from the 
triangle PLM, in which LP = v+ co, PLM = i and PML = 90°, 
we have sin p M _ s Ln (v + o>) sin i. 

Hence z = r sin (v + co) sin t .(53), 

in which z is expressed in kilometres. The rate at which z varies 

with the time, that is, gives the radial velocity of the star S 

relative to the centre of gravity G of the system. 

In general, the system itself will have a radial velocity with 
respect to the sun; denote it by V. Then V is the radial velocity 
of O, regarded positive when the motion is one of recession from 
the sim. Hence the radial velocity R of the star S with reference 
to the sun is given by ^ 


R = V + - 


dt 


(54). 


r I he value of 7? is deduced from the spectroscopic observations. 
\\ hen both stars are sufficiently bright to register their spectra 
on the photographic plate, the radial velocities of both stars can 
be inferred. For t lie present, however, we shall consider the type 
ol spectroscopic binary, only one of whose components enables 
radial velocity measures to be made. 

Now we have the following formulae of elliptic motion 
applicable to the motion of the star S aroimd G: 


a (1 — e*) 
1 + e cos v 


(55), 
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r*™=h={ f xa(\-e'~)}'- .(56), 

fx = ?i 2 a 3 .( 57 )> 


where a is the semi-major axis in kilometres and n is the mean 

angular motion. Now from (53), ^ 

— = — sin (y + oj) sin i 4- r cos (y -1- w) sin i ^ „ 

dt dt 

and we find easily from the preceding formulae that 

fl r nae sin v dv na( \ + & cos v) 

artr^) j; r * = o- e, >* 

Hence we obtain 

nasint [cqs{v+ w ) + ecos«u] .( 58 )- 

(1 — e 2 )- 

Thus from (54) we can express the radial velocity if in terms of 
V, v and the elements of the orbit. 
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shows a typical velocity curve for which the period is 33§ days; 
it refers to the star H.R. 8800, the spectroscopic observations of 
which were made at the Dominion Observatory, Victoria, B.C. 
(. Publications , vol. I, p. 243). The curve between B and F repre¬ 
sents the complete cycle of changes in the radial velocity R. At 
C the radial velocity has its maximum positive value (about 
60 kms. per second) and at E its maximum negative value 
(about — 115 kms. per second). 

Actually, it is found (we shall explain this later) that the binary 
is approaching the sun with a speed of 15 kms. per second. Thus 
V = — 15 kms. per second. The line XYZ parallel to the time 
axis, in accordance with this value of V, is called the F-axis; 
ordinates measured from this line to the curve give the appro¬ 
priate values of ^ . For the present, we shall suppose that the 
F-axis has been drawn. 

There are many methods of deriving the orbital elements from 
the velocity curve; we shall consider only one of these, which is 
extensively used in practice. 


197. Method of Lehmann-Fillip. 
We shall write (58) as follows: 



K [cos {v + co) + e cos ui) 



where 


na sin i 

(l-e 2 ) 1 



Now dzjdt is a maximum when (v 4- co) is 0° and, as the radial 
velocity is a maximum at (7, the ordinate YC (which we denote 
bv a), measured from the F-axis, is given by 

a = K (1 + e cos co) .(61). 


Also, the radial velocity has its greatest negative value at E , 
and this occurs when v + co = 180°. If /? denotes the length of 
the ordinate EZ, we have, numerically, 


/8 — A' (1 — e cos co) 

K = i (a + /?) 

a — 

e cos co =-_ 

a + P 


From (61) and (02), 


(62). 

(63) , 

(64) . 
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binary star orbits 
The measurement of a and p enables the values of K and 

^ The**F-as^ 6 ^determined from the consideration that the area 

BCD above this axis is equal to the area DEF below. This is 
Steen as follows. Any ordinate is dz/dt and the abscissa is 
the time t. The area BCD is thus given by the mtegral 

* 7.. 


i 


dz 

jt dt - 


where the limits are the values of t corresponding to B and A 
and^is a constant depending on the units n terms of which the 

area is measured. Hence this area is simply 

where denotes the value' oft corresponding to the point D on 

the velocity curve. SimUarly the area DEF is 

q ( z F — z D ). 

-r» . - s i n ce BF corresponds to a complete cycle, ami 

line are measured by^mea ^ be finally obtained to satisfy 

trials the position of t - position of the F-axis is 

the conditions of area^ In^133 t. ^ the value of 

F^ta^t- 15 kms. per second. This is the radial velocity 
V obt&mea w relative to the sun. 

by A„ is given by 

NOW at C, the value offr+5 *1° and, from («>. - »• 

HCnC wav the area DZE is equal to (z E - z D ), and as 

^llfprov: r a a sS—Uiat' e the rC a a reas HC Y lid ZEE 

then by (53) and («0), .(G 7 ). 

= r x sin {v x + <*>) sin i . \ > 
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But, at D, the value of dz/dt is zero; hence by (59), 

COS + Oj) = — 6 COS CO 

= - a -=rt by (64). 

a + p 

v 2.Vafi 

sin fa + o>) = ± • 

Now in passing along the velocity curve from C towards E, 
the radial velocity changes from being positive to negative just 
before and after the point D. Hence, referring to Fig. 132, we 
see that the point D on the velocity curve (Fig. 133) must corre¬ 
spond to the point on the true orbit for which z has a maximum 
positive value. Hence by (53), sin ( v x + co)is positive and there- 


Hence 


fore 


2V«/3 

Sill (i>! + p 


( 68 ). 


Consider now the area ZEF , which we denote by A 2 . Then 

Ao = z F — z Bi 

or, since z E = 0, we obtain ^ _ z 

If v., and r 2 refer to the point on the true orbit corresponding 
to F on the velocity curve, we have 

A 2 = r 2 sin (v z -f a>) sin i .(09)* 

But, at F. dz/dt is zero; thus 

' a-B 


cos (Vo + co) = — e cos u) = — o » 


and now 


sin (Vo -f to) = — 


2 Va /3 

a+ 


(70), 


the negative sign being taken in (70), since F corresponds to the 
point on the true orbit for which z has the maximum negative 
value. Hence, using (67), (68), (69) and (70), we find 

A, _ _h 

A 2 r 2 

The procedure has been such that A« is expressed mathematically 
as a negative quantity. If Aj and A 2 are both regarded as positive 
quantities, we can write 

A, Jj 

A-* Ta 


(71). 
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-o , __ a (* e \ w ith a similar expression for r.,\ hence 

Butr » " 1 + e cos t’i ’ 

A x _ 1 + e cos Vo 
A 2 “ 1 + e cos i?,' 

We can write this last equation as follows: 

A x 1 + e cos (v 2 + o> ~ <*>) 

A 2 l + e cos (v x + o> — to) 

1 + e cos a, cos (v 2 + o>) + e sin sin (v 2 + a >) 

” l + e cosTcu cos (v t + o>) + e sin a. sin (v, + «) 

which, by the use of (64), (68) and (70), reduces to 

Aj _ 2 «g J=L y «g («+ P) e s in f? , 

A 2 “ 2«/3 + Va/3 (« + 0) « sin " 

from which it is easily found that 

2 VTTp Ao — Aj _(72). 

e sin oi = • a 2 + Aj 

vi: r : f a : sta 

we had also a fi . 

ecoSOJ = - Tfi , 

hence this equation and (72) determine,. and ~ 

To determine the time r of P e "^°"^ ue of the value 
then, v = 0, and if i x is the correspondmg value oi <W 

of i, is given from (59) by 

i. = K (1 + c) cos to .* '• 

The value of i, can now be found «Ua«eK^ "u ve gSy 
known. There are two b y noting that, at C. 

(73). However the an dug -y ^ Thug . f J is found to be, say, 
v + = 0, and at L, v + o> o . this msta ncc 

60°, the value of » at C .8 800 ^ bct ; cen c and 7) on 
periastron will correspoi ^ time T (abs cissa) of penastron 

passage^measunTd from the epoch corresponding, say, to * ns 

f °Tgain, we have from (60) and (63), 

nosmt_ _ , (a + p) .(74). 

(l-e‘)i 
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Also if the period T is supposed known, n = 2m fT , and from (74), 

. . T(a + 0)( 1-e 2 )* 

asini =-^-• 

The period T is usually expressed in days and a and £ are 
measures of velocities expressed in kilometres per mean solar 
second. With these units, the last equation becomes (since 
1 day = 86,400 seconds) 

„ sin i = 21600y (<I + ^ (1 _ e a)J . (75) . 

7 T 

This formula gives the value of the quantity (a sin i) expressed 
in kilometres, T being expressed in days. Unless the inclination i 
can be derived by other means, the semi-major axis a, with 
respect to the centre of gravity of the system, cannot be deter¬ 
mined. 


198. Two spectra visible. 

When both members of the binary are sufficiently bright, the 
velocity curve associated with each star can be analysed by the 
previous, or any other, method. Let now a x denote the semi¬ 
major axis of one orbit, with respect to the centre of gravity of 
the system, and a 2 the semi-major axis of the other orbit. Then 
1 he semi-major axis of the orbit of one star relative to the other 
star is (a x + a 2 )» which we denote by a 0 . If a 0 is expressed in 
astronomical units and the period T in days, the sum of the 


masses of the two stars (expressed 
unit) is given bj' 

Wj + m 2 = a 0 3 


in terms of the sun’s mass as 



(76). 


But (a, sin i) can be found by means of (75) in terms of kilo¬ 
metres, and from the analysis of the second velocity curve the 
value of («., sin i) can be similarly found. Since a 0 = a x + a 2 and 
one astronomical unit = 149,500,000 kins., formula (76) becomes, 
on multiplying both sides by sin 3 i. 


(m x + in 2 ) sin 3 i = y 


a, sin i + a 2 sin i\ 8 /365J 


149,500,000 


y / 305 

) \ T 


in which a n a 2 are expressed in kilometres and T in days, or, 
using (75), 


(m, + m.) sin 3 i = 1-298 x 10" 8 T (1 - e 3 )i {(a, + ft) + («,+ ft)) 3 , 
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where a x , ft and a*, ft refer to the two velocity curves. On 
writing K x =\ K + ft) and K 2 = * (a* + ft), thi s last equation 

is: 

(mj + w 2 ) sin 3 i = 10-38 x 10~ 8 T (1 - e 2 )* (K x + # 2 ) 3 ~-( 77 )- 

The value of (m x + m 2 ) sin 3 i can thus be obtained. 

Now, since G is the centre of gravity of the system, 

m x a x = m 2 a 2 .( 78 )* 

or m l (a x sin i) = m 2 (a 2 sin i). 


m 


a 2 4- ft _ 


(70). 


Hence, by (75), ^ + ft K x 

Thus the ratio of the masses can be derived. The formula (77) 
for the sum of the masses involves the unknown value of th 
inclination, and therefore the individual masses cannot be fount 
unless i can be derived by other means. 

199. The mass-function. 

We return now to the case when only one spectrum is vtsrble. 
From (78), we have 


a, a i _ 


«i+ a i 


a 0 m x + m 2 * 

3/« 3 oin^ 


m 2 a 0 * sui a i 

■■■ (°> sin, > = 

But from (70), expressing a„ in kilometres, 

r «. y . 

” V 149,500,000/ V T ) 


...(80). 


m x + rn 2 - l 149 


a 


(81). 


(82). 


or Wl + Wa= 3-993 x 10-*° 7jf >i 

Hence from (80) and (81), eliminating « 0 , we derive 

sin 3 i _ 3-993 x lO-^OiSinO 3 ... 

(m x -4- w 2 ) 2 

.. can be evaluated. The function on the 

The quantity on the lt is » e neraUy given by computers of 

left is the mass-function. It is gcncr j b 

spectroscopic orbits. 
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200. The masses of spectroscopic binaries. 

When one spectrum only is photographed, the information 
concerning the masses of the stars is contained in the value of 
the mass-function. When both spectra are visible, we have seen 
that the velocity curves enable the ratio of m x to w 2 to be deter¬ 
mined, and also the quantity (m, + m 2 ) sin 3 i. Thus for any 
individual binary, the actual values of the masses cannot be 
found owing to the presence of the unknow inclination t m 
the formulae. Nevertheless, valuable information regarding the 
masses is derived from statistical considerations. Consider a 
large number of spectroscopic binaries of the same spectral type 
distributed over the sky. We assume that the masses of such 
binaries are much alike. If we take the average mass of a system 
to be M and the number to be N, we can write, forming the sum 
v + m 2 ) s in 3 i, from the known values of this quantity, 

2 {m i + Wo) sin 3 i = NMS, 

where S denotes the mean value of sin 3 i, with reference to the 
random inclinations over the sky. The value of S is generally 
taken to be 2/3. In this way we can derive an estimate of the 
average mass If of a spectroscopic binary of given spectral type. 

The most massive spectroscopic binary known is the star 
B.D. + 6° 1309; for this star, ?/?, sin 3 i = 75 and ?» a sin 3 i = 63 
(in terms of the sun’s mass). The individual masses are thus at 
least 75 and 63 times the sun’s mass. 

201. Eclipsing binary stars. 

If the line of sight is in or near the plane of the orbit of a 
binary star, it is evident that during each orbital period the 
component A will pass wholly or partially in front of the com¬ 
ponent B, thus eclipsing the latter. The effect will be noted in 
the diminution of tho light of the binary. In the same way the 
component B will cause a total or partial eclipse of A . The analysis 
of the light curve of such a star cannot be given here, and the 
reader is referred to Astro physical Journal , vol. xxxv, p. 333; 
vol. xxxvi, pp. 243, 390, where a detailed account of the method 
of analysis is given. It may be added, however, that the light 
curve yields the inclination, i, and if both components can be 
observed spectroscopically, the mass of each is obtained. 
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EXERCISES 

1 The greatest apparent diameter of a visual binary orbit is l"-3; tbe 
pam.Ux is V-072 sndV period 50 years. If the orbit * erreui^sboa 

the mass of the binary is 25/32 times the sun s mass. 1 

2 The semi-major axis of the orbit of Kruger 60 is 2"-46; the period is 

2. I be semi maj ^ 0 "-257. Calculate the mass of the 

44-3 years; the parallax ot the s>sxci [Lvml. 1D2S.J 

binary in terms of the sun’s mass. 

th!-pSi^"^r pi:x orbU^ 

circular, calculate the mass of the binary. 

4. Calculate the dynamical parallax of .lie binary 0 7642, for ivbieh 

a = 2"-87 and T = 317 o \Lar.-,. comment on the diiJerence between 

The trigonometrical parallax is 0 OSS, comment [W . llj2G .j 

the two values of the parallax. 

, t t^citinn of the true orbit of a visual binary 

&"°a^ - the line o, sight is given by 

siu 2 i - J> + lit r7,t -4-11+4 • 

where A* - W W ~ »>' + 2 ( “^ ^ (t * " ^ [Land. 1022.) 

6 . Prove that if the £*pit^o' 

obtained, and on any chord Q * £ po and OQ, the locus of K is an 

such that on is a iisrinoiiic nican Utwecn ^ ^ ^ , ho , nl< . 

ellipse, of which the lengtl ive8 t ho direction of the line of nodes, 

orbit, tho direction of this maj«* * ia tho cosine of the inclination, 

and the ratio of the minor to tl.c maj (/W. 1923.J 

, I „ ;n„ l.inurv is 3 days, and its velocity in tho 

7. The true period of an cchp S p Crs( . C ond. Show that its apparent 

line of -ght blonds. ^ *023.] 

period is grea c . A « ]f T is the time of a inaxi- 

8. A variable star has eehptic co^-on . ^ ^.f^ponding time with respect 

mum fur an observer °n^he ea J o( ligLt i„ kilometres per sec ond and 

. .- 




o 


7’ — ° COS ft COS (A — ® )# 

C 


where © » the sun’s longitude. 


[1a,h>I. 1927.] 
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OCCULT ATI ONS AND ECLIPSES 

202. Occultations of stars by the moon. 

As the moon’s sidereal period of orbital revolution around the 
earth is about 27£ days, it moves eastwards with reference to 
the stars at an average rate of rather more than half a degree 
per hour. In its passage over the stellar background it is con- 
tinually interposing its disc between us and the stars, and t e 
sudden disappearance of a star in this way is called the occuUatum 
of the star by the moon. After an interval, which depends on a 
variety of factors, the star reappears. The disappearance and 
reappearance of the star are generally referred to as immersion 
and emersion respectively. The disappearance of the star and its 
reappearance are instantaneous phenomena and, if the time of 
one or the other is noted accurately, there is obtained at that 
instant a definite relation between the moon s position in the 
sky and the position of the observer, it being assumed that the 
star’s position is known accurately. Formerly, occultations were 
utilised for the determination of longitude, but the introduction 
of radio time-signals has rendered the occultation method 
obsolete. 

If the moon’s position is known accurately, the particulars of 
the occultation of a star at any place can be predicted and, under 
these circumstances, it is to be expected that prediction and 
observation would agree. Now the moon’s position at any 
instant is predicted in the almanacs according to the relevant 
theory in celestial mechanics and it is found, partly as a result 
of the observation of occultations, that the mean longitude of the 
moon, as deduced from such observations, is in defect of the 
theoretical value at the present time (1944) by 1". This dis¬ 
crepancy is usually attributed to changes in the earth’s rotational 
period, and as this period is the basis of all time-measurement, 
the importance of careful observations of the moon’s position 
and, in particular, of the observations of occultations hardly 
needs to be emphasised. 
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203. The geometrical conditions for an occultation. 

Consider Fig 134, in which the earth (regarded as a spheroid) 

tfS C ss 

at E and 3 -P concerned at a particular instant. 

aft a 1 r»v. 




''Moon. 


The Earth 

'fundamental Plane 

Fig. 134. 

will be invisible. For ® „,. g surface, the cylinder must 

visible at some point on me ^ 

evidently intersect the earM s sin arc. ccnfre and perpen- 

The plane P MS,n f * h ™!f|, ed the fumlamcntal pinna-, in the 
dicular to the lino noima l EC to this plane is taken to 

subsequent discussion that , owing to the revolution of 

be the 2 -axis. It is to be m . n)a , )>lan< . and the *-ax,a are 

the moon m its orbit, ti 

continually altering. t j lC earth, the moon will be 

As viewed from any 1 from the zenith by an angle 

displaced, owing to paralla. ’ J ending to the maximum or 
which may be t f 6 ° c mi dianieter is 16'. Hence, for a 

horizontal parallax), a ion a s the moon at any instant, 

star with the same right «i ns! 


S A 
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an occultation may be possible at 'some place if the star’s de¬ 
clination does not differ by more than about l£° from the moon s 
tabulated declination. By comparing the moon’s tabulated 
positions in the almanac with the positions of stars, the selection 
of stars, according to the criterion just mentioned, is made for 
which occult at ions are possible. 


204. Bessel's method of investigating an occultation. 

This is the method used in the almanacs for predicting the 
circumstances of an occultation. We shall use the following 
symbols: 

a, 8—the apparent r.a. and Dec. of the star. 

—the apparent r.a. and Dec. of the moon’s centre. 

Pj—the equatorial horizontal parallax of the moon. 

ry—the moon’s geocentric \ 

distance. All expressed in terms of the 

k —the moon’s radius. ■ earth’s equatorial radius as 

p — the observer’s geocentric the unit of length, 
distance. 

—the observer’s geocentric latitude. 

Tn Fig. 135 let E (the earth’s centre) be the centre of the 
celestial sphere shown. The radius EC is drawn parallel to the 
straight line joining the moon’s centre to the star; EC is the 
-.axis and the plane DBA, of which EC is the normal and which 
passes through the centre E, is the fundamental plane. Let EP 
be the earth’s axis of rotation, P being the north pole. Since C is 
the pole of the fundamental plane, the plane of any great circle 
drawn through C is perpendicular to the fundamental plane; in 
particular, the great circle joining C and P defines a plane per¬ 
pendicular to the fundamental plane. Let it intersect the latter 
in EB and the equator in F; BPCF is defined to be the #-plane. 
Since the star is regarded as at an infinite distance, EC is the 
direction of the star, as viewed from the earth, and PCF is the 
meridian through the star. The earth’s rotation carries this 
meridian westwards, that is, in the direction FD. The positive 
direction of the ar-axis is defined to be EA —the eastward drawn 
normal of the plane BPCF. It is evident that .4 is on the celestial 
equator and the r.a. of this point is, accordingly, 90° + a (since 
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FA = 90° and TF = a, where T is the vernal equinox). Also FC 

is 8 (the star’s declination). EB is the y- axis. 

Let EX be the geocentric direction of the moon s centre. Le 
(*, y , z) denote the rectangular co-ordinates of the moon s centre, 

A 



Fig. 135. 


f *u north’s eouatorial radius as unit, with respect to 

S,.T—“■* “ J ° ly 

great circle arcs, we have 

* = cos AX, ^ = cos BX, - “COS CX. 

We thus obtain, 

Bpx *bfa + apx- ‘ 8 °° + 

nenee, by the — c09 8| sin a cos <«, - ..1.<*>• 

We do not require the corresponding expressmn for ^ 


St. 


( 2 ). 


24 2 
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Since the fundamental plane is perpendicular to the straight 
line joining the moon’s centre to the star, x and y are the 
co-ordinates, at any instant, on the fundamental plane of the 
centre of the shadow cast by the moon with reference to the light 
from the star or, in other words, * and y are the co-ordinates of 
the point of intersection of the axis of the cylinder with the 

fundamental plane. 

Also r x and P 1 are related by the formula 

- = sin P 1 .(®)* 

r \ , 
For an occupation, (a x - a) and ( 8 ! - 8 ) may be regarded as 

small angles and, if (a x - a) is expressed in seconds of time and 

( 8 ! - 8 ) and P x in seconds of arc, the formulae ( 1 ) and (2) can be 

written, using ( 3 ), with sufficient accuracy for purposes of pre¬ 


diction, as 15 . . ^ 

x = p K - a) cos b x 



v _ (A -J> 

y p x 


(5). 


We now consider the co-ordinates (f, 77 ) of the observer with 
reference to the fundamental plane. To avoid complications 
in Fig. 135, we shall now suppose that EX defines the geo¬ 
centric direction of the observer, so that PX is the observer’s 
meridian. As before, 

- = cos AX, - = cos BX. 

P P 


Now in the triangle APX, PX = 90° — </>', PA = 90° and 
XPA = CPA — CPX. If h denotes the hour angle of the star at 
the instant concerned, CPX = h, and therefore XPA = 90° — h. 


Hence £ = P cos <f>' sin h .(6). 

Similarly, in the triangle BPX , we have BP = 8, PX = 90° — <f>', 

and BPX = 90° + (90° - h) = 180° - h. Hence 

■q = p [cos 8 sin <f)' — sin 8 cos </>' cos K] .(7). 


Referring to Fiji. 134 we see that, for immersion or emersion, 

O O 

the point of projection of the observer on the fundamental plane 
must lie on the circle of radius k in which the cylinder cuts the 
fundamental plane. This condition is thus expressed by 

(*-£)*+ (y-’?) a = * a 


( 8 ). 
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For the calculation of occupations, the value of k (the moon's 
radius expressed in terms of the earth's equatorial radius as 

unit) is taken to be 0-2725. 

205. The Besselian elements of an occultation. 

The quantities, relating to the occultation of any given star, 

tabulated in the almanacs are. 

T„ _the g.c.t. of conjunction in e.a. of the moon and the 

st ar 

H -the hour angle of the star at Greenwich at the instant 

Y —the value of the y-co-ordinate [see formula (o)j at the 
instant T„. At this instant, the value of the * 
co-ordinate is evidently zero. 

y '—the rate of change of * and y per hour of mean sola. 

timC - , _ GOAS, 

For example, from (5), y P x ’ 

of an occultation, visi A 1 f | aler to the 

surface, has first been obtained^ s.m re 
methods of deriving this estimated g.c.t., 

to be (T 0 + t). observer west of Greenwich, the 

If A is the longitude ot the ooserv 

hour angle h of the star is given by 

/,= //- A + <' . (J) * 

. . i I i IO in*c onuivalent to t hours of 

where , is “^ence the v ieHf , at a.cv, (T. + 0 

mean solar time, ricncc 
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can be calculated from ( 6 ) and (7) and the known terrestrial 
co-ordinates of the observer, p and </>'. The star’s declination is 

given in the almanacs. 

Also, since a; = 0 at time T 0 (the moon and the star are then 
in conjunction as regards right ascension) and y = Y at time T 0 , 
then at time (T 0 -f t) we have 

x = x't, y = Y + y't .(10), 

t being expressed in hours. 

If (T 0 + t) is actually the true time of the occultation, the 
equation ( x _ £)2 + {y - -q ) 2 = k 2 

must be satisfied by the values of £, y, x, y just calculated. In 
general, however, the estimated time is likely to differ by a 
minute or two from the true time, and we proceed as follows. 
We shall suppose that (T 0 +t) is the estimated time and 
(T 0 +t+ At) is the accurate time concerned, where At is ex¬ 
pressed in hours. We calculate x, y and f, rj for the g.O.t. 
(T 0 -f t), as already indicated; we denote these values by x x , y x , 
and rj x respectively. The values of x, y, £ and rj corresponding 
to the true time (T 0 + t + At) of the occultation are then derived 

from x = x 1 + x'.\t, y = yi + y'-&t{ 

£ = + £' • At, T] = 7]x + rj '. A 1 1 

w here (■', rj' denote the rate of change in £ and 77 per mean solar 
hour. Since (S) must be satisfied for the occultation, we have 

[a*! - £1 + At (*' - nr- + [i!/, -r,x + At (y' - V )] 3 = 

or. writing x 1 —$ l =f, y x — t) x = g .(12), 

and neglecting squares of At, we deduce 

f _ (m 

2 (/*' + gy' -/f - gri') 

In this formula, k = 0-2725; / and g are derived from the 
quantities .r,, . y x and computed for g.c.t. ( T 0 + t); also 

.r' and ?/' are tabulated in the almanacs. To calculate At, it is 
necessary 10 know the values of and y . Now by ( 6 ) and (7), 

£ = = P coS(f> cos/t j t .(14), 

, d t> ^ . 1 dh 

W = -~ = p cos <p sm 8 sin n . 

1 dt r at 


( 15 ), 
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in which dh/dt means the change in the star’s hour angle 
(expressed in circular measure) in one hour of mean solar time. 
Now h increases from 0 to 2 tt in 23* 56- of mean solar time, 

. (ih = 2 -ZL- = p-2625. 

• * dt 23-93 

Write ^ - P cos f cos h . (1G); 

then, from (6), (14), (15) and (16), 

f£' + gr) ' = 0-2625 (fQ + S) .(1") 

= o-2625a 0 , sav. 

A . k'-P-g* „ . (is), 

Hence — 2 j -j x * + _ 0-2025r/ 0 ] 

from which A t c<tn he derived. 

If necessary, greater accuracy can be attained by regardu g 
(T 0 +t + A£)m the approximate time of the phenomenon, anc 

repeating the calculations in the way just described 

Thereto several graphical methods* which enable an ap- 
pro^rna“estimate of the time of the phono, nenon to he made. 

1T rr er ' S compute the 

of T„. In actual practice I ,, I, ami f, arc M ^ ^ (+ in 

consecutive values of the sene - , dt ., illei , b y 

which 0“ corresponds to T„ I loU > "8 ■ t)|( , t ,. a ,. k of t |,e 

these values of the co-ordinates (/»./)* observer’s position, 

centre of the shadow with reference to th. «h< 1 J( mi 

This track or curve is approxnn > t thc ,. ir , | c D f 

occultation is possible tie cuiv, corresponding times 

radius k in two points in general and ti c co. ^ 

can be deduced from the and emer- 

STSr,..^ -d to derive the .hue of occur- 

re mfe° £ posftion CU angle°x (measured eastwards from the north 

i W F Rii/ffo The Graphic Construction of Udipataund Uccullu • 

* For example, ece VV. t. UWgP, 

Hons (Loyola Univ. Press, Chicago, 1J-4). 
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point of the moon’s disc) corresponding to immersion or emersion 
is given from the figure by 

sin * = - p cos x = - | .( 19 )» 

where the values off and g now refer to one or other of the points 

of intersection of the track and the circle. 

In the Nautical Almanac predictions of occultations visible at 
Greenwich and Edinburgh are given. The approximate time of 
the phenomenon at a place AA degrees west and A <j> degrees 
north of Edinburgh, say, can be derived from the formula 

Approx, time = (Predicted g.c.t. for Edinburgh) + aAA+ 6A<£, 
where a and b are quantities tabulated for each occultation. This 
approximate time serves as the basis for the accurate prediction 
according to the method already described. 


207. The reduction of occultations. 

As we have remarked in section 202, the observations of 
occultations are now applied solely to the important problem of 
determining the errors in the moon’s longitude. 

Let T denote the g.c.t. at the observed instant of an occulta- 
tion. From (4) and (5) we have 



( 20 ), 

( 21 ), 


in which «,, 8, and P, are the moon’s right ascension, declination 
and horizontal parallax corresponding to time T\ (a 1 — a) is 
expressed in seconds of time and (8, — 8) in seconds of arc. 
Instead of (21), a more accurate formula is usually employed; 
it is derived as follows. From (2) and (3) we have 


O 


sin (8,-8) - s • s • 

V = n — + cos 8, sm 8 sin- 


a , — 


“)■ 


sin P, ' sin P, 1 ~ V 2 

or—(8, — 8), («, — a) aud P, being expressed as indicated 

above— 


y = s '-=- S + S . 152 (ai 


a) sin 1", 


or, using (20), 


8,-8 x (a, — a) sin 8 
V ~ ~~P~ + 27500 


( 22 ) 
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The formulae (20) and (22) enable us to calculate the quantities 

x and y corresponding to time T. 

If h is the hour angle of the star at T, we calculate the values 

of £ and 7 ) by means of (6) and (7). 

We then derive / and g for the time T, where 

j =z x _ g = y — y .(23). 

In Fig. 136 let X be the star’s position at time T We assume 
that, owing to an error in mean longitude the-moo* 
right ascension and declination are in enoi^ Let M be 

centre of the moon, according 
to the tabulated values of 
oq and S x at time T. The an¬ 
gular distance X M , calculated 
from the erroneous values of oq 
and 8 X , will thus be somewhat 
different from the observed 
angular distance, which is the 
moon’s semi-diameter *S. De¬ 
note the arc XM by S . 

Denoting the angle PMX 
—the position angle of the 
star with respect to M by x» 
we have from (19) and ( L> 3) 

tan x = fl ( J = ( ,r — ^ 

from which x is calculated. 

A1 o — r S' = co-sec x = (// “ X’ 

3K33S85SSS3SS 

Hence the angle XMIt lb P X denote the variation 

p is calculated as follows. Ut*« yin 1 mi ,mte. 
of-, (in seconds of time).»dofThen the 

These quantities are obtc . inner its orbit arc, in circular 

oomiwnente of the moon, T . 11 1 of , 1 ., liiutioo 

~ S h **• .. . 

6 1 f>Aa, cos 8 .(25). 

tan p =-A8j 



lig. 130. 


(24) 
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To summarise up to this point: In Fig. 136 we know for the 
observed instant T of the actual occupation (i) the position of the 
star X, (ii) the angular distance XM (= S') and (iii) the angle 
X MR (= p — x)- Now at the time, T , of occultation the angular 
distance of the star X from the moon’s centre is 8 (the moon’s 
semi-diameter). Since we know the position of X definitely, 
the moon’s centre must lie somewhere on the small circle (cut¬ 
ting XM at V) whose centre is X and whose angular radius is S. 
Let M 1 be the actual position of the moon’s centre. Draw M X U 
perpendicular to NMR. Then MU represents the correction to 
the moon’s tabulated longitude (measured along NMR) and 
UM X the corresponding correction in latitude. Denote MU by 
AA and UM X by A/3. These quantities are small compared with 
S (or XV) and so the arc VM (or S'— S) is small. The 
moon’s true centre M x is, accordingly, close to V so that M X V 
is perpendicular to XM. Projecting MU and UM X on MV 
we obtain 

S' - S = AA cos (p - x) + - sin (P ~ X) .( 26 )- 


Several observations of the same occultation made at different 
places provide the corresponding number of equations of the 
form of (26). The solution, by least squares, leads to the values 
of the corrections AA and A 8. 


208. Eclipses of the moon. 

A lunar eclipse occurs when the moon passes into the shadow 
(with reference to the light from the sun) cast by the earth. The 
phenomenon can only take place when the earth is directly 
between the sun and the moon, that is to say, when the moon is 
in opposition; this corresponds to “full moon”. 

If the moon’s orbital plane coincided with the plane of the 
ecliptic, lunar eclipses would occur at every full moon. As, 
however, the orbital plane is inclined at an angle of about 5° to 
the plane of the ecliptic, the conditions for the occurrence of a 
lunar eclipse require that the moon must be on or near the 
ecliptic when full, that is, the moon must be at or near one of 
the nodes. 

When the whole of the moon’s disc is obscured, the eclipse is 
said to be a total eclipse ; when only a part at most is obscured, 
the eclipse is a partial eclipse. 
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In Fig 137 let S and E be the centres of the sun and earth 
respectively. A cone can be drawn whose generators are the 
external tangents to the solar and terrestrial globes; the ™rtex 
of this cone is at V, and that part of the cone between XJjnd 

YV (dark shading) is called the umbra. In the g , 

orbit is shown and, if the moon passes completely within the 

umbra, a total eclipse occurs. __ 



Moons 

Orbit " - 

Fig. 137. 

Another cone can be drawn whose gcncrator^aro^c internal 

tangents to the solar and tcrres na g ’’ ; CYV (lightlv 

parts of this cone represented by tie ° 3l m; 

shaded) receive a varying amount of ™ „ _y y and 

along XD and YC the illumination ‘^on ie . d a ' 
y Fit is zero. Thelightly shatled portions of the ndcinaK^^^^^ 

the penumbra, and when the moon P decreases until jt is 

towards the umbra its brightness gM y dec. a 
completely obscured when it is wholly mum rted 

209. The angular radius of the shadou, cone a, the ,noon geo- 

.1 ““ “ “"" “ 8 

notation: 

P—equatorial horizontal para 1 ax of sun. 

P,—equatorial horizontal parallax of moon. 

8 — sun’s semi-diameter. 

8 1 —moon’s semi-diameter. 
r —geocentric distance of sun. 

r x —geocentric distance of moon. oarth’s centre) of the 

e angular radius 

umbral cone at Inc 


i 
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We assume that r and r x are expressed in terms of the earth’s 
equatorial radius as the unit of distance. 

Consider Fig. 138. The radius of the umbral cone at the moon’s 
distance when a total eclipse is occurring is MN. The angular 



r\Mooria 
' Orbit 


Fig. 138. 


radius, s, with respect to E is NEM. Denote XVE by v. Then 


we have 


XNE = s+v. 


But XNE is the angle subtended at the moon by the earth’s 
radius and, regarding the earth as a sphere, we see that 

XNE = P,. Hence = 5 + v .(27). 

Again, SEA = XAE + v. But SEA is the angle subtended at 
the earth by the sun’s radius and is therefore the sun’s semi¬ 
diameter S. Also, XAE is evidently the sun’s parallax P. Hence 


S= P+v 


(28). 


From (27) and (28) we have 

s=P+Py-S .(29). 

I n a similar manner it is easily shown that the angular radius 
s' of the penumbral cone is given by 

s' = p + P 1 + S .(30). 

The formulae for s and s' in (29) and (30) give the angular radii 
of the geometrical shadows concerned. It is found, however, 
that the earth’s atmosphere increases, owing to absorption, the 
theoretical radii by about 2 per cent. For the prediction of lunar 


eclipses we use the expressions 

5= UAP+ Pi~S) .(31), 

tt(P+ Pi+ S) .(32). 


As an example, we find from (31), using the following values 
P = 9", Py = 57', 5 = 10', that, very nearly, 

5 = 42'. 
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The angular diameter of the umbral cone is thus 84'. If the 

cemre moves thro h^he ang^e^ ^ co ‘ secutive £ul l moons 

^“upi"h we P h!ve been conning wUl last for 
of 37'*8; the former value OCCUrS J e time as the earth is 

it ."aphelmn,, ^ 

“ Ten g D th h £“ 0 oT the 11 earth’s shadow is easUy obtained. 

From (28), v - 8 - P. that 

EV — EX cosec {& — *)• 

Putting S - 16', P - 9” and EX = 3960 miles, we hnd that 
B EV = 859,000 miles. 

210. The ecliptic limit to. incli „ation to the ecliptic 

o£ r 6 sass?— g *•—° £ cciipses - 

In Fig. 139 let NM be the — 

great circle, on the celestial 
sphere centred at E , which 
defines the plane of the 
moon’s orbit. Let M and 6 
be the centres of the moon 
and the shadow respec¬ 
tively, when an eclipse is 
about to take place. Let w 
be the position of the sha¬ 
dow’s centre when the moon 
is at the node N. Leno e 
NC\ by i and let t be the 
time required by the moon Fi* 139. 

to go from N to M and for to C . Now the geocentric 

the shadow s centre to g 
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longitude of C is the sun’s longitude plus 1S0°. Hence, in finding 
the maximum value of £ for which an eclipse of some kind is 
possible we are, in effect, finding the maximum angular distance 

of the sun from the other node. 

Let d be the rate at which the sim’s longitude increases, and 
<j> the angular velocity of the moon in its orbit; for simplicity, 
we shall assume d and i to be constant. Then 

NM = it, NC = £ + dt. 

If t] denotes the angular distance CM and i the inclination 
MNC, we have, regarding the triangle MNC as plane, 

tj 2 = (£ -}- 6t) 2 + i 2 t 2 - 2 it (£ + 6t) cos i , 
or t 7 2 = £ 2 - 2 £* {i cos i-d)+ t 2 ( d s + i 2 - 2 di cos i). 

It is evident that 77 is a minimum when t is given by 

£ (i cos i — d) — t ( d 2 + i 2 — 2di cos i) = 0 , 
and, calling this minimum rj Q> we have 

„ = __ (33) 

10 {d 2 +i 2 -2dicosi)t . ’ 

or, if q is the ratio dji, we can write (33) in the form 

£ = 7 /u (1 — 2 q cos i + q 2 )^ cosec i .(34). 

Now q is the ratio of the earth’s orbital angular velocity to the 
moon’s orbital angular velocity, or the ratio of the moon’s 
sidereal period to the year; taking mean values, q is about 3/40. 
i\lsoi = 5°-2. Hence £ = 1 o-3t ?0 .(35). 

If the moon is about to enter the umbral cone, 


Vo = s + S lt 

the quantity s being given by (31). For a partial eclipse to bo 
possible it is evident that £ must not exceed 10-3 ( s + S x ). For 
a total eclipse, £ must not exceed 10-3 (s — S x ). Taking the 
following numerical values, 

5 = 960", S x = 935", P = 9", P x = 3422", 

we find that, for a partial eclipse to be possible, we must have 

£ < 10-3 [5i (P + P, - S) + 

or £ < 9°-9, 
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and, for a total eclipse to be possible, 

£ < 10-3 [U (P + Pi - s ) ~ 

These values of ! trt called the ecliptic limits under the circum- 

depends are not constants, the bp ior (cH tic 

We shall suppose that the^c ^ ^ ^ ^ position on 

the^ele^tia^sphere centred at E, and C the centre of the earth s 
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or, with sufficient accuracy, 

77 sin Q = (oq — a 0 ) cos S x .(36), 

rjCosQ = S 1 — h 0 .(37). 

As C is diametrically opposite to the sun’s centre, the R.a. a 0 of 
C is equal to the sun’s r.a. + 12 h , and the declination S 0 of C is 
equal to — 8 (8 being the sun’s declination). 

Write x = (cq — a 0 ) cos 8 X = 77 sin Q .(38), 

ysSj-S,, =r)COsQ . (39). 


Let x', y' denote the hourly changes in x and y. These are found 
by computing x and y at intervals of an hour, round about the 
time of the eclipse. Let T 0 be a convenient moment near oppo¬ 
sition (say, the g.c.t. —to the nearest hour—of opposition in 
right ascension) and let x 0 , y 0 be the computed values of x and y 
at this moment. At g.o.t. (T 0 -+- t ), where t is in hours, we can 


wnte x = Xq + x ’t $ y = y Q+ y't. 

Hence, by (38) and (39), 

r) sin Q = x 0 + x't, 

7j cos Q = y Q + y't. 

Write Xq = m sin M, y 0 = m cos M .(40), 

x' = n sin N, y' — n cos N .(41). 

From the known numerical values of x 0 , y 0 , x', y' the values of 
m, M y n, N can be derived. We then have 

77 sin Q = m sin M + nt sin N .(42), 

rj cos Q — m cos M + nt cos N .(43). 


Squaring these equations and adding, we obtain 

77 - = m 2 -f 2 ttmt cos (M — N) -f n 2 t-, 

from which 

* m /ir 7w 2 sin 2 (M - N)~] 4 

t =- cos (M — N)± 1 - , - - 

n ' n - 


.(44). 

Writing m sin (M — A) = 77 sin 0 .( 45 ) f 

formula (44) becomes 

t = — ™ cos (M — N) ± ^ cos ip .(46). 














OCCFLTATIONS AND ECLIPSES 

The conditions for an eclipse can now be inserted. For the 
first and fourth contacts (when the moon is just entering or just 

leaving the umbra), 

V = (P + Pi — S) + 

Inserting this value of r, in (46), we obtain the times of first and 

f °For secondhand third contacts (the beginning and end of 
totality), the value of tj is given by 

V = U + p i ~ “ Sl ’ 

and when this value of , is inserted in (40) the times of the 

is given by T 0 + t , where 

l' z= — — cos (31 — N). 

The magnitude of a partial eclipse is the fraction of the moon's 

diameter obscured and is given >y 

■n — m sin (31 — 3> T ) 

~ - 2 S' * 

, • (AT N\ is taken positive for the time of mid- 

t"he mean of the values used for first and last 

umbral contacts. nosit ion angle of the 

There still remains t vs pr^he i ^ is jvist beginning or 

point on the moon s disc ^ ^ ^ thot the figure has been 

ending. Referring ~ cont . ac t when the moon is just about 

drawn to represent fou: > joining the point of 

to pass out of the omta. ^ Jventre of the 

contact of the moon s disc * (he , m , r ;dian PM through 
umbra makes an angle Pi measured in the sense 

the moon’s centre. As poe tiona ng c ■ contact is given by 

N E S W, the position angle 0 ot tut ^ 

0 = 300° - P31 C\ 

0 = 180° + C31R. 

But since CM is small, PCM is approximately eijua, to CM H 

Hence 0*180°+^. r - 

i fhe value of t for fourth 

L tLr equations. In a smn.ar way. the 
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position angle of the point on the moon’s disc where the eclipse 
begins can be derived. 

212. Eclipses of the sun. 

An eclipse of the sun is due to the interposition of the moon 
between the sun and the earth. The moon must then be at or 
near conjunction with the sun, that is, it must be new moon. 
Also, owing to the inclination of the moon’s orbit to the ecliptic, 
it is evident that an eclipse cannot take place unless the moon is 
on or near the ecliptic, that is to say, the moon must be at or 
near one of the nodes. 

As the moon’s radius is much smaller than that of the earth, 
the earth cannot lie wholly within the shadow cone formed by 
the external tangents to the solar and lunar globes; conse¬ 
quently, an eclipse of the sun is visible only from a limited area 


A 





Fig. 141. 

of t he earth’s surface. This is illustrated in Fig. 141, in which the 
shadow cone formed by the external tangents is shown shaded 
with its vertex at T; this shadow cone is called the umbra. As 
in the case of lunar eclipses, the penumbra is obtained by drawing 
the internal tangents. For points on the earth’s surface between 
II and K, within the umbra, the moon presents a complete 
barrier to the light from the sun and the eclipse is then said to 
be a total solar cclipsc. At a point such as L, the moon evidently 
conceals only port of the solar disc; the eclipse is then said to be 
a jxirtial rrllp.se. The condition for a partial eclipse at L is that 
L must be in the penumbra. 

That total eclipses of the sun are at all possible is due to the 
fortunate fact that the moon’s angular diameter is at times 
greater than that of the sun; the moon then covers a greater 
area of the sky than the sun. As the moon's orbit has an eccen¬ 
tricity of about 0-055, and the mean angular diameters of the 
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moon and sun are nearly equal, the value of the moon’s diameter 
can fall below that of the sun (this occurs when the moon is in 
the neighbourhood of apogee) and consequently the moon cannot 
completely cover the solar disc; under these circumstances the 
eclipse, instead of being total, is said to be annular. This is 
illustrated in Fi<* 141, where the centres of the sun, moon and 
"a^ now supposed to be at S. M and S' respectively; for 

any place between IV and K', the eclipse is annular. 

213. The angle subtended at the earth’s centre by the centres of the 
sul anTmoZ at the beginning or end of a parUal solar echpse 
In Fig. 142 the internal tangents between the sun and the 
moon are shown, forming the penumbra. Suppose tha^the 
tangent AB is also tangential to the earth s surface at C. Th n 


Pen u mbra 
C 



Fig. 142. 

, the gun’s surface is just wholly visible, and 

th^gemnetrical circumstances^illustratetHi^theJigure^evidcnt^y 

,-umbra. Let D denote the angle 

MES. We have D = BES + MED . ( 

But under the circumstances depicted, MB is very nearly per¬ 
pendicular to EB, so that MEB = S,, hence 

D = BES + S,. 

.. BES = OBE + EOB .( 4S >- 

But obE , CBE - boS— P T ”“ "I B. « W «• 

horizontal parallax of M ; thu*. O . ■ 

Again, sdB-KOA-ASa-lAC. 

BOB = s - P- 

or 25 a 






(49). 
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Hence, from (47) and (48), 

D = S 4- S x + Pi P 

Thus D can be evaluated at the time of any eclipse. 


214. Ecliptic limits. 

Consider Fig. 143, in which the moon and sun have the same 
geocent ric longit ude at M and S —corresponding to new moon- 
near the descending node N x . 

Let ft denote the latitude SJ\I 

and i the inclination MN X S 
of the moon’s orbit to the 
ecliptic. Let M x and S x be 
the positions of the moon 
and sun a little later. Denote 
MM X by y. Regarding the 
triangle MN X S as plane, we 
see t hat the moon’s longitude 
lias increased by MM X cos i 
or y cos i, and the sun s longi¬ 
tude by SS X . If 7/i is t he 
ratio of SS X to ycosi, we 
liave gg _ m y cos i 

.(50). 

Also, SN X = ft cot i and MX x = ft cosec i, so that 

S X N X = ft cot i - my cos i, 
and .V, Aj = ft cosec i — y. 

Let D denote the angular distance M X S X . Then from the triangle 
J\I x X x S x (regarded as plane), we have 

D- = (ft cot i - my cos i) 2 + {ft cosec i - y ) 2 

- 2 {ft cot i — my cos i) {ft cosec i — y) cos i, 



which may be written 
D- = (l — 2m cos 2 i + 7/i 2 cos 2 i) -1 ij — 


ft sin i 


1 — 2m cos- i -f vt- cos 2 i 



_ ft 2 ( 1 — m ) 2 cos 2 i 

l — 2m cos- i m' z cos 3 i ' 
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Evidently the minimum value of D (denoted by D.) is given by 

£ (1 — m) cos i _ 

= (1 — 2 ;/Tcos 2 i + rn 2 cos 2 i)- ’ 

_ /3 (1 — «)cos j___ . (51) . 

or - { s i n 2 i + (1 - rn) 2 cos 2 i}* 

Define an angle j by tan i (52). 

tanj = Y^n 

Then we have D o = P co *J . . 

In (52), tan i is a small qu an 11 ^hese vllues h/( 52) > we 

also m = 3/40 approximately. Using 

deduce that cos J = cos i — 0 0000 cos i, 

bo that, with sufficient accuracy, we can write simply 

Z)„=/3cosi=/3(l- 2sin‘|). 

For an eclipse to be possible, D a must not exceed the value of D 
given by (49); hence 

£ ^1 — 2 sin 2 ^ < S + Si + P x — P> 

or, with sufficient accuracy, since sin- £ « il s,nal1 qUant Y ’ 

' f3< s + s l + P>-r + *(S + s > + p '- P)sin2 > - (M) - 

. f it is sufficient to use the mean 

To evaluate the last term o ’ last term is thus 0'-4. 

values of the quantises conceincd the las Hcnco 

Weca^with^—j; .<»> 

The maximum values of S,S X and P,or‘south 
respectively. Hence, from aroaior than 1° 34 -9, a 

latitude p at the tl,ne ® ear th j s particular conjunction. 

solar eclipse is not poss defined to bo the maximum 

The superior ecliptic lim of ne w moon if an 

distance of the sun from a node at.the t ^ Thcn we 

eclipse is just possible. In 

have sin x = tan £ cot * 
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x is thus a maximum when p is greatest (1° 34'-9) and i is least 
(4° 58'*8). With these values, x = 18°’5. Hence, if the distance 
of the sun from a node at new moon exceeds 18°-5, an eclipse is 
impossible. 

To calculate the inferior ecliptic limit , we take the minimum 
value of P and the maximum value of i. The minimum values of 
S, and P x are 15'-8, 14'-7 and 53' -0 respectively; hence, from 
(55), the minimum value of p is 1° 24'-7. The maximum value of 
i is 5° 18'-6. Hence, from (54), the inferior ecliptic limit is 15 0> 4. 
We thus see that if the sun is within 15°*4 of a node at new moon 
an eclipse must take place. 


215 . The Besselian elements for a solar eclipse. 

The method used in the prediction of eclipses is analogous to 
that already described in connection with occultations. 

Through the earth’s centre E, let a line EC (Fig. 144) be 
drawn parallel, at a given moment, to the straight line joining 


Fun daman tal 
Plane 



Fin. 144. 


the centres of the moon and sun and meeting a sphere, centred 
at E, in C. EC is the 2 -axis and the plane DBA (shaded), to 
which EC is normal at E , is the fundamental plane. If P is the 
north celestial pole, the plane of the great circle through C and 
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P intersects the fundamental plane in EB. As in the corre¬ 
sponding figure for occultations, EA and EB are the * and y 

axes respectively. 

(i) The elements x, y anil d. We shall take (a, S) to e t o 
apparent right ascension and declination of the sun and <«„*,) 

the corresponding co-ordinates of the moon. 

Let (a, d) be the right ascension and decimation of the pomt 

C Zt''(x ? h *Tbe the rectangular co-ordinates of the sun, with 
ref™ fo the axes described, in terms of the earths: equatonal 
radius as the unit. Then if X is the sun s posit ion on the sphere, 

x = r cos AX, y = r cos BX, z = reosCX -.(57), 

r being the sun’s geocentric distance ^ be on the 

Now A is the polo of \ CPB and m Hence the right 

equator; we have, then, PA - >0 a - a _ a . 

• f a *)0° + a and thcretoie A PA • 
ascension or is ^ , .. . r using the 

As PX = 90° - 8, we have, from the fiist of (->0. 8 

cosine-formula, x = r cos 8 sin (a — a) ° 

In the triangle PBX. BP = d. Also, since AP/i = 90", 

XPB= 180°+ a - a. Hence v| (59 ) 

v = r [sin 8 cos d - cos 8 sin d cos (a - «)1 ••••••( >• 

In the triangle PCX , i G 

XPC = a - .Otence ^ ^ .<00h 

In the same way we derive the corresponding equations for 
moon: _ = r C os 8, sin («, - «)» 

But since ^ P-JM to the line joining the centres of 
the moon and sun, we must have ^ ^ 

The co-ordinates ,) ~ ^ ^ 

of the ^ c^s S. sin («. - «) .««>■ 

r [sin «l~ "m " cos (,<i _ a,) ■ ■ (62) ’ 
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At any instant, the values of r, r lt a, 8, a x and 8! may be 
presumed known; the formulae (61) and (62) thus enable us to 
calculate a and d. These formulae, however, can be put in a 
simpler form, since, at or near the time of eclipse, a and 8 are 
little different from a x and 8 X respective!} 7 . Let us write 


S-6 

r 


(63), 


which can also be expressed as 


6 = 


sin P 
sin P x 


(64), 


since, by definition, 1/r = sin P and l/r x — sin P x . Thus b can 
be calculated at any time; it is a small quantity of the order of 
1/400. Writing [a x - a + {a - a)] for (a x - a) on the right of 
(61) and expanding, we find 

sin (a — a) (1 — b sec 8 cos 8 X cos (cq — a)} 

= b sec 8 cos S 2 cos (a — a) sin ( a x — a), 


or, with sufficient accuracy, 

b sec 8 cos 8, . . 

a = a - T=b — (®i “ “) .< 65 )* 

In a similar way, from (62), we find that 

8,-S) . (66). 

The calculation of the quantities a and d is made at intervals 
of 10 minutes. 

In addition, the variations x', y' (per minute) of the co¬ 
ordinates (x, y) of the centre of the shadow are derived from 
(58), (59) and (60), and tabulated in the almanacs at intervals of 

one hour. 

% 

(ii) The element y.. For any meridian the hour angle of C 
(Fig. 144) is the hour angle of the vernal equinox T less the right 
ascension of C. In particular, if y, denotes the hour angle of C 
for the Greenwich meridian when the Greenwich sidereal time 
is 0 , then y. = G - a. Hence, a being found from (65), the value 
of yi can be calculated at any instant. Also the values of y.' (the 
variation of y. per minute) can evidently be found by simple 
processes. 
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, r Tn T?i cr 14*> let CD be the section of 
(iii) The elements f,, h- J n P g *, of the paper. Consider 

the fundamental plane wit 1 ie P . y Let A denote the 

first the penumbral cone with its vertex at bet;, 



Fig. U5- 

angle A Fa'S or FV t C. Let R he the linear radius of the sun and 
k that of the moon. Then 

R k __ li K 
sin/! = gy = y'l/ ' SM 

A owar-r,, with sufficient. 

But during any phase of the ec ips , 

accuracy. Hence, using ( )> R + k ....(67). 

sin/, = r( jZTb) 

, it? 4 . b) is a constant, being the sum 
In (67), the numerator {R + ) 

of the linear radii of thesunancm of th e umbral cone 

Denoting the semi-vertical angle, . 

by/., we derive, in the sa ^ . (6g) 

sin fz r (i _ b) 

• i calculated from (67) and ( 68 ). 
The angles /, and / 2 aie * ,l _ • Fi j 45> W e see that J//’’ 

(iv) The elements 1,,1*- Re er “ tre with reference to the 

is the * co-ordinate of the moon . oon^ ^ „ = A,cosec/,. 

axes already described. Hence . MI vcrtex of the penum- 

Denoting V,F- the ^-co-ordinate 

bral cone—by c if iaV .(09), 

2 , + k cosec/, 

i tPs the z-co-ordinate of the vertex I 2 of 

and similarly, if c 2 denote. .(70). 

the umbral cone, c 2 = z, - * CObC ■' 2 
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In each instance, c, and are algebraic quantities measured 

positively in the sense FM (the positive direction of the z- axis). 

Let l x and l 2 denote the radii of the circles in which the 
penumbral and umbral cones intersect the fundamental plane. 

then ^ _ pc — c , tan/, and l 2 = FB = c 2 tan f 2 ...(71), 


or, using (69) and (70), 

11 = z, tan/! + k sec/i .(72), 

1 2 = z, tan f 2 — k sec/, .(73). 


These formulae—(72) and (73)—enable the numerical values of 
h and l 2 to be calculated. 

In the almanacs, the quantities x , y , log sin d, log cos d, 
H, l j and l 2 are tabulated at intervals of 10 minutes for each 
eclipse, and the quantities log#', log y' t log/x', log tan f x and 
log tan /, at intervals of one hour. These are the Besselian ele¬ 
ments and we shall now show how these elements are to be used 
in predicting the circumstances of a solar eclipse at any par¬ 
ticular point on the earth’s surface. 


216. Eclipse calculations for any station. 

Tn Fig. 145 let KH be the intersection, with the plane of the 
paper, of the plane t hrough the observer parallel to the funda- 
nientsd plan*-. Let (£, 7 , £) be the co-ordinates of the observer 
at any instant with reference to the fundamental axes. Then the 
p!nnr KH is given by z = £. Consider now the radii of the circles 
on the plane ~ = c, given by the intersection of this plane with the 
}'■ Tunnbral and umbral cones, and let L x and L 2 he these radii 
' sportively. Then in the figure L x = GH and L 2 = GT. We 
then have, since FG — £, 

/>, = (c, - C) tan/,, 

A*= (^ 2 - £) tan/,, 

or, using (71), L, = /, - £ tan/, .( 74 ^ 

L 2 = h— C tan/, . (75 

L, is always positive. Since c, has been used in its algebraic sense 
L, is negative when the vertex L, of the umbral cone is situated 
(as in Fig. 145) to the right of G. This is the geometrical condi¬ 
tion that certain areas on the earth’s surface can lie within the 
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umbral cone. Hence for any particular observer, at a distance £ 
from the fundamental plane, a condition for a total eclipse is 
that L 2 , computed by means of (75), shall be a negative quan- 

^Let and p be respectively the geocentric latitude and 
distance of the observer, and A his longitude west of Greenwich. 
In Fig. 144 let X now represent the observer’s geocentric zenith 

on the celestial sphere. We then have 

g = p cos AX, r) — p cos BX, £ = p cos CX ...(<G). 

Now PX is the meridian of the observer and, since p is the 
Greenwich hour angle of C, the hour angle of C tor the observer 

—the angle XPC —is /x - A. Hence XPA = 90° - (p - A). 
Also PX = 90° - <£'. The first of (70) then becomes, applying 

the cosine-formula to the triangle A PX, 

g = p cos <f)' sin (p — A) 

Similarly, . . , , 7S v 

r> = p [sin <f>' cos d - cos 0 sin d cos (p — A)] ...G* > 

£ = p [ S iii $ sin d -+- cos <f>' cos d cos (p— A)J .-A 1 J b 
The variations f, V and (' per minute in the values of f, V 

and £ are calculated. For example, 

= pp cos <f>' cos ( p — A), 

W The values^of ^17 and*\ are* usually com put ed for the assumed 
ti Je orconLetV then by means of the equ ated ; ,m ; n 

f'. v and r. the values of ,, ^ 'd vcVho.n (74, 

intervals. The values of L x and L 2 can 

and ( 75 ) at tlio appropriate instants. , cnd of 

We now consider the ^rtlal phase 

a partial or total eclipse a an % obgerver i s situated on the 
is just beginning or en< nig, nce from the axis 

boundary of the penumbracone^an^ ^ tho plan0 

of the shadow is />, the < the centre Q f this circle has 

(*-f y‘+(y-v) 2 = L ' .' 
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Similarly, the condition for the beginning or end of the total 
eclipse for the station concerned is 

(x - £) 2 4- (y - v) 2 = L 2 2 . # 

We shall now show how this last equation is to be used in 
calculating the beginning and end of the total phase. Let 2 
denote a suitably chosen g.c.t. near the time of totality, and 
let T + t be the true g.c.t. of the beginning (or end) of totality. 
Let x Q , y 0 be the values of the co-ordinates x, y at time T , and 
£ 0 , r} 0 the corresponding co-ordinates of the observer. Then we 
shall have, at time T + t,t being expressed in minutes, 


x = x 0 + x't, y=y 0 + y'U £ = £o'+ £% l = Vo + r l' t - 

Now, by (75), L 2 = L - £ tan f 2 .(82), 

and, since f, is a small angle, the value of £ tan f 2 at time T + t 
wall not differ appreciably from its value at time T ; also l% varies 
very slowly. Hence it will be sufficient to use, in (82), the value 
of L computed for time T. We then have, for the beginning or 
end of the total phase (or of the annular phase), 


[*0 -Zo + t (x f - f )]* + [y 0 - Vo + t (y' - V)) 2 = V -(83). 

All the quantities L 2 , x 0 , ... r( being known, (83) is a quadratic 
equation in t , which will give the instants at which totality 
begins and ends. 

Let auxiliary quantities in, M, n , N be determined by means of 


m sin M = x 0 — £ 0 , m cos M = y 0 — Vo .(84), 

n sin N = x' — n cos N = y' — r[ .(85). 

As tan M = (x Q - £ 0 )/(*/o - Vo)* there are tw0 values of M, 
rliifering by 180°, which can satisfy (84). Taking m as the positive 
square root of [(x a — £ u ) 3 + ( y 0 — r? 0 ) 2 ], we shall choose that 
value of A! which will give to sin M the same sign as (x 0 — £ 0 ). 
The procedure for n and N is similar. Geometrically, m and M 
are evidently the distance and position angle of the shadow axis 
relative to the observer; n and X, in the same way, give re¬ 
spectively the magnitude and direction of the motion of the 
centre of the shadow relative to the observer. Inserting (84), 
(85) in (S3), we obtain 

n 2 t 2 + 2 mnt cos (M — N) -f m 2 — L 2 2 = 0 .(86). 

The two roots of this equation give the beginning and end of 
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totality. The solution is usually performed as follows. Let an 
angle * he defined as Mlou.^ ^ ^ . (87 , 

The formula (87) gives two values of shall refer to these 

immediately. We have, from (86), ^ 

nn* + 2 mnt cos {31 -N) + w# + m , cos , (M _ N) 

= L.f cos 2 4* hy (87). 
w nr N) ± Li C ° S ^ .( 88 >- 

Hence * = _ _ cos (3/- * ) ± w 

, ( L> cos 0 , 1 ) 0 ,Tinning of totality 

If r is the numerical value of -— ' 

/... w "u _T"V - r^ and tlie end of totality 
occurs at g.o.t. (? n c ~ ' 

- . . > • i_- - 


at 0 . 0 ,. (T - = cos CT + T ). The duration of totality* 

2t. For some purposes, ‘hisresuh .s not in.e of 

and we proceed 33 *°y™ S n llcu late the quantities in (88) for 'J\ • 

the beginning of totality. < referring to the 

As befUthere will.be two mot. oM88), ^ ^ Let T , 

beginning and the other beginning of totality is at 

correspond to the former, so that t 


G.O.T. 


in, 

w __ 1 cos 

1 n i 


{31 1 - N l )~ r i i 


. Z^cosj/f cont puted for T x , and 
where r x is the numerical va ue o M ^ ^ ^ Lct , '/' 2 

the subscripts refer to the v al"es^o J f totality. Then, 

be the approximate time 
similarly, the end of the total phase 

2 . a _ cos (J/, - A r 2 H- 

where the subscripts g^es fL duration 

The difference between the I 

of totality. f , at the beginning and cm o 

If A, +, we the value 8 * eg arc defined as follows 

totality, the quadrants iblo values of </< as givei 

taking^into account the ha30 , the quadrant is such 

(87). For the beginmng of the tota 1 
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that cos \p x is positive, and, for the end of the total phase, the 
quadrant is such that cos «/r 2 is negative. 

If it is considered necessary, the computations can be re¬ 
peated, choosing a more accurate value of T. 

For the calculations of the beginning and end of the partial 
phase at any station, a similar procedure is adopted, the value 
of Lj being, of course, used in the calculations. 

As in the case of occultations, the position angle 6 for which 
the partial phase is beginning or ending is given by 

L x sin 6 = x 0 - £ 0 + t ( x' - g '), 

L x cos 0 = y 0 t^o -f- t {if - rj'), 

the appropriate value of t being that corresponding to the 
beginning or to the end of the partial phase, or, using the 
appropriate values of N and ift, by 0 = N + ifj. 

The corresponding position angles for the total phase are 
found in the same way. 

In the almanacs, the eclipse phenomena, as calculated by the 
preceding methods, are shown on charts. 


217. The frequency of eclipses. 

The interval between new moon and new moon—the synodical 
month or lunation—is 29-53 mean solar days. Also we have seen 
that the nodes of the moon’s orbit (section 83) make a complete 
backward revolution of the ecliptic in 6798-3 days (about 
i8-() yen i s). The interval between two consecutive passages of 
the sun through a node is then 346-62 days. The sun thus 
separates from a node at the rate of 30-67 degrees per synodical 
month. 

In considering the frequency of eclipses, we first summarise 
the relevant data concerning ecliptic limits: 


Superior Inferior 

Ecliptic limits (lunar eclipse) 12M 9°-5 

„ „ (solur eclipse) 18°-5 15°-4 

In each instance the ecliptic limit refers to the distance of the 
sun from a node when a partial eclipse (limar or solar) is just 
possible. 

Consider now Fig. 146, in which N and N' are the nodes. Let 
NM X = NMt = N'Mj.' = represent the ecliptic limits in 
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the case of a lunar eclipse, and NS X = NS Z = N'S x ' = N S» the 

ecliptic limits in the case of a solar eclipse. 

Now the arc S 1 S 2 is at least 30°-8 (corresponding to the inferior 
limit for solar eclipses) and therefore this arc is always greater 
than the angle through which 
the sun separates from a node 
in a synodical month. Hence 
one new moon at lea-st and, in 
consequence, one solar eclipse 
must occur when the sun is 
within the arc S 2 . Similarly 

one solar eclipse must occur 
when the sun is within the arc 

Sx'Sn'. 

Again, the least value of 
M l M z is twice 9°-5, or 19°, 
which is approximately two- 

thirds of the motion of the sun 

with reference to a node in a synodical month. It is thus pos¬ 
sible for a full moon to occur, following a solar eclipse, near a 
node but outside the appropriate inferior limits; it follows that 
under these circumstances there will not be a lunar eclipse during 

^wTconclude that the least possible number of eclipses during 

a vpar is 2 and these are both solar eclipses. 

Aalin 0 synodical months = 177-2 days and the time re¬ 
quired by the sun to pass from N to N' is 178-8 days I he ref ore 
a it is full moon 2 days before the sun passes through A , it w ill 

- be node^hT t hen we 1 l^w itdiiii the 

3lTor“ eclipse and hence, under these circumstances, 

there will be 2 l^ar ecl.pses^ moon, and during 

After 14J days from full V. 15 ,» with reference to 

this interval the sun wi m apn roximatcly. Hence if it is 

a node, and in 2 days will m - • I I ' n w jh | K . |;U° 

full moon 2 days before the sun 1 ^ ’ cc di„ g „ e w moon it 

beyond N at the next new n - days after the sun 

is l?r from N. Also wlu-n it « II mo ftt the IK . xt 

passes through N’, the sun will bob, b<>o. 
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new moon; at the preceding new moon it is 13$° from N'. Both 
13£° and 17|° are within the superior limits for solar eclipses. 
Hence 2 solar eclipses are possible near each node, that is to say, 

4 solar eclipses are possible within the interval of 346-6 days. 

If the eclipses—when the sun is between S and —occur in 
January, the sun will be back again between S and S t in the 
following December, that is, after 12 synodical months, and in 
the next half-lunation a solar and a lunar eclipse will be possible. 
Thus, in 12£ synodical months, it is possible to have in all 5 solar 
and 3 lunar eclipses. But 12| lunations just exceed 365 days. 
Hence, in counting the possible eclipses in any year, we must 
omit either 1 solar eclipse or 1 lunar eclipse. 

We conclude that the greatest number of eclipses possible in 
a year is 7, of which 4 are solar and 3 lunar or 6 solar and 2 lunar. 

218. The repetition of eclipses. 

The interval between two successive passages of the sun 
through a node is 346-62 days, and 19 such intervals are equiva¬ 
lent to 6585-8 days. The average value of the synodic month or 
lunation is 29-5306 days, and 223 lunations are equivalent to 
6585-3 days. We thus have the approximate relation: 

223 lunations = 19 revolutions of the sun with respect to a node 

= 18 years 11 days, approximately. 

This period of 18 years 11 days is called the Saros. Its signifi¬ 
cance with regard to eclipses is as follows. Suppose at new moon 
t hat the sun is within the ecliptic limits, say at S , so that a solar 
eclipse takes place. After 19 revolutions with respect to the 
node N , the sun will again be at the same distance SN from N 
and it will also be again new moon, for a period equal to 223 
lunations has elapsed. Hence a solar eclipse will, in general, take 
place again. 

The same argument applies to lunar eclipses. We thus see 
that eclipses are generally repeated at intervals of 18 years 
11 days. As 19 revolutions of the sun are not, however, exactly 
equal to 223 lunations, it follows that the circumstances per¬ 
taining to one eclipse are not reproduced at the end of the Saros; 
in particular, the area on the earth’s surface from which a total 
eclipse is visible will, in general, not be the same as that from 
which the next one (with reference to the Saros) is visible. 
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We add another interesting relation: 

235 lunations = 19 years of 365 \ days. 

(235 lunations = 6939-69 days and 19 years = 6939-75 days.) 
This is the Metonic cycle. Thus if a full m°°n occu r s on a ce.tai 
there wi u be a full moon 19 years later. Clearly, tne 

Metonic cycle applies in the same way to the repetition of new 
moons. 

EXERCISES 

1. If the inclination of the “^",1 cvmv ^ar'ulioielatit.Hle is numerically 

that the moon will at some time ot [Coll. Exam.] 

less than 6° 38'24". , 

• A . the declination of the moon \w»s 4 3 b 40 - 

2. At midnight, on a certain date, t incn . asing at the rates of 23-0 and 

and its right ascension and declination ^ in conjunction in right 

time 

8 . On the assumption of a P «* * ■»* 

moon’s horizontal parallax and sen - ^ ^ from thc centr e of the moon is less 
star of which the geocentric a »!- u ' moon at some part of the earth, 

than sin- (sin P + sin 8) is * declination of a star and the 

Show also that the «**'“'*** t ? onjlin etion in B.A.. which will admit of an 
centre of thc moon at theinn-i eRrthf is approximately 

occultation occurring omoih ^ # + co3 5)), 

whom 8 is the declination of the moon ' [ JU.T. l'.HO.] 

variation in R.*. and declination respee i . . .. , ho ^centric 

4. Show that .. shadow must 

angular distance of the mo . . 

be less than (sin P, **i*» ,s ‘i> Mn ' (sm ‘ ’ , 

• . i rtnrnllaxcs and souli-dininetors of the sun 


111riition of totality of a lunar eclipse is 

6. Show that the maximum di.ratio, ■ 

2 (P t P, - S - S t ) / l . ) cos i hours, 


. influence be neglected, where P. P,. 8 , N,. 

approximately, if the at, nosphi r c i JiaIIlctcni and hourly motions ,n 

.. •* are the nnd . ^ ^ incIirmt ionof thenoon s 

longitude of the sun ami moon, r I 

orbit to the ecliptic. ao 


S A 
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6. Show that the interval between the middle of a lunar eclipse and the time 
of opposition is approximately 


_ mA _ 

m 2 + n 5 cos 8 cos 8j 


hours. 


where m and n are the differences of hourly motion of the moon and the centre 
of the earth’s shadow in declination and right ascension respectively, A is the 
difference in declination of the moon and the centre of the earth’s shadow at 
the time of opposition, and 8, 8 t are the average declinations of the shadow and 
the moon during the eclipse. [Coll. Exam.] 


7. Show that the duration of a lunar eclipse does not necessarily contain the 
instant of opposition in longitude if the eclipse be partial, but must do so if the 
eclipse be total. [Ball.] 


8. The horizontal parallaxes of the sun and moon being known, find the 
maximum inclination of the moon’s orbit to the ecliptic which would ensure a 
solar eclipse every month. 


9. Explain how a solar eclipse can be total at one place and annular at 
another. If at the place where the eclipse is just total at apparent noon the 
sun is in the zenith, what is the greatest possible breadth of the annulus at any 
other place? [Lond. 1926.] 


10. Prove that at the iustant of conjunction in right ascension the ratio of 
the distances of the sun from the moon and from the earth is 

{sin P x — sin P cos (8 — SJj/sin P x , 

h and 8 k being the declinations of the sun and moon, P and P x their horizontal 
parallaxes, and the square of sin P being neglected. 

Also prove that if d and tq bo the hourly changes in right ascension of the sun 
and moon, respectively, at the same instant, and A the hourly change in the 
right ascension of the line from the centre of the earth parallel to the line 
joining the centres of the sun and moon, then 

• . sin P COS 8. . . r/~i it r» i 

A = a + . „--5 (a — a,). [Coll. Exam.] 

Bill I , cos 8 1 1 J 


11. In 1917, within a few days of Dec. 21, an annular eclipse of the sun 
took place, visible near the South Pole. According to the Nautical Almanac the 
eclipse was exactly central at midnight iu Latitude 89° 57'S, Longitude 
142° W. According to the Connaissance da Temps the eclipse was central at 
noon also in Latitude 89° 57' S, but in Longitude 3S : E. Show that the differ¬ 
ence between the two statements would be accounted for if one almanac had 
made its calculations for the sea-level, and the other for a plateau about 
15,000 feet above sea-level. 


Show also that the difference would be aecounte.il for if the positions of the 
moon adopted by the two almanacs differed by about 2i" in declination the 
moon’s parallax being 57'. [31.T 1917 ] 
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12. Obtain the following construction for the approximate determination of 
the point Q at which a solar eclipse is central at any particular moment 

M is the point of the earth’s surface at which the moon is m the zenith, and 
S the point at which the sun is in the zenith. Draw the great circle throug 
M and S, and on 8M produced take Q such that 

sin SQ = K - a G ) cos 8/(P„ - -P G ) sin Vt 

where tan t? = (a, - a Q ) cos 8/(8^ - 8 0 ). 

The following data refer to the solar eclipse of 1922 September 20: 


g.M.a.T. of conjunction ... 
Equation of time... 

Sun’8 declination ... 
Moon’s declination 
Sun’s horizontal parallax 
Moon’s horizontal parallax 


16» 47“ 18 s 
+ 6 m 38 s 
+ l 3 l'42"-7 
+ 0 ; 48' 0"-3 
8"-8 
01' 24 "1 


Show that the point at which the central eclipse takes place at . *** » 
approximately in Longitude 106* 30' E and Latitude 12 b. {X.T. l-»-..l 



APPENDIX I 

The Method of Dependences 


219. Introduction. 

The method of dependences was first developed by F. 
Schlesinger* in 1911 in connection with the determination of 
stellar parallaxes and was subsequently applied to the measure¬ 
ment of the positions of asteroids and comets from photographs, t 
In section 167 we obtained linear formulae connecting the 
standard co-ordinates of a star, or other object, in terms of the 
measured co-ordinates and the u plate constants a, b, etc. To 
evaluate the plate constants, we make use of at least three 
comparison stars. In the astrographic problem, for example, 
if we have several plates giving the position of an asteroid, the 
plate constants have to be determined from each plate and this 
involves a large amount of numerical work. Consider a series 
of plates with the same plate-centre and in which the positions 
of the asteroid differ little from one plate to another. The same 
comparison stars can be used for each plate and instead of 
computing the plate constants for each plate we calculate certain 
quantities which depend on the comparison stars selected and 
on one position of the asteroid; these quantities, called depen¬ 
dences, are thus independent of the particular plate under 
investigation. The position of the asteroid is then expressed 
in terms of the dependences and certain measured quantities. 
A similar procedure is adopted for the measurement of stellar 
parallaxes. 

220. The astrographic problem (3 comparison stars). 

In this section we shall suppose that we employ three com¬ 
parison stars. For a given plate, the measured and standard 
co-ordinates of the comparison stars are given by (57) and (58) 
on p. 297. We consider the measures in x only—the procedure 

* Astrophysical Journal, vol. xxxm, p. 1C1 (1911). 

t Astronomical Journal, vol. xxxvn, p. 77 (1920). See also H. C. Pin mm nr, 
Monthly Notices, vol. xen, p. 892 (1932). 
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, ,, in similar We then have for the three 

for the measures in y is similar. 

comparison stars , ^ 

f, - *k - + ** + C . 2 , 

— *2 = + C ■" ’ 

£ 3 — x z = ag 9 + ^3 + c 

and for the asteroid 

can write (4) as _ t 

f - * = of. + fch + c + » tf - + 6 (V ^....(5). 

f all the plates concerned that (f — fo) a' 1 '* 
We are assuming for aU t P the constant s a and b, 

(r, - Vo) are sma11 q ". the scale-correction and the orien- 

which involve respectively tl ’ sm all quantities; 

tation of the plate a « to be regard _ ^ (g) whioh 

accordingly, we neglect o (f f.) 

then becomes . x _ af . + 6* + e . (0) ' 

1 A +i,of in m (2), (3) and (G), *i> x *» x * 

It is to be remembered that, i Stained with all necessary 
and * are measured quantities )etc . oft hocompar.soi> 

accuracy. The standard co Wrn^ J n thcn> if wo please, 

stars are supposed to t() ob tain a, b and c and then 

solve (1), (2) and (3) * “ S o se for the moment that we 

substitute their values in (6). PP dorive f ro m (6) the value 

know the values of & and 7 ,.. 

of ( for the pUte concerned. ^ ^ ^ eUmin „ ti „„ of a, b 

jtrjKX, •£—■>• «• »> - '«>• *" j - 

• 1 ^ = a {A£i + A& + A& - &} 

+ b + A’?* + A* w 

+ c {A + A + A - 


(“)• 
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The elimination of a, b and c is effected if 

A£l + A(?2 + A& — £<> (®)» 

A’ll + A% + A 1 ?* = ^0 (9), 

A + A + A = 1 (10), 


and these are three equations from which D 1 , D 2 and D 3 can be 
obtained. 

The factors D lt D 2 and D 3 are called the dependences. We 
then have from (7) 


£ - * = A (ft - *i) + A (& - a.) + A (& - a*) 

.( 11 ), 

from which £ can be determined, all the other quantities being 
now supposed known. 

Now (£i — x r ), (£, — x 2 ) and (£ 3 — x 3 ) are all small quantities 
and it will thus be sufficiently accurate to determine D lf D 2 
and D 3 it we substitute in (8) and (9) the measured co-ordinates of 
the comparison stars and the asteroid for the selected plate. 
Denoting these by (X„ 7,), (A'„ 7,), (X 3> 7.) and (X 0> 7 0 ) 
respectively, the equations to determine D lt D 3 and D 3 become 


A A + A A + A A = A .(12), 

A A + A A + A A = A .(13), 

A + A + A =i .(14), 


from which, solving in determinant form, we have for D x 


A _ 1 

A, a\ r ix.i 


V V V 

• 

A, A, A 

Y Y Y 

J 0 ) A 2 > -*3 


A, A, A 

1, 1, 1 


i, i, i 


(15). 


Tn Fig. 147, let S x , £ 2 and S 3 be the positions on the selected 
j.lote of th«? images of the comparison stars, and A 0 the position 
of the image of the asteroid. Then the determinant under D x 
in (15) is simply twice the algebraic measure of the area of the 
triangle AAA and the second determinant in (15) is twice the 
area of the triangle AAA. We obtain similar results for Z> a and 
tor JJ 3 and we then have, as the solutions of (12), (13) and (14), 

A A _ A 1 
AAA AAA AAA""AAA 


(16). 
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Let the straight lines through A 0 and the vertices of the triangle 
cut the sides in P lf P 2 and P 3 . 


Then 
Hence 

A = 


A o S 2 S 3 _ A q P t 

s x s 2 s 3 a A' 


_ A, A 
A A* 


A = 


ApPj 

A P n 


and D 3 = 1 — A — A .-.(17). 


/ 

/ 


i 


< \ 


The values of A> A and A can be readily obtained, with 
sufficient accuracy, by plotting the 
positions of the comparison stars and 
asteroid on squared paper, from the 

measured co-ordinates of the selected \ . 

plate. It can be shown that the ^ _V_ 

results of applying the method are ^ 1 4 

most accurate when A 0 in Fig. 147 
coincides with the centroid of the 
triangle AAA . In most instances it 
is possible to choose the comparison 
stars to satisfy this condition ap¬ 
proximately. In any event, we 
choose the comparison stars so that 
the asteroid is within the triangle 
which they form. 

We rewrite (11) as 


# 

t 








Fig. 117 


Similarly 


3 s 

£ = 2 D& + x- .^A*# 
r,= I Dm + y - A Vi 


HR). 




i- 1 


i-l 


In (18) the expression (* - I D,x,) is obtained, let us say, 
in millimetres and its actual value will depend on the scale 

. Ilh , ja.. . pgg. 

a <« r f *!» rt tjLT, 

graphic telescope” the focal length of winch we denote by A 
ft 1 3.44 metres so that 1 mm. on the plate corresponds to 60 ). 

Consequently, we require to multiply (* - 2D,*,) by /*//* so 
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that £ may be given by (18) in astrographic units. A similar 

action is to be taken with respect to (19). 

It is to be remembered that (£ { , rj { ) in (18) and (19) denote the 
standard co-ordinates of a comparison star with respect to the 
centre of the plate measured. If we make use of an Astrographic 
Catalogue we then obtain the standard co-ordinates of the com¬ 
parison stars with respect to the “astrographic centre ”, that is, 
the centre of the astrographic plate from which the published 
standard co-ordinates are derived. If £ x \ £f, £f and £' denote the 
standard co-ordinates of the three comparison stars and the 
asteroid relative to the astrographic centre, we have, with 
sufficient accuracy, 

= & + *,.... f = i + *, 

whore k is the standard co-ordinate of the centre of the measured 
plate with respect to the astrographic centre. Thus we obtain 
from (18), since D x + D 2 + D 3 = 1, 

£' = S D& + X- £ D t x t .(20), 

»=i 

with a similar equation for rj'. 

Example. 

The following example has been given by H. E. Wood,* 
relating to Comet 19116. The values of £f and £f are taken 
from the Oxford Astrographic Catalogue. We give the data 
in tabular form for deriving the standard co-ordinate £' of the 
comet. 


Star 

r 

X 

y 

D 

D? 

Dx 

1 

7-692 

5-6067 

11*6605 

0-233 

1-7922 

1-3064 

2 

17*650 

15-8160 

22-0935 

0-273 

4-8184 

4-3178 

3 

23-547 

21-0011 

9-3951 

0-494 

11*6322 

10-6709 





1-000 

18-2428 

16-2951 


For the comet, 

x = 16-3437, y = 13-3462 .(21). 

The dependences, D, in column 5 are found by means of a figure 
using the measured co-ordinates in columns 3 and 4 and the 
values of x and y for the comet as given in (21). 

From (21) and the last column, we find that 

x - T.DfXi = 16*3437 - 16-2951 = + 0-04S6. 

* Journal of the Brit. Ast. Association, vol. xxxix, p. 201 (1929). 
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We can obtain the value of the factor fjf, from the above data 
with sufficient accuracy, as follows. We have 

£ ' _ == 9-958 and x 2 — x x = 10-2093. 

Hence in astrographic co-ordinates 

9-958 


x - = + 0-0486 x 


10-209 


= + 0-0478. 


Accordingly, from (20), 

£' = 18-2428 + 0-0478 
= 18-2906. 

This is the f standard co-ordinate of the comet referred to the 
efordinate is obtained in a similar way. If desired, the 

formulae. 

221. The astrographic problem (n comparison stars). 

gve the values of the plate constants a, 6 and c. lh=, 

a£ x + -1- c = & " Xl 

a £o + 6^ + c =* £> - *t . .(22). 

of a and, adding, we obtain * , 

“ *• + * ifcvA - *>: « - *.>• 

This is «, - -.)] .«“>• 

the square tookets—^ 2) by 
Similarly, by multipb g 1(]i * we obtain 
sponding coefficient ol b, « .(24). 

a [^) + + c M 





(25). 
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Also, adding the n equations of (22), we have 

« + b M + nc= [i { - x { ] 

As in (6), the equation for the asteroid is 

ai 0 + br) 0 + c = £ - x .(26), 

in which, as before, i 0 and r/ 0 denote the standard co-ordinates 
of the asteroid for a selected plate. 

To eliminate a , b and c from the four equations (23)-(26) 
multiply these in order by P, Q, R and - 1 and add. Then if 
P, Q and R are given by 

+ 0 [£<>?,] + B [f,] = £, (27). 

P Ki’ji] + Q hi 2 ] + B hi] = (28), 

p [f<] + Q hi] + Bn =1 (29), 

we have 

f - * = P [f, (ft - *<)] + Q hi (fi - *,)] + B k, - *,] 

which can be written 


i x — S (Pit -f- Qr/t -f P) (i ( — #,). 

i—1 


Set A s Pf, + Cfy, + -ft .(30). 

Then * - * « £ A (6 - *,) .(31). 


in this last equation. D { is a function of the standard co¬ 
ordinates of the n comparison stars and of i 0 and r) 0 . Since 
Hi - Xt) is a small quantity for any one of the stars it will be 
sufficient to regard D { as a function of the measured co-ordinates 
x i » •••>?/„> x 0 > 2/o f° r the selected plate; as before, we denote these 
co-ordinates by A\, Y { , X 0 and Y 0 . Thus P, Q and R are now to 

be determined from (27), (28) and (29) in which we replace & etc. 
by X t etc. Hence 


mV] + Q[X t Y t ] + R[X t ]-X, .(32), 

P [X, 1,] + Q [ Y t *J -f P [ 3’,] = Y 0 .(33), 

P [-^t] 4- Q [ r,] -f - Rn =1 (34.) 

We can simplify the calculation of P, Q and R by supposing that 
for 1 he selected plate the values of X it Y { , A' 0 and Y 0 are measured 
from the centroid of the n comparison stars. We then have 

n n 

Y. Xt = 2 Y { = 0 

i=l i-1 













THE METHOD OF DEPENDENCES 


411 


and P, Q and R are now to be determined from 


P[X, 2 ] +Q[X i Y i ] = X 0 .(35), 

P\XtYa + Q[7i*\ = 3 'o ( 36 )> 

Rn = 1 (37). 

Then A = PA + QY < + R .(38). 

The quantities A are the dependences. 


The practical procedure is first to calculate P , Q and R by 
means of (35), (36) and (37) and then to form the dependence A 
for each star by means of (38). 

As in the previous section, 


SA=1 .( 39 )> 

1 

as we can see from (38) and (37), remembering that 


S X, = E Yi ■ = 0. 

When the dependences have been calculated the value of $ 
for the asteroid can be then found from (31) for any number ot 

plates. , 

It is to be remarked that the application of (31) requires that 

the values of & for the n comparison stars should be accurately 
known and that the values of x and of x t for the n comparison 
stars should be accurately measured. 


222. Application of the method of dependences to the determination 

of stellar parallax. 

The method of dependences is now used extensively in the 

reduction of parallax measures. 

Let £ 0 denote the heliocentric standard co-ordinate ot he 
parallax star at time . As in section 175 we denote the parallax 
factor for an observation made at time t by F, and th com 

ponent of the annual proper motion by p, = /*• *“ *>• 
geocentric standard co-ordinate ( at tune t is then given by 

( = (a + Fn + T^ .<' 4 °). 

whore n is the parallax of tbc .star 
from the measurement ot a plate odwuiw 

value of £ given by (31) as 

DiiSi-Xt) . 

b <-i 


(41). 
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Hence from (40) and (41) 

Fn + Tp. + fi, — f A6 = * - s A*< . (42). 

»-i t-i 

Let m = x — S .(43), 

{= 1 

C=$ 0 - 5 Aft . (44). 

* <-i 

Then FTI + 7y x + (7 = m .(45). 

In (43), m depends on the measured quantities x { for the 
comparison stars and on the measured quantity x for the 
parallax star. In (44), C is a constant for each plate if we 
suppose the comparison stars to have negligible parallaxes and 
proper motions (actually, II and /x x in (45) are the relative 
parallax and proper motion, that is, relative to the mean of the 
comparison stars). Thus each exposure provides an equation 
of the form of (45) and the values of II, /x x and C (this is of no 
further interest) are determined from a least squares solution of 
all such equations. As the number of plates measured is 
generally about a score, tlie convenience of the method and its 
economy in calculation can be readily appreciated. 

Example. 

The data below (in terms of a particular scale unit) are taken 
from the measures of a star, as given by Sclilesinger.* Four 
comparison stars were used. 


Star 

1 

o 

3 

4 

X 

- 378 

- 8 
+ 84 

4- 302 

r 

+ 62 
+ 200 

- 130 

- 132 

X 

198-766 

569-351 

660-934 

879-485 

D 

0-25 

0-48 

0-11 

0-16 

Dx 

49-6915 

273-2885 

72-7027 

140-7176 

Parallax 

star 

- 40 3 

-1- 75-5 

535-133 

— 

ZDfXi = 536-400 


In columns 2 and 3 the co-ordinates of the four comparison 
stars and of the parallax star are with reference to the centroid 


Aalruplnjsical Journal, vol. xxxin, p. 1G3 (1911). 
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of the four comparison stars. From the values for the comparison 
stars we find 

2 X t 2 = 241,208; 2 Y t - = 78,168; 2 X,Y, = -75,820. 

Inserting these values in (32), (33) and (34) and putting 
_ _ 40 . 3 , Y 0 = + 75-5 (from the last line of the table), we 

find that 

P =0-000196, Q = 0-00116, R= 0-250. 

The values of D, are then calculated from (38)-they arc shown 
in the fifth column. The products D,x, are then formed for each 
star and the sum 2 D,x t is shown at the bottom of the last 
column. Thus for this particular exposure the value of m, 

given by (43), is 

535-133 - 530-400 = - 1 267. 

Also, for this particular exposure F = + 0-880 and T = + °*' 23 > 

so that we have from (45), 

0-88011 + 0-723/x* + C = - 1-26/ .(40). 

From the least square solution of all the e^lions of 

w^^found to be 0*1055 and - 0-1307 respectively, yield.ng 

the final results n# , 

FI = 0"-281 ± 0"-004; /i x = - 0 -348. 
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Stellar Magnitudes 


223. Apparent magnitude. 


The first classification of the stars, visible to the naked eye, 
according to their apparent brightness was made by Hipparchus 
about two thousand years ago. The fifteen brightest stars were 
designated “stars of the first magnitude” and stars just visible 
to the naked eye “stars of the sixth magnitude”, stars of inter¬ 
mediate brightness being assigned to intermediate magnitude 
classes. With accurate instruments at present available for 
measuring the relative brightness of the stars, it is essential to 
have an accurate classification according to brightness and 
“magnitude” has now come to mean a number, on a certain 
scale, associated with the brightness of a star. If and m 2 
denote the magnitudes of two stars on this scale, and l x and 4 
their apparent brightness or luminosity, the difference of mag¬ 
nitude, m 2 — m lt is defined by the formula 



] 0 - 0 4 



A difference of 5 magnitudes thus corresponds to a ratio of 
100 : 1 in brightness and a difference of one magnitude to a 
ratio of 2-512 : 1. The zero of the magnitude scale is chosen 

■ visual magnitude scale as adopted in practice 
the magnitude 1-0 corresponds to the mean brightness of the 
two nearly equally bright stars Altair and Aldebaran. The 
visual magnitude -calc corresponds to that part of the spectrum 
to which the eye is most sensitive. 

The photographic magnitude scale corresponds to that part 
of the spectrum to which the ordinary photographic plate is 
most sensitive; the ratio /, : /_, for two stars can be obtained 
photographically by measuring the relative diameters or the 

. e images on plates of standard quality. 

If m v and m p denote the visual and photographic magnitudes 

of a star, the difference m p - m v is called the colour-index of 
the star. 
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224 . Absolute magnitude. 

Although one star may appear to be brighter than another, 
it does not follow that the first star is intrinsically more luminous 
than the second. The brightness of a star varies inversely as the 
square of its distance from us; if l denotes its apparent bright¬ 
ness corresponding to its distance d and L denotes what its 
apparent brightness would be if it were at a standard distance D 
from us, we have 

i = — (2). 

L d 2 

Let M denote what the star’s apparent magnitude would be it 
it were at the standard distance D. Then, by (1) and (2), 

D l 

in-0-4(w — M) — —— 

AU ( 1 2 

from which M - m = 5 log,„ ( D/d) (3). 

But the star’s parallax n (in seconds of arc) is defined by 

n = ? cosec 1" (■*)» 

a 

where a is the radius of the earth’s orbit. Similarly, if II,, is tho 
parallax corresponding to the distance D, 

n 0 = ^ cosec 1" .( 5 )- 

Hence, from (4) and (5), 

D n 

d ~ li 0 

and, from (3). „ + 5 logj0 n - 5 log,, H. .(«)• 

The standard distance, D. is by convention ten parsecs, so that 

n 0 = 0"*1. Hence we have 

M = m + 5 + 5 log,„ H . 

in which M is called the absolute magnitude ^ ran 

It is found that the absolute magmtude, of • 

from about - 5 to + 15, corresponding to a i 0 
luminosity of 100 4 : 1 or 100 , 000,000 : 1. 








appendix III 

The Coelostat 

225. General principles. 

For eclipse and certain astropliysical observations it is con¬ 
venient to use a telescope which is fixed in position. Conse¬ 
quently, it is necessary to have subsidiary apparatus whose 
function is to reflect the light from the heavenly body under 
observation into the fixed telescope. Such an auxiliary instru¬ 
ment is called a coelostat. Its principal feature is a plane mirror 



which can be made to rotate about a diameter at a uniform rate, 
this diameter being parallel to the earth’s axis. 

In Fig. 148, the mirror (which is generally circular) is shown 
with its axial diameter AB —the remainder of the instrument is 
not shown—and OM is the normal to the mirror. The telescope 
is mounted as illustrated in the figure, T being the object glass 
and C the focal plane in which a photographic plate can be 
placed. The mirror is initially adjusted with its normal OM 
in such a position that the beam of rays from a heavonly body S 
is reflected along OT, which is collinear with the optical axis 
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of the telescope. As we shall see later, the mirror ismadoto 
rotate at half the angular rate of the diurnal motion of S and this 
is a necessary condition that the rays from S shall continue to 
faU normally on the object glass at T after reflection at the mirror 
We denote by i the angle between the normal of the mirror and 


the direction OS or OT. 

Let O, the centre of the mirror, 
sphere in Fig. 149. Then S gives 


be the centre of the celestial 
the direction of the heavenly 



Fig. 149. 


body M the direction of the normal of the mirror and T the 
direction of the rays after reflection Smce the axis A B of he 

" is * K^Saln »f I. the 

is on the celestial equator J «• pg g Let the meri dian 

arc FS, measured a ong the i aw8 of reflection 

PT intersect the equator in G. Ihen y 

OS, OM and OT are J ' is 

a great circle; also the arcs SM 

eq ual to ». It foUows that OT is equal to SF, so that 11 + 

ei l , n ii_ TPM = SPM ; we denote 

Again, OM = MF and consequently TFM bi , 

these angles by h. 27 


SA 
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Since the telescope is fixed in position, T is a fixed point on 
the celestial sphere. Let the altitude and azimuth of T be 
a and A respectively; then a and A are constants for a given 
position of the telescope. 

Let H be the hour angle of S, H' the hour angle of M and K 
(a constant) the hour angle of T. We have 

H' = H + h and H + 2h = K 
from which 2 H’ = H + K. 


Hence 


dH'ldH 
dt ~ 2 dt 



This formula gives the rate at which the mirror must be rotated 
about its axis AB. For the sun, the rate may be expressed as 
360° in 48 hours or 1\° per mean solar hour, very nearly. For 
a star, the rate i3 7h° per sidereal hour. 


226. Formulae for the ‘position of the telescope. 

We investigate now the various ways in which the telescope 
may be set up in a given latitude <f>. 

(i) From the triangle PZT, in which 

PZ = 90° - <f>,ZT = 90° - a, PT = 90° + 8 and PZT = A, 
we have by formula A, 

— sin S = sin <f> sin a -f cos cos a cos A .(2), 

which gives the necessary relation between a and A for rays to 
be reflected into the telescope. Thus, if it is decided to have the 
telescope inclined to the horizontal at a certain angle, the 
azimuth A is easily calculated from (2). 

(ii) In particular, it may be found convenient to mount the 
telescope horizontally; in this case a — 0° and A is given by 

cos A — — sin 8 sec <f> .(3), 

with the condition for the numerical values of 8 and <j> that 

8 + < 90°. 

(iii) Again, it may be found convenient to mount the telescope 
in the meridian, in which event. A = 180° and (2) becomes 

sin 8 = cos ( <f> + a) 

whence a = 90° — — 8 .( 4 ). 

(iv) A further practical consideration concerns the magnitude 
of the angle i which, as a general rule, ought to be kept fairly 
small. 
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THE COELOSTAT 

The cross section of the reflected beam is an ellipse with 
principal axes in the ratio cost: I. It is always desirable to 
“fill ” the object glass of the telescope and the condition tor this 

is that cos i > g , Where d and D are respectively the diameters 

of the object glass and the mirror. 

From the triangle PSM, in which PM = 90“, we have, by 

formula A, ^ ^ g cQ9 h .(5). 

It is seen from (5) that i is a minimum when h = 0. Thus the 
minimum value of i is 8. It follows that, in this case, M and P 
lie on the meridian PS, with M at F and fat J "Fere 
FT' = FS = 8. The altitude, a', of T‘ is then easily found iiom 

the triangle PZT' in which PT' = 90“ + 8: we have 

sin a' = - sin 8 sin 0 + cos 8 cos </> cos // .(h). 

For example with regard to a total eclipse of the sun, the hour 
angle H for mid-totality can be found with sufficient accu.acy 
and hence a' can be calculated from (6). The azimuth, A , ol 
can then be found from the formula 

- sin 8 = sin <f> sin a' + cos <f> cos o' cos A .(0- 


27-2 
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ASTRONOMICAL CONSTANTS 
Dimensions of the earth: 

Equatorial radius, a = 6378-39 kms. or 3963-35 miles 


Polar radius. 
Compression, 

Length of the day: 

Sidereal day 


b = 6356-91 kms. or 3950-01 miles 
a — b 1 

~o 297 


c = 


= 23 h 56 m 4®-091 mean solar time 
Mean solar day = 24 3 56 -555 sidereal time 

Length of the month: 

Synodical = 29>>-530 588 = 29 d 12 b 44“ 2®-8 


5 


Tropical = 27 -321 582 = 27 7 

Sidereal = 27 -321 661 = 27 7 

Anomalistic = 27 -554 550 = 27 13 

Nodical = 27 -212 220 = 27 

Length of the year: 

Tropical = 365 d -2422 

Sidereal = 365 -2564 

Anomalistic = 365 -2596 
Eclipso = 346 -6200 

Solar parallax = S"-S0 

Moon's equatorial horizontal parallax = 57' 2"-70 
Constant of aberration 
Constant of nutation 
General precession 
Precession in R.A., 


43 

43 

18 

5 


4 

11 

33 

35 


■7 

5 

■1 

•8 


Precession in Dec., 

Obliquity of ecliptic. 

Mean geocentric distance of moon 
Mean geocentric distanco of sun 
Cl astronomical unit) 

1 Parsec 
1 Light-year 
Velocity of light 


= 20"-47 
= 9"-21 

= 50"-2564 + 0"-0222T* 
m = 46"-0850 + 0"-0279T 
= 3*07234 + Os-OOlSer 
n = 20"-046S - 0"-00S5T 
« = 23° 27' 8"*26 - 46"-847’ 

= 384,400 kms. = 238,900 miles 
= 149,674.000 kms. = 93,003.000 miles 


= 30-87 x 10 12 kms. = 19-18 x 10 12 miles 
= 9-46 x 10 12 kms. = 5-88 x 10 12 miles 
= 299,774 kms. or 186,271 milos per 
second 

Light travels 1 astronomical unit in 498-6 seconds 

Constant of gravitation, Q = 6-658 x 10~ 8 c.o.s. units 

Solar apex (Boss), r.a. = lS h or 270°, Dec. = + 34° 

Pole of galaotio plane (1900), r.a. = 12 h 40 m or 190°, Deo. = + 28° 

* T is measured in Julian centuries from 1900-0. 
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DIMENSIO 



Sym¬ 

bol 

Sun 

® 

Moon 

i 

Mercury 


Venus 

? 

Earth 

© 

Mars 

6 

Jupiter 

U 

Saturn 

h> 

Urnnus 

6 

Ncptuno 


Pluto 

n. 

• 


appendix b 


OF THE SUN, MOON AND PL AN El S 
Semi-diameter in 

__A 

K ms. 

095,500 
1,738 
2,420 
6,096 

/6,378 (Eql.) 

\ 6,357 (Polar) 

3,392 

y71,370 (Eql.) 

\00.020 (Polar) 
f00.4(H) (Eql.) 

\54,050 (Polar) 

24,850 

20,500 

* 

Only rough estimates available at 1931-0. 


in 

Mass (fraction 

Densit 


of sun’s mass) 

(wate 

Miles 

1-4- 

= 

432,000 

— 

1-42 

1,080 

27,158.000 

3 34 

1,504 

9,000,000 

3-73 

3.788 

403,490 

5-21 

3.903 

329,390 

5-53 

3.950 

2,108 

3,093,500 

3-95 

44.350 

1,047-3 

1-34 

41,390 

37,530 

3,5010 

009 

33.580 

15,440 

22.870 

1 -3(5 

10,470 

19,314 

1 -33 

* 

* 

* 
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APPENDIX C 

ELEMENTS OF THE PLANETARY ORBITS FOR THE 
EPOCH 1931 JANUARY 0, O.M.NOON. 


Name 

Semi-major 
axis of 
orbit a (in 
astronomical 
units) 

Eccentricity 

e 

Sidereal 
period in 
tropical 
years 

Sidereal 
mean daily 
motion n 

// 

Synodic 
period 
in days 

Mercury 

0-387 099 

0-205 6206 

0-240 85 

14,732-42 

115-88 

Venus 

0-723 331 

0-006 8059 

0-615 21 

5,767-67 

683-92 

Earth 

1-000 000 

0-016 7381 

1-000 04 

3,548-19 

• • • 

Mars 

1-523 688 

0-093 3414 

1-880 89 

1,886-52 

779-94 

Jupiter 

5-202 803 

0-048 3885 

11-862 23 

299-13 

398-88 

Saturn 

9-538 843 

0-055 7829 

29-457 72 

120-45 

378-09 

Uranus 

KM 90 978 

0-047 1314 

84-015 29 

42-23 

369-66 

Neptune 

30-070 072 

0-008 5533 

164*788 29 

21-53 

367-49 

Pluto 

39-597 

0-253 7 

249-17 

14-24 

366-7 







Mean longitude 






' Of the 



Name 

Inclination 

• 

1 

ascending 

node 

0 

Of perihelion 

07 

At the epoch 
€ 


0 

/ 

// 

o / // 

o / // 

o / /r 

Mercury 

py 

1 

0 

12-4 

47 30 48-1 

76 22 54-8 

72 4 18-3 

Venus 

3 

23 

38-2 

76 3 31-0 

130 36 0-7 

122 31 16-1 

Earth 

0 

0 

0-0 

• • • 

101 45 13-6 

99 11 45-0 

Mara 

1 

51 

0-4 

49 1 31-5 

334 47 19-8 

107 16 53-0 

Jupiter 

1 

18 

25-2 

99 46 4-6 

13 12 39-0 

99 14 28-4 

Saturn 

o 

29 

27-9 

113 3 14-0 

91 41 44-6 

285 49 40-5 

T Tanug 

0 

46 

22-2 

73 38 46-4 

169 32 44-6 

16 37 25-6 

Neptune 

1 

46 

34-6 

131 1 10-7 

44 1 38-4 

153 10 42-1 

Pluto 

17 

9 


109 22 

222 31 

132 2 
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elements and 


Planet Satellite 


Mars 

I 

Phobos 


II 

Deimos 

Jupiter 

I 

Io 

II 

Europa 


III 

Ganymede 


IV 

Callisto 


V 

Unnamed 


VI 

99 


VII 

9 9 

• 

VIII* 


IX* 

99 


X 

99 


XI* 

99 

Saturn 

I 

Mimas 

II 

Enceladus 


III 

Tethys 


rv 

Dione 


V 

Rhea 


VI 

Titan 


VII 

Hyperion 


VIII 

Iapetus 


IX* 

Phoebe 

Uranus 

% 

I 

II 

Ariel 

Umbricl 


III 

Titania 


IV 

Obcron 

Neptune 

I* 

Triton 


appendix d 


dimensions 

Mean distance 
from planet (in 
astronomical 
units) 

0 000 062 725 
0 000 156 95 

0-002 819 56 
0-004 486 20 
0-007 155 90 
0-012 580 6 
0-001 207 
0-076 605 
0-078 516 
0-157 20 
0-158 1 
0 077 334 
0-150 834 

0-001 2401 
0-001 5909 
0-001 9694 
0 002 5224 
0-003 5226 
0-008 1660 
0-009 8929 
0-023 7976 
0-086 593 

0-001 2820 
0-001 7859 
0-002 9303 
0-003 9187 

0-002 3635 


OF THE SATELLITES 


Sidereal 

Eccen¬ 

Dia¬ 

meter 

period 

tricity 

(in 

(in days) 

of orbit 

miles) 

0-313 9103 

0-0170 

— 

1-262 4406 

00031 

— 

1-769 1378 


2109 

3-551 1811 

Small and 

1S65 

7 -154 5531 

variable 

3273 

16-689 0180 j 

1 

3142 

0-498 179 

— 

■ 

250-62 

0-1550 

— 

260-07 

0-2073 

— 

738-9 

0-38 

■- 

745 

0-248 

14 

254-21 

0-1405 


692-5 

0-2068 

—— 

0-942 4219 

0-0190 

370 

1-370 2178 

0-0046 

460 

1-887 8025 

0-0000 

750 

2-736 9159 

0-0020 

900 

4-317 5026 

0-0009 

1150 

15-945 452 

0-02886 

3550 

21-276 665 

0-119 

— 

79-330 82 

0-029 

— 

650-45 

0-1659 


2-520 383 

— 

— 

4-144 183 

-- 

* 

8-705 876 

— 

1 ' ' 1 

13-463 262 

-- 


5-876 833 

— 

— 


• Motion retrograde. 
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APPENDIX E 

secular parallaxes (see section 152) 


Galactic latitude 


Visual 





* 






magnitude 

0° 

10° 

20° 

30° 

40° 

60° 

60° 

70° 

80° 

90° 


// 

// 

✓/ 

// 

// 

// 

// 

// 

// 

// 

6-0 

0 045 

0-045 

0-047 

0-050 

0-054 

0-058 

0-062 

0-066 

0-069 

0-070 

7-0 

0033 

0-033 

0-034 

0-037 

0-039 

0-042 

0-046 

0 048 

0-050 

0051- 

8-0 

0-024 

0-024 

0-025 

0-027 

0-029 

0-031 

0-033 

0-035 

0-037 

0-037 

9-0 

0-017 

0-018 

0-018 

0-019 

0-021 

0-022 

0-024 

0-026 

0-027 

0-027 

10-0 

0-013 

0-013 

0-013 

0-014 

0-015 

0-016 

0-018 

0-019 

0-020 

0-020 

1M* 

0-000 

0-009 

0-010 

0-010 

0-011 

0-012 

0-013 

0-014 

0-014 

0-014 

12-0 

0-007 

0-007 

0-007 

0-007 

0-008 

0-009 

0-009 

0-010 

0-010 

0-010 

13-0 

0-005 

0-005 

0-005 

0-006 

0-006 

0-006 

0-007 

0-007 

0-007 

0-008 


f Annual parallax => 0-243 x secular parallax.] 
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The numbers refer to the pages 


Aberration, annual, 179; constant of, 
185; constant of (in relation to the 
solar parallax), 213; differential, 297; 
diurnal, 80, 191; ellipse, 181; law of, 
178; in astronomical photogruphy, 
290; planetary, 193 
Absolute proper motions, 304 
Adams, C. E., 125 

Airy’s method of determining the solar 
apex, 274 

Altitude, 26; parallel of, 20 
Altitude Tables, 333 , 

Analogies, Delambre’s, 22; Napier s, -3 
Angle, spherical, 2; hour, 29; of re¬ 
fraction, 61; of the vertical. 190; 
parallactic, 49; trigonometrical ratios 

for small, 21 

Annual aberration, 179 

Annual parallax. 218 

Annual variation. 241, 200 

Annular eclipse, 387 

Anomalistic month, 133 

Anomalistic year, 132 

Anomaly, eccentric, 111; mean •. 

true. HI . 

Ant-apex, 264; position angle of, ~0o 

Antarctic Circle, 48 
Apastron, 343 
Apex, solar, 261 
Aphelion, 99 
Apogee, 132 

Apparent co-ordinates, 2DJ 

Apparent noon, 41 

Apparent orbit of a visual binary. Mo 

Apparent place of a star, Mo 

Apparent solar day, 41 

Aquino , It. de 9 333 

Arctic Circle, 48 

Aries, first point of, 37 

Ascension, right, 37 

Astrand, «/.«/., 116 

Astrographic place, 300 

Astrographic plates, measurement of, 

208 

Astronomical constants, 420 
Astronomical latitude, 190 
Astronomical unit of distance, 101 
Astronomical zenith, 1U0 


Auxiliary ellipse, 352 

Axis, collimation, 75 

Azimuth. 27. 30; rate of change of, 48 

Azimuth error, 76; determination of, 

89 

Azimuth Tables, 323 

Baldwin, J. J/.. 265 
Ball, Sir 11. S.. 212 
Bauschingtr, J.. 115 
Besselian elements, of nn occultation, 
373; of a solur eclipse. 390 
Besselian star-numbers, 184 
Besselian year, 145 
Bessel's day-numbers. 184, 244, 240 

Bessel's formula, 80 

Bessel's method of investigating an 

occultation, 370 

Binary, eclipsing. 366; spectroscopic, 

357 . .. f 

Binary star. 310; apparent orbit of. 

345 ; elements of orbit of, 342 

Bohnenberger eye-piece, 87 

Bos*, Lewis, 241 

Bradley, 178; formula for refraction, <- 
Brightness of planets, 169 
Brown, E. H . 203 

Burdwood's Azimuth Tables, 3.3 


ondar, 144 
i pbcll. If- lf*» 83 
icer. Tropic of, 151 
>ricorn, Tropic of, 161 
dinal points, 27 

isini's hypothesis (refraction), <- 

aloguing the stars, 216 

ostial equator. 28 

ostial horizon. 26 

ostial latitudo and longitudo, 4 

ostial sphere. 1. 33 

itering error. 289, 316 

itre, equation of the. 11 J. 

isiit and Dyson. Method of de- 

irmining plate constants, JU/ 

cle^Anturctie, 48; Arctic, 48; great, 
; position, 320; small, 1; vertical, 26 

cumpolar stars, 32 
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INDEX 


Clock stars, 95 
Coelostat, 416 
Colatitude, 5 
Collimation axis, 75 
Collimation error, 76, 78; determina¬ 
tion of, 83; in sextant, 316 
Collimation plane, 75 
Collimator, 84 

Companion (of a binary star), 340 
Comparison stars, 304 
Compression (of the geoid), 198 
Comrxe , L . J ., 375 
Conjunction, 129 

Constant of aberration, 185; measure¬ 
ment of, 187; related to solar parallax, 
213; theoretical value of, 190 
Constant of gravitation, 101 
Constant of nutation, 247 
Cookson photographic zenith telescope, 
190 

Co-ordinates, galactic, 276; helio- 
ccntrio ecliptic, 122; heliocentric 
equatorial, 124; heliographic, 169; 
mean and apparent, 259; standard, 
280 

Cosine-formula, 6 
Culminate (to), 29 
Culmination, lower, 33; upper, 33 
Curve, velocity, 359 

Day, mean solar, 42; sidereal, 37, 

138 

Day-numbers, Bessel's, 184, 244, 216; 

independent, 181, 215 
Doad reckoning, 322 
Decimation, 29, 35; measurement of, 
91 ; parallel of, 29 
Doimos, 103 
Dil'imbrr, arm logics, 22 
Dependences, 401 

Dimensions of the sun, moon and 
planets, 421 

Dip of the horizon, 317 
Du'ect motion, 162 
Disc, 1G7; h^liogmphic co-ordinates of 
centre of, 171 

Distance, astronomical unit of. 101; 

north polar, 29; zenith, 26 
Diurnal aberration, 191 
Diurnal method (solar parallax), 210 
Doolittle, 310 

Dynamical parallaxes, 356 
Dynamical principles of orbital motion, 
104 

Dyson, Christie and, 307 


Earth, heliocentric rectangular co¬ 
ordinates of, 126; orbit of, 37, 131 
Eccentric anomaly, 111; as aseries, 117 
Eccentricity, 99 

Eclipse, of the moon, 378; of the sun, 
386 

Eclipses, frequency of, 398; repetition 
of, 400 

Eclipsing binary stars, 366 
Ecliptic, 38; mean, 238; obliquity of, 39 
Ecliptic limits, 381, 388 t 

Elements, determination of the, 129; 
of orbit of binary star, 342; of orbit of 
a planet, 116, 122; of the planetary 
orbits, 422; of the satellites, 423 
Ellipse, aberrational, 181; auxiliary, 
352; parallactic, 219 
Ellipticity, 198 

Elliptic orbits, elements of, 116, 122, 

Elongation, 163 
Emersion, 368 

Epoch, 122; mean longitude at the, 122 
Equation of a planetary orbit, 106 
Equation of the centre, 119, 148 
Equation of time, 42, 146 
Equator, celestial, 28; mean, 137, 238; 
reduction to the, 148; solar, 170; ter¬ 
restrial. 4; true, 242 
Equatorial parallax, mean horizontal, 
200 

Equinox, autumnal, 40; mean, 137, 238; 
precession of the, 226; true, 242; 
vernal, 37, 39 
Eros, opposition of, 208 
Euler’s theorem. 135 

Factor, parallax-, 222 
Film-to-film method of measuring 
proper motions, 306 
First point of Aries, 37 
Formula, four-parts, 12; fundamental, 
7; liaversine, 18; polar, 16; sine, 9 
Four-parts formula, 12 
Froquency of eclipses, 398 
Fundamental plane, 369, 390 
Fundamental stars, 95 

Galactic co-ordinates, 276 
Galactic latitude, 267 
General precession, 237 
Geocentric celestial sphere, 33 
Geocentric distance, 128 
Geocentric equatorial rectangular 
co-ordinates of sun, 127 
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Geocentric motion of a planet, 160 
Geocentric motion of Jupiter, 16l 
Geocentric parallax, 190 
Geocentric right ascension and de¬ 
clination of a planet, 127 
Geographical position, 321 
Geoid, 195; dimensions of, 198 
Gibbous, 168 

Gladstone and Dale's Law, 06 
GJVI.T., note on, 44 

Gnomonic Projection, 337 

Gravitation, constant of, 101: law o , 

Greit circle, 1; equation of, on Mer¬ 
cator's chart, 335; pole of, 1 

Greenwich civil time, 44 

Greenwich mean astronomical time. 

Greenwich mean noon, 43 

Greenwich tables of refraction, 68 
Gregorian calendar, 145 

Haversina, definition of, 18; formula, 19 
Heliocentric distance. 99 
Heliocentric ecliptic rectangular co- 

ordinates, 122 , 

Heliocentric equatorial rectangular 

co-ordinates, 124, 12.) 

Heliocentric rectangular co-ordin- 

Har^X^ordinaU., .09; of a 

HI 

Herschel, Sir W ., 273 
HiU.S.N., 265 

Hipparchus, 226, 249 , 

Horizon, celestial, 26; dip of the. 317 

Horizon-glass. 315 
Horizontal parallax. - K> 

Horizontal refraction, 69 

Hour angle, 29; of the mean sun, 42 

Immersion, 368 » (f i 

Independent day-numbers, 184, 2 

Index error, 316 
Index-glass, 316 
Index of refraction, 69 
Xnman'B Nautical Tables, 19 
Intercept, 323 

Julian calendar, 144 
Julian date, 146 , 

Jupiter, geocentric motion of, 163 


Kapleyn, J. C., 267, 302 

Kepler's equation, 113; solution of. 114 

Kepler's Laws, 98 

Knot, 23 ... 

Kowalsky's method (visual binary), 

346 

Kiistner, 190 

Lambert's theorem. 135 
Latitude, astronomical, 196; celestial, 
40; galactic, 267; geocentric, 196; 
parallel of, 5; variation of, 190 
Leap-year. 144 
Lehmann-Filhcs, 360 
Level error, 76; determination of. 8. 

Light, velocity of, 404 
Light-year. 224 _ 

Line, position, 323; rhumb, 3-0; Sum¬ 
ner, 323 

Local sidereal time, 41 
Longitude, celestial, 40; mean, 1 — ; 
nutation in. 233. 246; of ascending 
node, 121; of perihelion, 1-1; ter- 
res trial, 5; true, of a planet, 1-1 
Loxodrome, 326 
Lunation. 398 
Luni-solar precession. 2-8 

Magnitude (of a partial eclipse). 385 
Magnitude. Stellar, 414; absolute. 

415; apparent, 414 
Major axis. 99 
Major planets, 98 

Masses, of the planets. 102; of «l>ectro- 
ecopic binaries, 366; of the stars, 3ou 

Mass-function. 3<3.> 

Mean angular motion, 1<WJ 
Mean anomaly. 113 
Mean co-ordinates, 251) 

Mean ecliptic. 238 
Mean equator, 137. -38 
Mean equinox, 137. 238 
Mean longitude. 122 

Mean noon, 43 , r . 

Moan place. 300; reduction from, to 

apparent place, 245 
Mean refraction. 62 
Mean solar day, 4L, 14 J 
Mean solar time. 41; conversion of. 

into sidereal time (and mce versa). 143 
Mean sun. 42; co-ordinates of. 2oJ, 
hour angle of, 42; right ascension of, 

42, 140 

Mercator's chart. 326 

Meridian, observer's, 29; terrestrial, 6 
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Meridian circle, description of, 76; 

errors of, 74 
Metonic cycle, 401 
Micrometer, 341 
Mile, nautical, 6 
Milky Way, pole of, 67 
Month, anomalistic, 133; nodical, 133; 

sidereal, 133; synodic, 133 
Moon, eclipses of, 378; errors in longi¬ 
tude of, 368, 376; orbit of, 132; 
parallax of, 200; phases of, 166; time 
of transit of, over any meridian, 155 
Moore, J. 11., 275 

Motion, mean angular, 100; parallactic, 
260; solar, 260 

Napier, analogies, 23; rules for right- 
angled and quadrantol triangles, 
15 

Nautical mile, 6 
Newcomb, S., 239 
New moon, 133 
Newton, law of gravitation, 101 
Node, 120; longitude of ascending, 
121 

Nodical month, 133 
Noon, apparent, 41; mean, 43 
North polar distance, 29 
Nutation, 136, 231; constant of, 247; 
in longitude, 233, 246; in right ascen¬ 
sion, 139; in the obliquity, 233, 246 

Obliquity of the ecliptic, 39; nutation 
in, 233. 246 

Observed altitude, corrections to the, 
317 

Observer's meridian, 29 
Occultations, 368; Besselian elements 
of, 373; Bessel's method of investi¬ 
gating, 370; geometrical conditions 
for, 369; graphical method for, 375; 
prediction of, 373; reduction of, 376 
Opposition, 130 

Orbit, determination of elements of a 
planetary, 129; elements of elliptic, 
116, 122: equation of, 106; in space, 
120; of the earth, 37, 131; of the moon, 
132; period in, 99; sun's apparent, 
131 

Orbital motion, dynamical principles 
of. 104 

Orientation, error of, 288 

Parallactic angle, 49; ellipse, 219; 
motion, 260 


Parallax, annual, 218; geocentric, 199; 
horizontal, 200; in right ascension, 
and declination, 204; in zenith dis¬ 
tance and azimuth, 206; mean equa¬ 
torial horizontal, 200; of the moon, 
200; solar, 207; stellar, 217, 309, 411 
Parallaxes, dynamical, 356; secular, 
262, 424; statistical, 266 
Parallax factor, 222 
Parallel, of altitude, 26; of declination, 
29; of latitude, 5 
Parsec, 223 

Partial eclipse, of the moon, 378; of 
the sun, 386 
Pearce, J. A., 265 
Pe n u m bra, 379, 386 
Periastron, 343 
Perigee, 132 

Perihelion, 99; longitude of, 121 
Periodic terms, 231 
Periods, orbital and synodic, 129 
Perpendicularity, error of, 316 
Perturbations, 103 
Phase, 166 

Photographic plate, measurement of, 

285 

Photographic refractor, 278 
Place, apparent, 245; mean, 300; true, 
242; true mean, 300 
Plane, collimation, 75; fundamental, 
369, 390; tangent, 280 
Planet, brightness of, 169; geocentrio 
motion of, 160; heliocentric co-ordin¬ 
ates of, 122; phaso of, 166; velocity of, 
108 

Planetary precession, 235 
Planets, major, 98; masses of the, 102; 

dimensions and elements of, 422 
Plate constants, 297 
Plummer, 11. (?., 129, 404 
Pluto, discovery of, 98 
Polar formulae, 15 
Pole, of a great circle, 1; of a small 
circle, 1; of Milky Way, 57; terres¬ 
trial, 4 

Position angle, 173; of a binary star, 
340; of the ant-apex, 265 
Position circle, 320 
Position line, 322; tables, 333 
Procession, 136, 226; effect of, on 
right ascension and declination, 229; 
general, 237; lum-solar, 228; planet¬ 
ary, 235 
Primary, 340 
Prime vertical, 27 
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Probable error, 312 
Proper motion, absolute, 304; com- 
ponents of, 252; definition of 249, 
measurement of, 251, 301; relative, 
304; the film-to-film method of mea¬ 
suring, 306; total, 252 
Pulkovo Tables (refraction), 08 

Quadrantal triangles, 14 

Quadrature, 168 

Radial velocity, 213, 251; determina¬ 
tion of solar motion from. 274; solar 
motion and, 263 
Radius vector, 99 
Reduction to the equator, 

Reference stars. 298 
Refraction, angle of, 61; con 

inean, 02; differential 294; effect of. 
on right ascension and declination. «0. 
effect of, on time of sunset, 6 J. gene 
formula for, 62; homontal 69. « 

astronomical photography. 291. index 

of, 69; laws of, 68; 

Refractor, photographic, 

Relative proper motions, 3U4 
Retrograde motion, 162 
Rhumb line, 326 
Rigge, W . F ., 376 

93; of the mean sun, 42 
Rising, 46 
Rocmer, 178 

demote and din.cn.ion. of, 
423 

Schlesinger, F ., 404, 412 
Schorr. R., 246 _ 

Seasons, 150; lengths of, U6 
Secular parallax, 262, 424 
Secular terms, 231 
Secular variation, 240 
Semi-diameter. 93. 203 
Semi-major axis, 99 
Setting, 46 

Sextant, 314; errors of, 310 

Shearme, F. N., 333 ,„tractor 

Sheepshanks equatorial refractor 

279, 287 

Shortt clock, 95, 139 
Side error, 310 
Sidereal day, 37, 138 
Sidereal month, 133 


Sidereal time. 37, 136; conversion of, 
into mean time, 143; local, 41; true, 
138; uniform, 138 
Sidereal year, 131, 141 
Simpson’s hypothesis (refraction), 

72 

Sine-formula, 9 

Small circle, 1; length of arc of, 3 
Solar equator, 170 
Solar motion, 260; apex of. 261. de- 
termination of. from proper motions 
267; determination of, from radial 

velocities, 274 

Solar parallax. 207; diurnal method, 
210; related to constant of aberration, 

Solstice, summer, 40. 150; winter, 40, 

Southern hemisphere, diagram for, 31 
Spectroscopic binaries. 3o7; masses 

Spectroscopic method applied to solar 
parallax, 213 

Spherical triangle. 1: solution of, 35 
Standard co-ordinates, 280; formulae 

for, 283 

^"^32; clock. 95; com¬ 
parison, 304; fundamental, 95; masses 
of. 355; reference, 95 

322 

Stracke,0., 129 
Stratton, F. J■ 

Sub-solar point, 321 
Sub-stellar point. 3- 
Summer solstice, 40, •> 

Sumner line, 323 . f 

gun, apparent orbit o — 38fl . 

meaii,°42,°1^9; tfmo of transit of, over 
ftny merid.an l.55 ^ tjm0of> 6i) 

oo-ordinato. of, 

174 

Synodic month. 133 
Synodic period, U* 


Tangential velocity, 260 
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Tangent plane, 280 
Telescope, Cookson photographic 
zenith, 190; photographic, 278; Sheep¬ 
shanks, 279, 287 

Terrestrial latitude and longitude, 6 
Tilt, error of, 291 

Time, equation of, 42, 146; Greenwich 
civil, 44; Greenwich mean astro¬ 
nomical, 43; local civil, 44; local 
sidereal, 41; mean solar, 41; measure¬ 
ment of, 95; sidereal, 37, 136; uni¬ 
versal, 44; zone, ‘tl 
Torrid zone, 152 

Total eclipse, of the moon, 378; of the 
sun,386 

Total proper motion, 252 
Transferred position line, 330 
Transit, 29, 33; of Venus, 212 
Triangle, quadrantal, 14; right-angled, 
14; spherical, 1; solution of, 35 
Trigonometrical ratios for small 
angles, 21 

Tropic of Cancer, 151; of Capricorn, 
151 

Tropical year, 132, 141 

True anomaly, 111; as a series, 118 

True equator. 242 

True equinox, 242 

True mean place, 300 

Time place of a star, 242 

True sidereal time, 138 

Turrvr , //. //., 283, 297 

Twilight, 51 


Umbra, 379, 386 
Uniform sidereal time, 138 
Universal time, 44 

Van Maaneriy A., 312 
Variation, annual, 241, 260; of latitude, 
190; secular, 240 

Velocity, components of, 110; radial, 
213, 251; tangential, 250 
Velocity curve, 359 
Venus, transit of, 212 
Vernal equinox, 37 
Vertical, angle of the, 196; circle, 26; 
prime, 27 

Visual binary, orbit of, 342 

Weltzeit, 44 
Winter solstice, 40 
Wire intervals, 82 
Wood, H. E. f 408 

Year, anomalistic, 132; Besselian, 145; 
sidereal, 131, 141; tropical, 132, 141 

Zenith, 25; astronomical, 196; geo¬ 
centric, 196 

Zenith distance, 26; rato of change of, 
48; refraction for a small, 60; the 
calculated, 323 

Zone, temperate, 152; torrid, 152 
Zone time, 44 

Zwior’s method (visual binary star), 

351 






